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1 Introduction

This note provides mathematical proofs of the results stated Baek, Cho, and Phillips (2014). We avoid
possible confusions by using an equation number system different from that in Baek, Cho, and Phillips

(2014) using square brackets.

1 Proofs

Proof of Theorem 1: It is elementary to show that plim,, _)0083%0 = 02. We therefore focus on the numerator
and denominator of (2) separately. The scaled numerator is n~'/2X(-)’MU and the uniform law of large

numbers (ULLN) can be applied to {n~! >"1" | X Z;}, so that foreach j = 1,2,...,2 + k,

n
sup [n1 > X7 Z,; — E[X] Zy 5| = 0, (A.1)
ver t=1

where Z; ; is the j-th row element of Z;. This result mainly follows from theorem 3(a) of Andrews (1992).
In particular, Assumption 1(i7) implies that I" is totally bounded; for j = 1,2,--- ,k + 2, E[| X/ Z; ;|] <
E[M?] < oo by Assumption 2, so that for each v € T, the ergodic theorem holds for n=* Y7 | X7 Z; j;

and finally Xt(')Zt,j is Lipschitz continuous because for each j,
[X¢' 205 = X[ Zu] < sup | X[ log(X)| - | Zeg] - 1y — V< MEy =, (A2)
e

where Mt2 = Op(1). These three conditions are the assumptions required in theorem 3(a) of Andrews (1992)
to prove the ULLN. This also implies that E[Xt(')Zt] is continuous on I'. Since n™' Y"1 | Z,Z, 5 E[Z.Z}]
by ergodicity we obtain sup, cp [n~/2X (7)’MU — n~V{X () U — E[X] Z||E[Z,Z]] ' Z'U}| = 0,(1).
Given this, it follows that n~1/2{X (-)U — E[Xé')ZQ]E[ZtZ;]AZ’U} = G(-), where G(-) is a zero mean
Gaussian process with the covariance kernel «(-,-). For this, we apply the central limit theorem (CLT)
to n~Y/2Z'U, so that n~1/2Z'U X N(0,E[U?Z,Z})). Next, Xt(')Ut is Lipschitz continuous, so that

| XU, — Xﬂ/Ut| < sup,ep | X7 log(Xy)| - U] - |y —+'| < MZ|y — /| by Assumption 2, implying that

E[supy, <y | X7 Ur — X U|?>)2r < E[M{"]2r 7). This implies that {n~1/2X(-)'U} is tight because Os-
siander’s L?" entropy is finite by theorem 1 of Doukhan, Massart, and Rio (1995). We further note that (A.2)
implies that for some ¢ > 0, E[sup),_./|, [E[(X; — X)VZR[ZZ)) 2, Uy )2 < cE[M) 2 E[M3]n,
so that {n~V2E[X)Z}| E[Z,Z}]~1Z'U} is tight. Hence {n~Y/2(X(-)'U — E[X\Z!] E[Z,Z]] "1 Z'U)} is



also tight. Furthermore, the finite-dimensional multivariate CLT holds by the martingale CLT. It follows that
nV2{X (YU - E[XZ/|E[Z,Z]] 1 Z'U} = G(-), implying that n~=1/2X(-)’MU = G(-).

Second, we apply the ULLN to n~'X(-)’MX(-). We separate our proof into two parts: we first show
that sup. cp [n ' X(7)'X(v) —E[X"]| = 0,(1) and next show that sup, e [0 X(y) Z(Z2'2) V2 X () -
E[X} Z}|E[Z,Z;) "E[Z;X]]| = 0p(1). It then follows that sup,cp [n ™' X (v) MX(y) — E[X?] + (E[X]
Z,|E[Z:Z;)'E[Z:X]])| = 0,(1). For this goal, we first note that Xf(') is Lipschitz continuous, so that
X7 — XP7| < 2supyep | X7 log(X)| - [y — | < 2supyer | X7 log(Xy)| - supyer |X]] - |y — 7] <
2MZ|y — 9|, and 2M? = O,(1) by Assumption 2. Theorem 3 of Andrews (1992) now shows that the
ULLN holds for {n=1 >~} , Xf(') - E[Xf(')]}. We next note that

sup In"'X(7)'Z(Z'Z2)'Z'X () — E[X] Z}|E[Z,Z) 'E[Z,X]]|
yE

< sup|(n'X(7)'Z — E[X]Z{])(n ' Z'2) "0 Z'X()]

vel
+sup |E[X] Z})((n"'Z'Z) ™" — E[Z,Z}] " )n"'Z'X(v)]
yel
+ sup |E[X] Z}|E[Z,Z]] "' (n ' Z'X(y) — E[Z:X]])] .

~yel

Hence, sup, r |(n"'X(7)'Z) — E[X]Z{]| = 0,(1) by (A.1), and (n'Z'Z)"! — E[Z,Z]]"! = 0,(1)
by Assumption 2 and ergodicity. Furthermore, sup,cp ‘n_lX(’y)’ Z} = O,(1) by Assumption 2, so that
sup,er |E[X]Z;]| = O(1). Therefore, sup,cr |(n ' X()'Z — E[X]Z}])(n ' 2'Z) 'n " 'Z'X(v)| <
sup.cr |(n7'X(7)'Z - E[X]Zi])| - |(nT'Z'Z) 7| - sup.er [nTZ'X(y)| = o0p(1), where for an arbi-
trary function f(z) := [f; ;(x)], we let sup,, |f(z)| := [sup, |fij(«)[]. In a similar manner, it also follows
that sup, cp [E[X]Z) (0 Z/Z) " — BIZZ)) )0 Z'X(3)| < supyer [ELX; Z])| - (071 2/2) " —
E[ZZ;)|-sup, cp [n " Z'X(7)] = o,(1) and sup, cr |[E[X] ZJE[Z,Z4] - (n ™' Z/X (7) — E[ZX]])| <
sup.cr [E[X]Zi]| - |E[Z,Z]] 7" |sup,er |(n ' Z'X(y) — E[Z:X[])| = 0p(1). These two facts imply
that sup. cp [n ™' X(7)'Z(Z'Z) " Z'X(v) — E[X] Z}|E[Z,Z}] 'E[Z,X]]| = 0,(1). Use of the continuous

mapping theorem completes the proof. |

Before proving Theorem 2, we provide supplementary lemmas to assist in proving the main claim more

efficiently.

Lemma Al. Given Assumptions I and 3,

(i) LYU = O,(v/n), Z'U = O, (y/n), K{U = O,(\/n), where for j = 1,2,..., K; := [L;: 0pxx];



(ii) L\Z = O,(n), Z'Z = O,(n), K\ Z = O(n);

(iii) L1L; = Op(n), L1K; = Op(n), L4U = Op(n), L4Z = Op(n), K{Z = O,(n), K/ K; = Op(n),
K,U = Oy(n), and K4Z = Op(n); and

(iv) L4U = o0,(n) and KLU = opy(n). O

Lemma A2. Given Assumptions 1, 3, and 6’,

(i) LV (0: @) = 2(ay — ) LMU + 2U'K,(Z'Z)"'2'U — U'Z(Z'Z)"(Z'K, + K| Z)(Z'Z) "' Z'U,
where for j = 1,2, ..., LY (0;a) := (89 /049) Ly (7; @) |y=0;

(ii) LS)(O; a) = 2(a, — a)LiMU + o,(y/n); and

(iii) L%Q)(O; @) = —2(a, — a)’LIML; + 0,(n). O

Lemma A3. Given Assumptions 1, 3, and 6’,
(i) QLR = (LiMUY* /{62 o(LiML1)} + 0,(1); and
(i) QLR ™" = 0,(1). O

Lemma A4. Given Assumptions 1, 3, and Hj),
(i) QLR = (L, MUY /{62 o(L,ML1)} + 0,(1); and
(i) QLR ™" = 0,(1). O

Proof of Lemma Al: (i) By the definition of K;, we note that if L) U = O,(y/n), K{U = O,(/n). We,
therefore, focus on proving that LU = O,(y/n) and Z'U = O,(y/n). We also note that the structures of
L)U and Z'U are identical. Accordingly, we let R be generic notation for L; and Z and prove the given
claims using R'U.

If we let R = [Ry], R'U = } Ry;U;, which obeys the CLT if E[R},U7] < oco. We note that
E[R%,U?] < E[RL]YE[U]"/? by Cauchy-Schwarz, so the desired result follows since E[Z}] < oo,
E[log*(X})] < oo, and E[U}}] < oo by Assumption 3.

(i) Asin (i), if L)Z = O,(n), K|Z = O,(n) by the definition of K;. As before, we let R be generic
notation for L; and Z and prove the given claims using R'Z. As R'Z = [ R;;Zy;], the result follows by
ergodicity if E[| Ry; Z4;|] < oo, which holds by virtue of Cauchy-Schwarz and the fact that E[log®(X;)] < oo
and E[Z2] < oo by Assumption 3.

