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Abstract

We collect the notations defined in “Testing the Equality of Two Positive-Definite Matrices

with Application to Information Matrix Testing” by Cho and White (2014).

Objects to be Estimated

• A∗ :=A(θ∗).

• B∗ := B(θ∗).

• D∗ :=B∗A−1∗ .

• µa,∗ := E[a(Yt,Xt)].

• Σa,∗ := E[a(Yt,Xt)a(Yt,Xt)′].

• µb,∗ := E[b(Yt,Xt)].

• Σb,∗ := E[b(Yt,Xt)b(Yt,Xt)′].

• T∗ := k−1tr[D∗]−1.

• D∗ := det[D∗]1/k −1.

• B̄∗ := B̄(θ∗).

• Ā∗ := Ā(θ∗).

Estimators

• An :=An(θ∗).

• Bn :=Bn(θ∗).

• Dn :=BnA−1
n .

• Ân :=An(θ̂n).

• B̂n :=Bn(θ̂n).

• D̂n := B̂nÂ−1
n .
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• Ãn := Σ̂a,n − µ̂a,nµ̂
′
a,n.

• B̃n := Σ̂b,n − µ̂b,nµ̂
′
b,n.

• µ̂a,n := n−1 ∑n
t=1 a(Yt,Xt).

• Σ̂a,n := n−1 ∑n
t=1 a(Yt,Xt)a(Yt,Xt)′.

• µ̂b,n := n−1 ∑n
t=1 b(Yt,Xt).

• Σ̂b,n := n−1 ∑n
t=1 b(Yt,Xt)b(Yt,Xt)′.

• D̃n := B̃nÃ−1
n .

• Q̂n := ln[tr[D̂n]/k].

• L̂n := ln[det(D̂n)]/k.

Test Bases

• Tn := tr[Dn]/k−1.

• Dn := det[Dn]1/k −1.

• Sn := tr[Dn]/k−det[Dn]1/k.

• T̂n := tr[D̂n]/k−1.

• D̂n := det[D̂n]1/k −1.

• Ŝn := tr[D̂n]/k−det[D̂n]1/k.

• T̃n := tr[D̃n]/k−1.

• D̃n := det[D̃n]1/k −1.

• S̃n := tr[D̃n]/k−det[D̃n]1/k.

• Ŵn := Q̂n − L̂n.

• M̂n := T̂n − L̂n.

Operators

• for j = 1, . . . ,`, ∂ j := (∂/∂θ j). • for i, j = 1,2, . . . ,`, ∂2
ji := (∂2/∂θ j∂θi).

Test Statistics

• B(1)
n := nk2 (1

2 T2
n + 1

2 D2
n
)
.

• B(2)
n := 2nk

(1
2 T2

n +Sn
)
.

• B(3)
n := 2nk

(1
2 D2

n +Sn
)
.

• B̂(1)
n := nk2 (1

2 T̂2
n + 1

2 D̂2
n
)
.

• B̂(2)
n := 2nk

(1
2 T̂2

n + Ŝn
)
.

• B̂(3)
n := 2nk

(1
2 D̂2

n + Ŝn
)
.

• B̃(1)
n := nk2 (1

2 T̃2
n + 1

2 D̃2
n
)
.

• B̃(2)
n := 2nk

(1
2 T̃2

n + S̃n
)
.

• B̃(3)
n := 2nk

(1
2 D̃2

n + S̃n
)
.

• L R(1)
n := 2{ln[Ln(θ̂n,B̂n)/Ln(θ̂n,Ân)]}.

• L R(2)
n := 2{ln[Ln(θ̂n,B̂n)/Ln(θ̃n, d̃nÂn)]}.

• L R(3)
n := 2{ln[Ln(θ̃n, d̃nÂn)/Ln(θ̃n,Ân)]}.

Supplementary Notations

• Mn :=A−1∗ (Bn −An).

• S j,∗ :=A−1∗ (∂ jB∗−∂ jA∗).

• Kn :=Mn +∑`
j=1(θ̂ j,n −θ j,∗)S j,∗.

• G j,n :=B−1∗ ∂ j(Bn −B∗).

• H j,n :=A−1∗ ∂ j(An −A∗).

• J j,n :=G j,n −H j,n.
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• Wn :=B−1∗ (Bn −B∗).

• Un :=A−1∗ (An −A∗).

• Pn :=Wn −Un.

• R j,∗ :=B−1∗ ∂ jB∗−A−1∗ ∂ jA∗.

• Ln :=Pn +∑`
j=1(θ̂ j,n −θ j,∗)R j,∗.

• Wo,n :=B−1∗ (Bn −B∗,n).

• Mo,n :=Wo,n −Un.

• Ko,n :=Mo,n +∑`
j=1(θ̂ j,n −θ j,∗)S j,∗.

• G j,o,n :=B−1∗ ∂ j(Bn −B∗,n).

• J j,o,n :=G j,o,n −H j,n.

• N∗ :=B−1∗ B̄∗.

• C j,∗ :=B−1∗ ∂ jB̄∗−N∗B−1∗ (∂ jB∗).

• M̃o,n :=A−1∗ (B̃n −B∗,n)−A−1∗ (Ãn −A∗).

• M̃n :=A−1∗ (B̃n − Ãn).

• W̃n :=B−1∗,n(Bn −B∗,n).

• P̃n := W̃n −A−1∗ (An −A∗).

• R̃ j,∗,n :=B−1∗,n∂ jB∗,n −A−1∗ ∂ jA∗.

• L̃n := P̃n +∑`
j=1(θ̂ j,n −θ j,∗)R̃ j,∗,n.

• G̃ j,n :=B−1∗,n∂ j(Bn −B∗,n).

• J̃ j,n := G̃ j,n −H j,n.

• θ̃n := θ̂n −θ∗.

• Qn := (A−1∗ B∗−det[D∗]
1
k I).

Expansions

• T̂?
n := T̂?

n,1 + T̂?
n,2. • T̂?

n,1 := 1
k tr[Kn].

• T̂?
n,2 :=− 1

k tr[KnUn]+ 1
k [tr[J j,n −MnA−1∗ ∂ jA∗]]′(θ̂n −θ∗)+ 1

2k (θ̂n −θ∗)′∇2
θ