(iti) By the definitions of K; and Ko, if LiL; = O,(n), L4U = Op(n), L4Z = Op(n), and LZ =
Op(n) then L1K; = O,(n), K(/Z = O,(n), KiU = O,(n), KK = Oy(n), and K4Z = O,(n). We

have already shown that L1Z = O,(n) in (ii). We, therefore, focus on proving L1L; = Op(n), L4U =



Op(n), and L4Z = O,(n). Let R and F be generic notations for L; or Ly; and Ly, U, or Z, respectively.
For brevity, only R'F = O,(n) is proved and this follows in the same way by ergodicity, Cauchy-Schwarz
and the moment conditions in Assumption 3 which ensure that E[log?(X;)] < oo, E[log?(X})] < oo,
E[U?] < oo, and E[Z2] < oo.

(iv) From (iii), we note that the ergodic theorem applies to n~'L5U and n~'K5,U and E[log?(X;)Us]
= 0, so that n ' L4 U = 0,(1) and n 'K, U = 0,(1), completing the proof. [ ]

Proof of Lemma A2: (i) We can obtain the first-order derivative with respect to -y as follows:
L (0; ) = 2P () Q(0)[Q(0)'Q(0)]'K1P(a) + P()'Q(0)(d/d7)[Q(0)'Q(0)] ' Q(0) P(«).

We also note that

(d/d7)[Q0)Q(0)] ™" = —(Z'Z) " (Z'K, + K1 Z)(Z'Z) ™", (A3)

and that P(a) =Y — e = Z]o, — o, €] + U = Zk() + U by letting that k(a) := [a, — , £, ]’. Going

forward we suppress « of k() for notational simplicity. It follows that

LV(0;0) =2(Zk + U)'Z(Z'Z) 'K} (Zr + U)
()
—(Ze +U)Z(Z'Z2) " (Z’K, +K|Z)(Z'Z)'Z (Zk + U).
(%)

We now examine each component on the right side. The first component (*) can be expressed as a sum of
four other components: (a) 2k'Z'Z(Z'Z) 'K Zk = 2r<;’K/ Zk; (b) 26'KU; (¢) 2U'Z(Z'Z) 'K Zk =
2k'Z'K1(Z'Z)1Z'U; and (d) 2U'Z(Z'Z) 'K/ U. Next, the second component (**) can also be expressed

as a sum of four components: (a) —k'Z'Ki1x — k'K Zk = —2k'K/|Zk; (b) —“U'Z(Z' Z)"'Z'K Kk —
w'K!Z(Z'Z)"'Z'U = —QK’K’Z(Z’ )1Z/U; (¢) ~U'Z(Z'Z) 'K/ Zk — ’Z’Kl(Z’Z)*lz’U S
K'Z'K1(Z'Z)~'Z'U; and (d) —U'Z(Z'Z)"Y(Z'K, + K| Z)(Z' Z)"'Z'U. Adding and organizing all of

these according to their orders of convergence yields the following
e (a) 2r'K|Zk — 2k'K|ZK = 0;
e (b,0) 26/ {K| +Z'K{(Z'2)'Z' — K\ Z(Z'Z)'Z' — Z'K,(Z'Z)"'Z'}U = 2(as — o)LiMU;

e (0)2U'Z(Z'Z)" 'K\ U - U'Z(Z'Z) Y (Z'K, + K, Z)(Z'Z)"'Z'U,



so that the first-order derivative is now obtained as
LI (0; ) = 2(ax — a)L;MU + 2U'K(2'2)"' 20U - U'Z(Z'Z2) " (ZK, + K|Z)(Z'Z)"'Z'U.

(ii) Given the result in (i), we note that LiMU = L{U — L{Z(Z'Z)"'Z'U, and Lemma A1(i and
ii) implies that L/MU = O,(y/n). We also note that K/U = [L,U:0] = O,(y/n), so that Lemma
Al(i and ii) implies that U'K;(Z'Z)"'Z'U = O,(1). Furthermore, Lemma A1(i and ii) implies that
U'Z(Z'Z)"(Z'K, + K, Z)(Z'Z)~'Z'U = O,(1). Therefore,

LI(0;0) = 2(as — @) MU +2 U'K((2'2) ' Z'U -~ U'Z(Z'2)"(Z'K, + K| Z)(Z'Z)"'Z'U
Op(v) 0, (1) Op(1)

= 2(ax — a)LIMU + 0,(+v/n).

(iii) The second-order derivative is

LIP(0; ) = 2P () K1[Q(0)'Q(0)] 'K/ P(r) + 4P (a)'Q(0)(d/d)[Q(0)' Q(0)] 'K/ P(a)

+2P()'Q(0)[Q(0)'Q(0)]'K5P(a) + P(a)'Q(0)(d*/dy*)[Q(0)'Q(0)] ' Q(0)P(a),
where

(d?/d7*)[Q(0)'Q(0)] ! =2Z(Z'Z) 1 (Z'K, + K| Z)(Z'Z) " (Z'K: + K| Z)(Z'Z)'Z

—(Z'Z2) ' 2K Ky + Z'Ky + KLZ)(Z'Z) 71, (A.4)

and (A.3) already provides the specific form of (d/dv)[Q(0)'Q(0)]!. Using these results and arranging

them, we obtain the following second-order derivative:

LP)(0;a) = 2(Zk + U){K(Z'Z) 'K, + Z(Z'Z) 'K, }(Zk + U)
— 4(Zk + U)'Z(Z'Z)"1(ZK, + K, Z)(Z'Z) 'K (Zk + U)
+2(Zk +UYZ(Z'Z2)"Y(ZK, + K|Z)(Z'Z2)"Y(ZK, + K|\Z)(Z'Z)"'Z' (Zr + U)

—(Zr +UYZ(Z'Z) ' (2K Ky + Z'Ko + KLZ)(Z'Z) 2/ (Zk + U). (A.5)

We again organize this expression into three terms according to their orders:



o 26/ {Z'K/(Z'Z2) 'K, + K, Zr— 4w/ (Z'K1+ K, Z)(Z'Z) 'K, Zrs+ 26" (Z' K1 + K, Z)(Z'Z) "\ (Z'
K +K/Z)k—k'(2K| K1 +Z'Ko + K4 Z)k = 26'K| Z(Z'Z) ' 2K 1k — 26" K K 1k = —2(ay —
a)?LiMLy;

e 4k'7Z/K(Z'Z) 'K\ U4k (Z'K+K|Z)(Z'Z) 'K, U—4K'Z'K,(Z'Z) " (Z'K 1 + K, Z)(Z'Z) "
Z'U+2k'KLU 4 26/Z'Ko(Z'2) ' Z/U + 4k (Z'K, + K| Z)(Z'Z) " Y(Z'K, + K| Z)(Z'Z)"'Z'U
—2Kk/(2K K1 + Z'Ky + KYZ)(Z'Z)7'Z'U = 2(a — a)[LLMU — 2L MK, (Z'Z)~'Z'U —
2L Z(Z'Z )~ 'K/ MU]J; and

e 2[UK;(Z'Z) 'K/ U+ UK3(Z'Z)"'2'U - 2U'K,(Z'Z) " (ZK, + K, Z)(Z'Z)"'Z'U) +2U'Z
(Z'Z2)Y(ZK, + K,Z)(Z'Z)"Y(Z K, + K{Z) - K| K, — Z'K,|(Z'Z)"'Z'U.

Next apply Lemma Al to each term. First, the proof of Lemma A3 has already shown that L) ML; =
Op(n) and LyMU = o,(n). Second, L'MK; = LiK; — LiZ(Z'Z)"'Z'K;. Assumption 3 and

K/Z(Z'Z)'Z'U = o0,(n) by Lemma Al(i and iv), so that L1 Z(Z'Z)'K/MU = o,(n) by Lemma
Al(ii and iii). Therefore, LMU — 2L\ MK;(Z'Z)"'Z'U — 2L|Z(Z'Z)"'K/MU = o0,(n). Finally,
we combine all components in Lemma Al and obtain that U'K;(Z'Z) 'K/ U + U'Ky(Z'Z)~'Z'U —
2U'K(Z'Z) Y (Z'Ky + K{Z)(Z'Z)"'Z’0 + U'Z (ZZ)"'[(Z'K, + K| Z)(Z'Z)"! (ZK, + K|Z) —
K/ K, — Z'K,|(Z'Z)"'Z'U = 0,(n). Thus, the first, third, and final facts now imply that L'?) (0;a) =

—2(as — @)?LiMLj + 0,(n). This completes the proof.

Proof of Lemma A3: (i) Applying a second-order Taylor expansion to L, (~; 3) and optimizing with respect

to v, we have

LY 0:8))
2L(0; )

f o) - APAMUY?

= - + 0,(1),
B*LIML,; — SLLMU (1)

Sl}/p{Ln(v; B) = Ln(0; B)} =
where L(0; 8) := (d/dy) L1 (0; 8) = 2BL,MU and L (0; 8) := (d2/dy?) L1 (0; B) = 2L, MU —
2621y ML;. In (ii), we show that L,MU = 0,(n), so that the desired result follows.

(ii) We partition the proof into three components. First, from the fact that L) MU = L} U-L{Z(Z'Z) !
Z'U, Lemma Al(i and ii) and Assumption 3 imply that L'MU = Op(y/n). Second, we note that
L'ML; = LiL;—L{Z(Z'Z)~'Z'Ly, so that Lemma A1(ii and iii) and Assumption 3 imply that L} ML; =
Op(n). Third, LMU = L,U — L4Z(Z'Z)"'Z'U. Lemma Al1(ii and iii) and Assumption 3 imply that



L,MU = O,(n). Further, LyMU = L,yU — L4Z(Z'Z)~'Z'U. Thus, LyMU = 0,(n) by Lemma A1(iv).

Given these results, it now follows that the right side of (3) is O, (1) as desired. |

Proof of Lemma A4: (i) Applying a second-order Taylor expansion to Ly, (7; «) and optimizing with respect

to v, we have

L (05 0))
oL (0; @)

- {2(o — o)n~ 2L MU}?

+0,(1 ,
() = . C eyt L, ML,

Sgp {Ln(v;a) = Lp(0;0)} = +Op(1)

using Lemma A2(ii and iii), so that the desired result follows.

(i7) This is obvious from Lemmas A3 and A4(7). [ |

Proof of Theorem 2: The desired results immediately follow from Lemmas A3 and A4. In particular, we
applied the MDS (martingale difference sequence) CLT and the continuous mapping theorem to derive the

asymptotic null distribution of Zj. |

Before proving Theorem 3, we provide supplementary lemmas to assist in an efficient proof.

Lemma AS. Given Assumptions I and 4,
(i) C{U = 0,(v/n), Z'U = Oy(v/n), JyU = Oy (\/n), wherefor j = 1,2, ..., 3 := [0nx1: C; Opxrl;
(ii) C1Z = Op(n), Z'Z = Oy(n), J1Z = Oy(n);
(iii) C1C1 = Op(n), C1J1 = Op(n), CLU = Op(n), CLZ = Op(n), J{Z = Op(n), J1J1 = Op(n),
JLU = O,(n), and J4Z = O,(n); and
(iv) CLU = op(n) and J4U = op(n). O

Lemma A6. Given Assumptions 1, 4, and ),

(i) LY (1;6) = 2(¢, — ©)C/MU + 2U'J,(Z'2)"'2'U — U'Z(Z'Z)"N(Z'3, + I, Z)(Z'Z)~'Z'U,
where for j = 1,2,. .., LY (1;€) := (89 )07) Ly (7; €)|y=1

(i) L) (15€) = 2(€, — §)CiMU + 0,(v/n); and

(iii) LY (1;€) = =2(&, — §)*C{MCi + 0,(n). O

Lemma A7. Given Assumptions 1, 4, and H{/,
(i) QLR = {C{MUY? /{67, o(CiMC1)} + 0, (1); and
(i) QLR ™" = 0,(1). 0

Lemma A8. Given Assumptions 1, 4, and ),



(i) QLR=HY) = {C,MU}? /{62 o(C,MC1)} + 0,(1); and
(i) QLR = 0,(1). 0

Proof of Lemma A5: (i) The plan of this proof is similar to that of Lemma Al. By the definition of J;, we
note that if C/U = O,(y/n), J{U = O,(y/n). We also note that the moment condition in Assumption 4
is stronger than that of Assumption 3. This implies that Z’U = O,(y/n) follows from Lemma A1(i). We
therefore focus on proving C| U = O,(y/n).

From the definition of C} U, we note that n~'/2C{U = n='/2 37" | X, log(X,)U;, and we can apply
the CLT if E[X?log?(X;)U?] < oco. Note that E[X7?log?(X;)U2] < E[X}!logh(Xy)]Y/? E[UNY? <
E[XE]Y/*Elog®(X;)]/*E[UA]Y/? by applying Cauchy-Schwarz. Each element in the right side is finite by
Assumption 4(ii.a), so that E[X? log?(X;)U?] < oo. Alternatively, E[X?log?(X;)U?] < E[X}'/?E[log*
(X)) UMY? < E[XA'V2E[log®(X,)]/*E[UF]'/4, and Assumption 4(ii.b) implies that the right side is finite.
Finally, we note that E[X? log?(X;)U?] < E[log*(X,)]'/?E[X}UNY? < E[logh(Xy)]Y/? E[XJ])V4E[US
]'/4, and Assumption 4(ii.c) implies that the right side is finite. Thus, C}U = O,(/n).

(it) As in (i), if C{Z = Op(n), J{Z = Op(n) by the definition of J;. Furthermore, Lemma A1(ii)
already shows that Z'Z = O, (n), and the current moment condition is stronger than Assumption 3, so that
Z'Z = O,(n). We therefore focus on proving C{Z = O, (n). By definition n1C|Z = [~ 3" X; log(X¢)
W 5], so that if E[| X, log(X)W; j|] < oo, the egodict theorem holds, giving the desired result. We first con-
sider the case where X; = W, ;. If so, E[| X; log(X;) Wy ;] = E[| X7 log(X,)[] < E[X/]Y2E[log?(X,)]"/?
< oo by Cauchy-Schwarz and Assumption 4. Next consider the case where X; # W, ;: (a) E[|X;log
(X)Wisl) < EIIX:log(Xe) PJV2EIWE, /2 < ELXHVAE] log! (Xo)[VEW2,]Y2 (b) B[l X, log(X1)
Wiill < B[ X:We ) 2Ellog?(X)]'/? < E[XHVAEWE]V*E[log?(X,)]'/?; and finally (c) E[| X; log
(X)Wijl] < E[|log(Xe) Wi |22 E[XAY? < E[log4(Xt)]1/4E[Wt‘fj]1/4E[Xt2]1/2 by Cauchy-Schwarz.
Note that the elements on the right side of (a), (b), and (c) are finite by Assumption 4.

(iii) By the definition of J; and Jo, if C/C; = O,(n), C4U = Opy(n), C4Z = Op(n), and C{Z =
Op(n), then C1J; = Op(n), JZ = Op(n), J4U = Opy(n), J1J1 = Op(n), and J4Z = O,(n). We have
already shown that C}Z = O,(n) in (ii). We therefore focus on proving C|C; = Op(n), C4U = Op(n),
and C4Z = Op(n).

We examine each case in turn. (a) Note thatn ' C{C1 = n~! 3 X7 log?(X}), so that if E[ X7 log?(X;)]
< o0, the ergodic theorem holds. We also note that E[X7?log?(X;)] < E[X}]'/?E[log?(X;)]'/?, and
the right side is finite by Assumption 4. (b) Note that n 'CL,U = n~'3 X, log?(X;)U; and the er-



godic theorem holds if E[|X;log?(X;)U;|]] < co. Furthermore, we note that (b.i) E[|X;log?(X;)U;|] <
E[|X; log?(X,)P]V2E[UZ]1/2 < E[X{]VAE[log®(X,)] /AE[UZ/2; (bii) E[| X, log2(X,)Uy ] < E[|U; log?
(X)]2)VPE[XAY? < EUAY*Elog®(X)]Y*E[X?])Y/?; and finally (b.iii) E[|X;log?(Xy)Us|] < E[|Us
X2 2E[log* (X:)]V/? < E[|U4Y*E[XHY*E[log* (X;)]'/2. We further note that each element form-
ing the right sides of these upper bounds is finite by Assumption 4(ii.a), 4(ii.b), and 4(ii.c), respectively.
Thus, E[|X;log?(X;)Ui|] < co. (c) Finally, we note that n'C4Z = [n' 3" X, log? (X;)W4 ], so that
if E[|X;log?(X;)W; ;|] < oo, the ergodic theorem applies. First, if W ; = X, the proof is the same as
that for E[X? log®(X;)] < oo, which we have just proved. Second, if W; ; # X, by the same argument
as in (b), (c.i) E[|X;log?( X)Wy ;|| < E[XV4E[log®(X,)]Y/* E[W21Y%; (c.ii) B[| Xy log? (X)W 4] <
E[W 1Y Elog® (X, )] *E[X2]"/%; and (c.iii) B[| X, log® (X)W, 4] < E[W VA E[IX YV Elog"(X,) ]V/2.
Given these, the right sides in (c.i), (c.ii), and (c.iii) are finite if Assumption 4(ii.a), 4(ii.b) or 4(ii.c) holds.
Thus, E[| X; log?(Xy) Wy ;] < oc.

(iv) From the proof of (iii), the ergodic theorem applies to n~'C,U and n~'J,U. Furthermore,

E[X;log?(X;)Us] = 0, so that n ' CLU = 0,(1) and n~*J,U = 0,,(1). This completes the proof. [ ]

Proof of Lemma A6: (i) The first-order derivative with respect to -y is

9 L(v:6) = 2P/ Q)AL Q)P + Pe)QM)

ay 0 Q' QM) 'Q(M)P(9).

0
vy
When v = 1, we can write the derivative as follows:

LY (1:6) = 2P(©)Z(Z'2) "' I\ P(€) + P(§)'Z(d/d7)[Q() Q)] Z'P(¢).

‘We also note that

(d/dn)[QM)'QM)] ™" = —(Z'2) N(Z'3 + NZ)(Z'Z) ! (A.6)

and that P(&) = (Y — ¢X) = Zfaw, &, — & nl] + ZU = Z¢(€) + U by letting ¢(&) = [ow, &, — &, mL]'-

Going forward, we suppress ¢ in (&) for notational simplicity. Then, it follows that
LV(1;€) = 2(Z¢ +U)Z(Z'Z2) 13 (Z¢ +U) — (Z¢ + U)Y'Z(Z'Z2) " (2'3, + IV Z)(Z'2) ' 2/ (Z¢ + U).

(i) We note that the form of Lg) (1;¢) is identical to the form of LS) (0; &) in Lemma A2(i), provided

that (¢, — &), Cy, and J; are replaced by (.. — «), L1, and K, respectively. Furthermore, the contents of



Lemma AS5 are also identical to those of Lemma A1, provided that C;, Co, J1, and J5 are replaced by L,
Lo, K, and K>, respectively. Thus, we can repeat the proof of Lemma A2(ii) for the proof here because
Lemma A2(i7) holds as a corollary of Lemma Al.

(iii) We now examine the second-order derivative. We obtain

L (1;€) =2P(¢)J(Z'Z) 1T\ P(€) + 4P (€)' Z(d/dv)[Q(1)' Q1)) " T P(€)

+2P(€)'Z(d/d7)[Q(1Y Q)] T I P (&) + P (&) Z(d*/dy)[Q(1) Q(1)] ' Z'P(¢),

where (d2/d~+?)[Q(1)/Q(1)] ™ = 2(Z2'2) " (Z' I+ I, Z)(Z'Z)"N(Z' I+ I\ Z)(Z'Z) " —(Z'Z)" ' (23,3,
+Z/3y+J,Z)(Z'Z) L, and (A.6) already provides the form of (d/d~)[Q(1)'Q(1)]*. Using these expres-

sions and rearranging, we obtain the following second-order derivative:

LP(1:€) = 2(2Z¢ + UY{I0(Z'2) '3, + Z(Z'2) ' I} (Z¢ + U)
—4(Z¢+U)YZ(Z'Z)"(2'3, + 3,2)(Z'2) 1 3 (Z¢ + U)
+2(Z¢+UYZ(Z'Z)" (2'3, + J\Z)(Z'2)" (23, + J\2)(Z'2)"'Z' (Z¢ + U)

—(Z¢+UYZ(Z'2)7 1 (23,3, + 235 + I,Z)(2'2) ' 2/ (Z¢ + U).

We again note that the form of ? (1; &) is identical to that of L® (0; ) in (A.5), provided that J1, J, and
¢ are replaced by K, Ko, and k, respectively. Given Lemma AS, we may again repeat the proof of Lemma

A2(iii) for the proof here as in the proof of (if). |

Proof of Lemma A7: (i) Applying a second-order Taylor expansion to L, (~y; 3) and optimizing with respect

to v, we have

(L ;8))?
2L (1; B)

/ 2
+Op(]-) _ {ﬁCIMU}

Sgp{Ln(fﬁ B) - Ln(lvﬁ)} = - B2CI1MCI _ 5CIQMU + Op(l)a

In (ii), we show that C;MU = o,,(n), so that the desired result follows.

(ii) We partition the proof into three components. First, from the fact that C;MU = CU-C}Z(Z'Z) !
Z'U, Lemma AS5(i and ii) and Assumption 4 imply that C/MU = O,(y/n). Second, we note that
C/MC; = C|C; — C|Z(Z'Z)'Z'Cy, so that Lemma A5(ii and iii) and Assumption 4 imply that
C/MC; = Oy(n). Third, CtMU = C,U — C4LZ(Z'Z)"'Z'U. Lemma A5(ii and iii) and Assump-
tion 4 imply that C4MU = O,(n). Further, CMU = C,U — C,Z(Z'Z) 'Z'U. Thus, C4tMU = 0,(n)

10



by Lemma AS5(iv). Given these findings, the desired result now follows. |

Proof of Lemma A8: (i) Applying a second-order Taylor expansion to L, (7y; ) and optimizing with respect

to v, we have

LYoy
2L (1;¢)

~{2(¢, - 9n2CIMUY?
C AL - 92 ICIMC,y

Sgp{Ln(v;ﬁ) — Lp(L;§)} = + op(1) + op(1)

using Lemma A6(ii and iii), so that the desired result follows.

(i) This is obvious from Lemmas A7 and A8(i). |

Proof of Theorem 3: The desired results immediately follow from Lemmas A7 and A8. In particular, we
applied the MDS CLT and the continuous mapping theorem to derive the asymptotic null distribution of Z;.
|

Proof of Lemma 1: (i) We examine the second-order derivative of N,,() and D,,(y) and let y converge to

zero. That is,

plim N (7) = plim 2 {(d/d7)X(y) MU} + 2{X(7)MU} { (d*/d*)X (7)MU} = 2{L;M U}

v—0

because plim,,_,(d/dy)X(y) = L1 and plim,_,; X(7)' MU = /MU = 0. We further note that

plim(d* /dv*) Dy (7) = plim 2 {(&®/dy*)X(7)MX(7) + (d/dv)X(7)M(d/d)X(7) } = 2LiMLy

v—0

because plim.,_,,(d?/d~?)X(7)'MX(v) = L4Me = 0 and plim.,_,,(d/dv)X(v) = Ly.
(if) We now examine the second-order derivative of N,,(v) and D,,(y) and let v converge to one. That

is,

plim NP (y) = plim 2 {(d/dy)X (7)MU}* + 2{X(7)MU} {(d/dy*)X (7)'MU} = 2{C,MU}>

because plim., ,; (d/dv)X(y) = C; and plim,_,; X(7)'MU = X'MU = 0. We also note that
plim D) () = plim 2 {(&?/dy*)X(7)MX(7) + (d/dy)X(7)M(d/dy)X(y)} = 2CiMCy,
Y

y—1

from the fact that plim.,_, (d*/d~?)X(y)MX(y) = C;MX = 0 and plim,_,,(d/d7)X(7) =C;. R

11



Proof of Theorem 4: The results in Lemma 1 imply that

X (v)MU}? L,MU}? {C;MU}?
SupAz{ (7) } > max A{ 1MU} ,A{2 MU} '
ver 65,0X(7)’ MX(v) Op,0laMLy 77, (C1MC,y

Therefore, the desired results hold as corollaries of Theorems 1, 2, and 3. [ |

Proof of Theorem 5: We first note that P(E[V;|W, X;] = 0) < 1 under the given condition, implying that
P(E[V;|W¢,log(X¢)] = 0) < 1 because log(-) is a one-to-one mapping. Thus, theorem 2 of Bierens (1982)
implies that for some j, € N,

E[V; log’* (X¢)] # 0. (A7)

We next consider ming g E[(Y; —Z,6 — 38X} )?]. Note that E[(Y; — Z}6 — 8X} )?] = E[(U+E[Y;|W,] —
Z,6 — BX])? = E[U?] + E[(E]Y;|W,] — Z}6 — BX/)?], so that it follows that mins 5 E[(Y; — Z;8 —
B8X])?] = E[UZ] +E[(Z},(, — &) + (m(X;) — BX;))?] by noting that E[Y;|W,] = Z}4, + m(X,), where

EZZ] EZX] ] | EZ(Z. + m(X,)]

E[Z;X]] E[X{"] E[X](Zi6+ +m(X4))]

=™ O

From this, it now follows that ming g E[(Y; — Z}6 — 83X} )?] = h(7), where

h(y) = E[UF] + var[Qi] (1 — cov[Q, Uy(7)]* /{var[Uy ()] var[Qu]}),

Qi = m(Xy) — ZiE[Z,Z)) E[Zm(Xy)].

Note that we can apply the ULLN, so that Q LR, /n = sup,cp(1 — h(7)/ho) + 0p(1). Here,

1—

Mﬂ_( varlQi

2
ho var[U;] + var[Qt]> corr” Uy (), Q4]

because hg = var[Uy] + var[Q;]. Note that var[Q;]/(var[Uy] + var[Q;]) € (0,1) and corr?[Uy(-), Q¢] €
[0, 1) if there is no (f,,7,) such that m(X;) = 3, X, w.p. 1: there is no c such that for each y, Uy(7y) =
c-Qq. If there is such a (B,,7,), corr?[Uy(7,), Q:] = 1, so that QL R, /n = var[Q;]/ (var[Uy] + var[Q;]) +
0p(1), and the proof is trivially completed.

We therefore from now suppose that there is no (3,7, ) such that m(X;) = 3, X,* w.p. 1. The desired
proof is completed by showing that there is at least a single v € T" such that corr?[U;(7y), Q] > 0. In other

words, if we show that g(-) := corr[U(+), Q¢ is not a zero-function, the proof is completed. To show this

12



by contradiction, we suppose that g(-) is constant on I, so that for each v € T,

, |
g ()= var¥ [0, (7) ] var|Qy] (cov[Wi (), Qelvar[Ui(v)] — cov[Ui(7), @iJeov[Wi(v), Ur(v)]) = 0,

where Wy (7) := X, log(X;) — Z,E[Z,Z}] ' E[Z, X, log(X})], and this implies that

corr[Wi(7), Q] = corr[Ui(7y), Q¢]corr[Wi (), U(y)], (A.8)
so that
corr?[Wi(7), Q] = corr?®[Uy(v), Q¢lcorr® (Wi (7), Ui (7)]. (A.9)
Note that for each ~,
corr?[Wi(7), Us(7)] < 1 (A.10)

by Cauchy-Schwarz’s inequality: for any ¢, Wi(y) # c¢ - Ug(y) with probability 1. Next, we suppose
that v, v/ € T and v/ < ~. If o/ is close to ~y,, we can approximate Uy(+’) using Taylor’s expansion:

Ui(') = Ue(y) + (' = )Wi(v) + 0p(]7" — 7|). This implies that

N = cov([Ui(v), @il + () = y)cov[Wi(7), Q]
{var[U;(7)] + 2(7" = 7)cov[Us (), We(7)] + (v — 7)?var[Wy (v)]}1/2var[Q
_ COV[Ut(7)7 Qt] — ( )
var[Uy(y)] 2var[Q 2~ M1

g(v NE +o(lY =)

This equality can also be equivalently stated as

5 {corr[Wt('y), Q1] — corr[U(7), Q¢]corr[Wi (), U(7)] }

corr[Uy(7), Q]
var[Wy(+)]'/2 ( ~corr? [Wi(v), Qi
var(Uy(v)]1/2 corr?[Ui(7), Q]

(=) ) ol — ).

Note that the left side of this equality is zero by (A.8), implying that corr®[W;(7), Q;] = corr?[Us(7y), Q]
because 7' < . This fact, (A.9), and (A.10) imply that cov[W;(+), Q¢] = cov[U(-), Q¢] = 0. Therefore,

foreachy € T,

j;jcov[Ut(v), Q] = E[X] log? (X) Q4] — E[Q:Z)'E[Z,Z}) 'E[Z: X, log? (X})] = 0.

13



This implies that for any j < j,,

lim jyjjcov[Ut (7), Q¢] = Ellog’ (X:)Q:] — E[Q:Z:)'E|Z:Z,) ' E[Z; log’ (X;)] = 0. (A.11)

v—0

We here note that Eflog’ (X;)Q;] — E[Q:Z:)'E[Z:Z}) ' E[Z; log’ (X;)] = E[V; log’* (X})], so that (A.11)
implies that E[V; log’ (X;)] = 0. This is a contradiction to (A.7). Therefore, g(-) must not be a constant
function, and this completes the proof.

(iii) By the definition of the QLR test,

52 =2 —1/2 —1nNgY/ 2
n\oy, n N)y'MX
LR, = "o =) _ {07 PU 4 NYMX ()2
On,0 ~er Un,o(X(’Y)’MX(V))

where N := [m(X1),...,m(X),...,m(X,)]. We examine the 8,2%0 and n~'N'MX(-) as the asymptotic
behaviors of the other terms are already shown when deriving the asymptotic null distribution of the QLR
test.

We first examine the asymptotic behavior of 872%0. Note that

52, =n"HU+n"V2NYM(U 4+ n~Y/2N) = n ' U'MU + 207 32N'MU + n 2N'MN.

n,

Here, n71U'U = 02 + 0,(1), N'MU = O,(n~!), and N'MN = O, (n1) by the ergodic theorem under
the maintained assumptions. Therefore, 372%0 =02+ 0,(1).

Next, we examine the asymptotic behavior of n~'N’MX(-). Note that

1 1 1 1 !

SN'MX(-) = ~N'X(-) — ~N'Z (z’z) ~ZX().

n n n n n
In the proof of Theorem 1, we already showed that n~'Z/X(-) uniformly converges to E[ZtXt(')], and
n1Z'7 5 E[Z,Z]]. We also note that n"'N'Z = E[m(X;)Z] + 0p(1) and n~!N’X(-). Given the
moment condition, ULLN can be applied to {n"!> 1, Xt(')m(Xt)}. The ergodic theorem holds for

n~ S0 X m(Xt), and Xt(')m(Xt) is Lipschitz continuous because

X m(X) — X m(Xy)| < sup X7 log(Xo)| - [m(Xo)| - |y =o' < M{|y =],
ve

and M? = O,(1). These three conditions are the assumptions required in theorem 3(a) of Andrews (1992)

to prove the ULLN. Thus, sup. cp [n~'N'MX(7) — p(7)] = 0,(1).

14



From these facts, it follows that QLR,, = sup,cp {G(7) + w(7)}2/a%(y). We also note that Z(-) :=
G(-)/o(:). Therefore, QLR = sup.cp{Z(7) + u(7)/o(v)}2. This completes the proof. [

Remarks 1. We also note that

1 1 1 1 -1
“N'ML; = -N'L; — -N'Z (z’z) —Z'Ly 5 g,
n n n n n

where iy := E[m(X;)log(X;)] — E[m(X;)Z},|E[Z,Z}) ' E[Z; log(X})], and

1 1 1 1 11
“N'MC, = -N'C; — ~N'Z <z’z) ~7/C 5y,
n n n n n

where py = E[m(X;)X;log(Xy)] — E[m(X;)ZE[Z,Z])"E[Z; X, log(Xy)]. Therefore, QLR%VZO) A

(20 + po/00)? and QLRg:l) A (21 + py/o1)? under the same condition as in Theorem 5(ii). O

Before proving the main claims in Section 3, we provide the following supplementary lemmas to assist

in delivering an efficient proof.

Lemma A9. (i) (nlog(n))~' Y}, log(t) — 1;
(ii) (nlog?(n)) =" Y1 log?(t) — 1;
(iii) for each y € (=1/2,00), (n'+*7log(n)) ™" 371, %7 log(t) — 1/(2y + 1); and
(iv) for each y € (—1/2,00), (n'*2V1og?(n)) L SO0 27 log?(t) — 1/(2y + 1). O

Proof of Lemma A9: (i and ii) This immediately follows from equation (26) of Phillips (2007) by letting his
L(-) be log(+).
(7ii and iv) This also immediately follows from equation (55) of Phillips (2007). |

Lemma A10. Given the definition of sy 1 := (t/n),

(i) for each ~v > —1, % > s;yl,t — fol sVds = ﬁ;

(ii) for each v > —1, L 3~ sp.1108(5n,) — fol s7log(s)ds = —W;

(iii) for each v > —1, 1 3~ Sht log?(sn¢) — fol s7log?(s)ds = —ﬁ; and

(iv) {n= 13 sg’)t : I' = R} is equicontinuous, where T is a convex and compact set in R. O

Proof of Lemma A10: (i, ii, and iii) These results are elementary.

15



(iv) We note that for some 7 between v and 7/,

1 1 / 1 ~ 1
= e =D sne S D lshal Hlog(sna)l [y =1 < — 3 lsnal" - [log(sn o)l [y =7,

where v, = infT. Also, 2 3 |sp |7 - |log(sn)| —

le. Therefore, for any ¢ > 0, if we let & be

(7, +2) and |y —+'| < 8, limsup,, ., [n~' Y s)  —nt Y] S;YL/,t’ < e. This completes the proof. [ |
Lemma A11. For a strictly stationary (SS) process { Z;} and a deterministic sequence {§,, .}, if we suppose
that E[| Z;|] < 00 and limp 0 > 41 &y = &, € (—00,00), Sy Xy =5 €, E[Zy], where Xy =&, 2.

O

Proof of Lemma Al1: We can apply the corollary in Billingsley (1995, p. 211). |

Lemma A12. We suppose that {(U;, D})'} is an SS process. If for each j = 1,2,. ..k, E[Df,j] < 00 and
E[U}] < oo, then for each v € T with infT' > —1/2,
()" G (1) Gt (7)) *% A(); and

(ii) 1S UGt (7) Gt () 23 B(). O

Proof of Lemma A12: (i and ii) We let €, , of Lemma A1l be s,/n, s+  log(sn)/n, s, log(sne)/n,
ST o/ ST 0, 521082 (5.0) /s 5041082 (500) [ 500108 (5m0) /s 52.4108(5n0)/ s 1083 (500) /1, log
($n,t) /15 50,0 108(8nt) /10s St/ 01 52 1 /n. Then, Lemma A10 implies that ) &, , converges to 1/(2y + 1),
—1/(y +2)% =1/(y + 1), 1/(y + 1), 1/(y +2), 2/27, 1 /4, —1/4, —=1/9, 2, —1, —1/4, 1/2, or 1/3, re-
spectively. We let these limits be denoted by §,. Lemma All implies that ¢, Dy, > fn,tUE’ and
> &, :UZDy almost surely converge to £,E[Dy], £, E[U?] and &,E[UZDy], respectively. Finally, we note
that n~! 3. D;D} *¥ E[D;D}] and n~' Y U?D;D) %% E[U?D;D}] by the ergodic theorem and that

E[D} ;] < ooand E[U{] < oo. These limit results are sufficient for the desired results. [ |

Lemma A13. Given the definition of s, = (t/n), if for each j = 1,2,...,k, E[|D;;|] < co and T is a
compact and convex subset in R such that inf " > —1,
(i) sup,er In=13 szi — ﬁ] — 0; and

(ii) supyep [n~' 3 s, Drj — 577 E[Dy ]| =5 0. O

Proof of Lemma A13: (i) Lemma A10(i and iv) implies the desired result.

(ii) For each y, Lemma A12(i) implies that n=! > SZ,tDt,j % ﬁE[Dt,j]- To show the desired result,
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we show the stochastic equicontinuity of {n~! Z s,, Dt j : I'—= R}. We note that

1
= > Isnale - [log(sne)| - 1 Degl - |y =,

)

, 1
< limsup P <n Z |sn¢|" - [1og(sn,t)| - | Dy jl - 6 > 6) .

1 1 /

E Y E Y
— S Dt ;g — — S Dt i
n n,t s n n,t=t7

where 7, := inf I'. This implies that for any ¢ > 0,

1 1 /
y = o .
- E Sn,tDtJ n E Sn,tDt,J

y=|<8 [T

lim sup P ( sup

n—o0

n—oo

Therefore, if ¢ is sufficiently small, the right side can be made smaller than e by using Fatou’s lemma
a.s.

since n=' 37 [spel % - [log(sne)| — 1/(7, + 2), implying that n=' 37 |spel - [log(sne)| - [Dej| =
[1D¢,j[11/ (v, + 2) by Lemma Al1. The desired result follows. [

Proof of Lemma 3: We first note that Lemmas A9 and A10 show that (n't27)71 327 = =13 sfﬂt —
ALt (12 log(n) "L S og(t) — Ly, (047 log(n)) T S ¢ log(t) — Ly, (1) T T
s ()T = % (n*log?(n)) ™ ot log?(t) — 3. (n*log?(n))~' Y tlog(t) — 3.
(nlog(n)) ™ X tlog(t) — 3, (n log(n) ™ 2 log(t) — L, (nlog?(n)) ™ S log?(t) — 1, (nlog(n)
)71 log(t) » Ln 23t — S,andn 3 ) 12 — 4

We also note that n~ " DD} %% E[D;D/] by ergodicity and I[E[Dt2 ;] < oo. If we further let &,
of Lemma Al1 be ¢7/n'*7, tlog(t)/(n*log(n)), log(t)/(nlog(n)), 1/n, or t/n?, then }_ &, ; converges
to 1/(y + 1), % 1, 1, or, 2, respectively. These facts and Lemma A11 imply that ) &, ,D; almost surely
converges {0 - E[Dt] sE[D,], ED,, E[Dy],

Therefore, F;l St H () H () F L

\_,

or SE[Dy], respectively.

1)}

3

=(y), where

S

A 2 o g ar2 5rBD)

+ 3 %+ 13 3ED)
e B
41 2 2 (D]
T T

| -7E[Dd] 3ED,] E[D{] E[D] 3ED,] ED,Dj |

The limit =(+y) is a singular matrix because the second column of the limit matrix is identical to the fifth

column, and its third column is identical to the fourth column. This completes the proof. |
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We define the matrices relevant to Theorem 5 in the same way as in Section 2. That is, for each v € T,

T(y) :=[s)1,--»Snnl and M := 1 — Z(Z'Z)~'Z/ with Z;, , as the t-th row vector of Z.

Proof of Theorem 6: (i) We note that the QLR test statistic under ﬁo is equal to

aup{TOYMUY?

— (A.12)
v€er {Un,oT(’Y)/MT(’Y)}

by applying Theorem 4. This result follows simply by replacing X () of Theorem 4 with T(+y). In particu-
lar, if we let Ly := [log(sn,1)s---,log(sn,1)] and C, = [sn,110g(Sn.1)s- -, Snnlog(snn)]’, the QLR test

is equal to B B
% and M (A.13)
G701 LMLy } 6n.01CIMCy }

under ﬁg and ~6” , respectively. We separate the proof into three parts: (a), (b), and (c). In (a) and (b) we

examine the denominators and the numerators of the statistics in (A.12) and (A.13), respectively, so that

the asymptotic null behavior of the QLR test can be revealed by joint convergence. In (c¢) we derive the

covariance structure given in the theorem.

(a) We examine the denominators of the statistics in (A.12) and (A.13). It is elementary to show that
~2

Goo = o2 under Ho. Next note that Lemma A12(i) implies that n~'L/ML %% 2 — ;‘;’2131_%;‘;21 and

n~1C'MC %% 2/27 — Aé,lgi%*&&l’ where

=1 -1 L 3 E[Dy]
Ay = —1 , Az = -5 , and A= 3 : LE[D}]
—E[Dy] —1E[Dy] E[D,] ;E[D; E[D;D]]

We finally examine the denominator of {n~/2T(-)’MU} /{6,2170n_1T(-)’MT(‘)}1/2. Observer that !
T(7)MT(y) = n 'T(y)T(y) — n 'T(y)Z(n 'Z'Z)"'n"'Z'T(v), and Lemma A12(i) implies that

n~IT(y)T(y), n 'Z'T(v), and n~'Z'Z almost surely converges to :&474(7) : 114,1(7), and 1&171,

_ 1
T 2y41°
1 1 1

respectively, where Ay 1(y) = [m, ST

E[D;}]). Furthermore, Lemma A12(i and i) implies that

sup,ep [n'T(7)'T(y) — 1/(2y + 1) 2% 0 and sup,er [n71Z'T(v) — Asi(Y)]loe 5 0. Therefore,
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supyer [ () MT(y) = {1/(27 + 1) — Ay 1(7) AL AL1(7)}] =5 0, since

sup [ (7)Y M () — {1/(27 +1) - 34,1(7)’31_,}7&4,1(7)}‘

< sup | T(Q) T0) = 1/(2 -+ D]+ sup [{n7' ()% = Aus ()} (2/2) ZT(0)

+sup |{Agi (1) Z'2)7" — A;,l}{n-lz'w}]
verl’

+sup [{Aan() (AT Hn ' T0)Z ~ A ()]
=

and each element on the right side almost surely converges to zero. This shows that n =T (-)'MT(-) obeys
the ULLN. We further note that A4 4(y)—A41(7) AT1A41(7) = 0292 (y — 1)2/{(7+1)2(v+2)3(27+1)}
by using the definition of ;‘14’4(7), :414,1(7), and :411,1. For notational simplicity, let the right side be o2().

If we combine all these limit results, it follows that

{sup|n O’nOT( )'MT(’y)—02(7)|,n_1872170f/1\/[i,n_“2 CMC }
vyel

2% {o, 02(2 — Ah AT TAs)), 02(2/27 — Aé’lgf&g:},l)} : (A.14)

(b) We next examine the numerators of the statistics in (A.12) and (A.13). We first show that for each
v, {n~"Y2T(y)MU, n~Y2L\MU, n~Y/2C, MU} weakly converges to a multivariate normal variate. We
note that n=Y/2T(y)MU = n~Y2T(y)U — (n"'T(7)'Z)(n " 2Z'Z) " (n"1/2Z'U), n~/2C/MU =
n~Y2C,U—(n"tC|Z)(n'Z'Z) " (n~Y/22/U), and n~ 2L/ MU = n~ V2L U—(n"'L},Z)(n ' 2'Z)
(n~Y/2Z/U), and (A.14) implies that for each v, {n " T(y)'Z,n 'L,Z,n 'C}{Z,n " Z'Z} has its own
almost sure limit. Furthermore, for each v € T' \ {0, 1}, {U:G, +(7), F:} is an MDS and we can apply
McLeish’s (1974) CLT. Assumption 7 implies that n =1 >" E[U2G(7) G¢(7)'] is uniformly positive definite
with respect to n. Thus, for each v, n=1/2 3" U;G¢(7) 2 N(0,B(y)). We also note that for each y € T,
S U,Gi(v) = [T(7)'U,C,U,L,U, (Z'U)Y, so that {n~Y/2T(7)MU, n~Y/2L,MU,n"/2C,MU}
weakly converges to a multivariate normal vector by joint convergence. We denote this weak limit by
{5(7)7 go, 51}

Similarly, we have finite dimensional convergence of the vectors {n~'/2T(-)’MU?}. So we concentrate
on showing that {n~'/>T(-)’MU} is tight. As we have already shown in () that sup.cp [n~'Z'T(y) —
K471(7)\ 2 0andn'Z'Z %% _/1171, if {n~1Y/2T(-)'U} is tight, then {n~ /2T (-)’MU} weakly converges

to a Gaussian process. Without loss of generality, we let 4/ > ~. Then, for some 7 between ~ and +/,
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St~ 37“5 sy 110g(sne) - (v =) < s79|10g(sne)| - v — 7|, where 7, := inf, T, so that for any € > 0,

)
~5>e>.

We further note that n=1/2 3" |s,, 1| 70| log(sn.4)|Us 2 N(0,202/(1+2v,)?). Thus, if § is sufficiently small,

lim supP sup
n—0o ly—'|<é

\/1% Z Sz,tUt - \/15 Z Srwzl,tUt

1
< limsup P <‘\/ﬁ Z |sn,t| 7o - |10g(5n,t)’ Uy

n—oo

the right side can be made as small as desired. Hence, the random process sequence {nil/ 2T(-)'U} is tight,

so that

(V2T (MU, n~2T/MU, n = 2E'MUY} = {G(-), Go, C1 ). (A.15)

(c) Finally, we derive the covariance structure of the power Gaussian process. We first examine the
limit covariance structure of the numerator in {T(-)' MU} /{&%DT(-)’MT(-)}V?. Note that T'(7)'MU =
T(7)'U — (T(y)'Z)(Z'Z)~1(Z'U), so that

T(7)MUU'MT(Y) =(T(7)'U)(U'T(+')) — (T(7)'2)(2'2)"{(Z'U)(U'T(y)}
- {(T()'U) (U'Z)} (Z'Z)"(Z'T(v)
+(T(v)2)(2'2)"{(Z'U)(U'Z)[(Z'2)"(Z'T (7).

Lemma A12 shows that n =T (y)'Z %% :61471(7)’ and n~ 1727 % :411,1, respectively. This implies that

n 'T(y)MUUMT(Y) =n" {(T(7) U)(U'T()) — 0 Aga(7) A H{(Z'U)(U'T(H)}
—n H{(T()'U) (U'Z)} AT1A4(Y)
+ n_l&,l(v)’Ail{(Z’U)(U’Z)}A£1A4,1(7’) +op(1).  (A16)
To find the covariance structure of the limit process of n~ /2T (-)’MU, we consider the limit expectations

of the terms on the right side of (A.16). First,

2

-1 / aN n-! 7—&-7 O
nE uu’'T ElUf] - ———, A17
[T(v) > s o (A.17)
using Lemma A10(i) and the fact that {U,, F;} is an MDS. Second,
1 1 o? o? 1 9 !
— / ) - 2 : _ * * /
n E[(Z U)(U Sn nt _>B41(7) - |:7,+177,+277/+1E[UtDt] )
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and so
o2(4yy + 2y + 29 + 4)

A I'A —11 no_
A471(7) A1,1B4,1(’Y ) - (7 + 1)(7 n 2)(7/ n 1)(7/ + 2)) (A18)

which is symmetric between « and +/, thereby giving the limit of the expectation of the second and third

terms of (A.16). Next observe that

2
os o

= N

; E[U7 D]
nT'E(Z'U)(U'Z) =0 E[UZnyZ,,] — By = 1o? 1o2 1R[U2D))
E[U?Dy] 3E[UfD;] E[U?D,Dj]

using Lemma A10(ii) and the fact that {U;, F;} is an MDS. Then,

n'Aui (1) ALIE{(Z'U)(U'Z)}A 1AL (Y)
= Au1(7)/AT: {E[”_l > UtQZn,tZ;Lt]} AT1ALL(Y)
o2(4yy + 2y + 29 +4)

— Ay (V) AIBLIATIAL(Y) = : A.19
wO B A) = g ey A

We combine all the limit results in (A.17), (A.18), and (A.19) to obtain the following limiting covariance

kernel of the process n~'/2T(-)’MU

a3 (v =D = 1)
Y+ DO +F2)(Y D +2)(v+y + 1)

o(v,7) =

The limit behavior of the denominator of {T(-)’MU} / {6%70T(-)’ MT(-)}!/2 is already given in (a).
That is, c}ijon_lT(-)’ MT(-) almost surely converges to o%(-) uniformly on I'. Therefore, using the defini-

tion c(v, "), the covariance kernel of the limit Z(7) of the process {T(-)’MU} /{5‘%70T(')/MT(-)}1/2 is

given by
~ / i~ . 0(7’ ’7/) / (2’7 + 1)1/2(27/ + 1)1/2
, =E[Z(v)Z = = ) )
R (1,7) =E[Z2()Z()] = o O oy )
as stated.
(i1) We note that
~ {n "' (U + G(7,))MT(7)}?

2
0- o — 0. 4 = sup
w0 TnA TR (nIT(7)MT(9))

where G(v,) := B,[1,27+,...,t7,...,(n — 1)7,n7]". By (A.15), sup,cp [n TUMT(7)| = 0,(1),
and (A.14) implies that sup,cp In~IT(7)'MT(y) — 02(7)/c?| = o0,(1). We also note that for each 7,
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o*(7)/o2 = g(7,7). Thus, sup . [n ' T(7)'MT(y)—g(7, )| = 0p(1). Furthermore, n ' G(v,)’'MT(7)
= B,nY*n 1T (v,)MT(y), so that it now follows that SUD,er N1 G(7,)MT(Y) — Bog(7., V)| =
op(1). Therefore,

52 52 —supfin Zv*w[l +0,(1)). (A.20)
’ ~yel' g(’)/a ,7)

Next, we note that 8%70 =n"YU + G(v,))M(U + G(v,)), so that it now follows that
~2 2 52 2y,
Un,O =0y + B*TL 9(7*77*)[1 + Op(l)]a (Azl)

from the fact that n™'U'MU = 02 + 0,(1), n ' G(7,)MU = B,nVn 'T(y,)MU = O,(n7="1/2),

and n'G(7,)'M G(v,) = fin*n ' T(v,)MT(v,) = Bin®[g(v,,74) + 0p(1)]-
(ii.a) We now combine (A.20) and (A.21) and obtain that

~2 ~2 2,2 *92(7*,7)
QLRn _ Un,() - Un,A — sup /B*n 7 g(v,y) [1 + OP(I)] — sup 92(7*a7) [1 +o (1)]
n G ~ver \ 02 4 B2n?7-g(7,, 7. ) [L + 0p(1)] ~er 97,79V V) b

from the fact that v, > 0. Finally, the given functional form of g(+,, ) yields that

5 (Y4, 7)

sup (s, )
IV, 79V Vs)

~er 90779V, V)

[1+0p(V)] = [1 4 0p(1)],

as desired.

(ii.b) We now combine (A.20) and (A.21) and obtain that

QLRn a—\721,0 - a—\’%l,A 5* g( ":*';fy [ + Op(l)] 5392 (7*7 ’7)
n * n ,Y*O'n’() ~ell \ 0% + ﬁ*n ’Y*g(’}/*a 7*)[1 + Op(l)] ~el O-*g(’y’ IY)

from the fact that v, € (—%, 0). Finally, the given functional form of g(+y,, ) yields that

B (e iy L o 1y —
Ser 029(1,7) 1+ op(1)] =

B29* (1. 7)

29(3.7) [+ 0p(1)],

as desired.

(iit) From the definition of the QLR test, if we let Q := [m(1), m(2),...,m(n —1),m(n)|’,

QLR, _ Goo—Ona ~ sup {n ' (U+ Q'MT(y)}H{n 'T(y)MT(y)} ' {n 'T()M(U + Q)}
n Ai,o ver n~H U+ Q)M(U + Q) '
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In the proof of (ii), we already saw that n~'U’'MU = 02 + 0,(1), sup,cp [n'T(y)MT(7) — g(7,7)| =
0p(1), and sup,cp In"U'MT(v)| = 0p(1). We, therefore, examine the asymptotic behaviors of the other
terms that constitute the QLR test.

First, we examine the asymptotic behavior of Q'MT(-). Note that

QMT() 1 o, B
nm(n)e(n) ne(n)L T()

1
L'Z(n ‘22 'n='Z'T
e () (n ) n (7),

where e(x) := z-m/(z)/m(z), L:=[ln,(1) = 1,...,0,(t) = 1,...,€p(n) — 1), and £,,(t) := m(t)/m(n).
In the proof of (i), we already showed that sup. . [n ' Z'T(y) — Ag1(v)] *5 0and n ' Z'Z *5 Ay ;. For

the other terms, we apply lemma 4.1 of Phillips (2007) and obtain that

1
lo(t) — 1) — — 1 1
Sy 2 7 2 helostons)] = of0),
and that
su LZS’Y log(s )+; =o0(1)
R N O V) B

Therefore, sup,cp |(ne(n))'L'T(y) + 1/(y + 1)?| = 0,(1). We also note that lemma 4.1 of Phillips
(2007) implies that

n;n) an,t(ﬁn(t) —-1) = %ZSn,t log(sn.t) + op(1) = _i +o(1),

n;n) Z Dy (ln(t) — ZE D;]log(snt) + 0p(1) = ~E[D{] + op(1).

Therefore, (ne(n))~'L'Z + [1/4, E[D;)']’ = 0,(1), and it follows that

QMT(y) — p(7)| = 0p(1) (A22)

sup
~vel

_
nm(n)e(n)

by noting that p(y) := —(1+7) 2+ A41(y)(A11) ' As,1, where A := [1/4, E[D,]')', and this implies

that
52 _ 52  _ m?(n)e* (n)p(v)?
nO g A_Sup
€T 9(7,7)

[1+ 0,(1)]. (A.23)

Next, we examine the asymptotic behavior of Q'MQ. Note that

QMQ 1 1 o (1 N L
nm2(n)e2(n) n52(n)L L= ns(n)L z <nZZ> ZL,
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and we already showed that (ne(n)) 'L'Z + ;‘;571 = op(1), 127" %% ;&171. Given this, lemma 7.1 of
Phillips (2007) implies that (ne?(n)) ~'L'L = (ne?(n)) =1 Y7 (4,(t) — 1) +0(1) = 2+ o(1). Therefore,

1

mQ’MQ =2— A} (A1) "Asq +0,(1) = g+ 0p(1) (A.24)

by noting that ¢ := 29/16 — 25K /64.

Third, we examine the asymptotic behavior of Q'MU. Note that

QMU Ly 1 (L) iy
V(e Ve - Vi) <nzz> U

Here, L'Z = O,(ne(n)), ZZ' = O,(n), and Z'U = O,(y/n). Furthermore, L'U = O,(y/ne(n)) b
lemma 2.1 of Phillips (2007). Therefore,

QMU
and it follows from (A.24) and (A.25) that
5o =02 +m*(n)e*(n)(qg + 0p(1)) + 0p(1). (A.26)
If we combine (A.23) and (A.26),
QLR,  Tno—0na m?(n)e?(n)p(y)*[1 + op(1)]
= d = . A.27
n e e e T m =l + oy (D]} (27

(iii.a) We now suppose that n - m/(n) = e(n)m(n) — c. Then, (A.27) implies that

QLE, _ o mmmp) Mo, ()] )t
n SR T Fm2 el + oD} ek 9ot + ) T

as desired.

(iii.b) We now suppose that n - m’(n) = (n)m(n) — oco. Then, (A.27) implies that

QLR, __  mm2mp0)* 1 +o()]  __ p()

T T o e T oy PR ) S ey B

as desired.
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(iv) By the definition of the QLR test,

71/2U -7.~1lg "MT 2
QLR, = sup {(n U +tn : /(7*)) M}
ver G0 (R 1T () MT(7))
We already saw that supcp [~ T(y)MT(y) — g(v,7)| = 0p(1), and (A.15) shows the weak limit of
n~1/2U'MT(-). We therefore here focus on the asymptotic behaviors of 8,21’0 and n~ " 1G(v,)MT(").
First, we examine the asymptotic behavior of 6\%’0. Note that

Gro=n""(U+n 772G (1,))M(U +n712G(y,))

n,

=n""U'MU + 28,0~ %/*T(7,)MU + BIn">T(y,) MT(v,) = 07 + 0,(1).

Here, n=3/2T(y,)MU = O,(n"') and n 2T (y,)MT(7y,) = Op(n~") from (A.15) and (A.14), respec-
tively.

Second, we examine n~ 7+ "1G(~, )’ MT(-). Note that n=7*"1G(v,)MT(-) = B,n"'T(y,)MT(-),
so that (A.14) implies that sup. e =" LG () MT(y) — B.9(V.,7)| = 0p(1).

Therefore, using these two facts, it follows that

QLR, = sup = sup
" 792 (7,7)

{(n2U + 0= "1G(y,))MT(7)}? { G() + B9(v::7) }2 :
~er 70 (n"1T(7)MT(v)) ver

By the definitions of Z(-) and 02(-), viz., Z(:) := G(-)/{o(")} and 02(y) := 029(v,7), QLR, =

Sup,er(Z(7) + B.9(7.,7)/{0:9"/2(7,7)})?, as desired.
(v) By the definitions of the QLR test and €(n),

_ o L0720 + (ne(n)m(n)) 7' QIMT (7))
QLR, = 76? 3270 (n—1T(7)'MT(7)) :

As in the proof of (iv), we examine on the asymptotic behaviors of 3%70 and (ne(n)m(n))~1Q)MT|(v) as
the other terms are already examined.

First, we focus on the asymptotic behavior of 8270. Note that

Gno=n""(U+n"2(e(n)m(n)) ' QMU +n~2(e(n)m(n)) ' Q)

= n~'U'MU + 20732 (e(n)m(n)) ' Q'MU + n~%(¢(n)m(n)) 2Q'MQ = o2 + op(1)
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by (A.24) and (A.25).
Second, we examine (ne(n)m(n))~'Q)'MT(v). Note that (ne(n)m(n))~1Q)'MT(-) uniformly con-
verges to p(-) by (A.22).

We combine all these asymptotic behaviors of the terms that constitute the QLR test and obtain that

~1/2q -1Q)YMT 2 ~ 2
0L, = sop 107U IO IQIME Y () o))
ver o (R 1T(y)MT()) 7€l a9 (7,7)
using the definition of Z (+). This completes the proof. [

Remarks 2. From the fact that n~"+'G(v,)ML; = 8,n 'T(v,)ML; and n~ 7" G(v,)MC, =
B,n YT (y,)MC1, we now obtain that

1 _ - - -
ET(%«)/MLl =— 5 —Au1(7.) (A1) " Agy +0p(1), and

(v« +1)

1 - ~ ~ -
ET(%)'MQ == 5 — As1(7.) (A1) 1Az +0p(1)

(74 +2)

using Lemma A12(i). Therefore,

/ T P~ _ B* - e 1720% —1x
71 GO’ ML = fig 1= (L) BuAs1(7.) (A1) Az, and
G(’Y )/Mél E /71 = _L - B —/14 1(’Y )/(Al 1)71:’313 1-
n’Y*J’_l * (r}/* + 2)2 * ’ * ) )
We also showed in the proof of Theorem 6(i) that nilfiiyoi/Mi 1852 = 022 - :41’21:511_%&21) and

n_lff\ivoé’l\/[é 51 = o02(2/27 - ;‘;{3,1—/11_,%*&371)- Therefore, QLR 4 (Z0 + Tip/50)? and

QLR%VZD A (Z1 + J1,/51)? under the same condition as in Theorem 6(iv), where Zy = Go/G¢ and
21 = (jl/gl-

We also note that

1 - 1~ 1 1 1,
QML = ——L'L; — L'Z(-27 ~Z'Ly, and
nm(n)e(n) ne(n) ne(n) n n
1 ~ 1> 1 1,
——Q'MC; = ——L'Cy - L'Z lZZ’ lZ/Cl.
nm(n)e(n) ne(n) ne(n) n n
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Given these, we apply lemma 4.1 of Phillips (2007) and obtain that

QML = jiy =2+ 11%,1(1&1,1)_1—K2717 and

QMC; = i s AL (A1) A,
ne(n)m(n) 1=y 51Eh 31
Therefore, QLR%VZO) 2 (Z0 + jig/50)? and QLR%VZD A (Z1 + ji,/51)? under the same condition as in
Theorem 6(v). ]
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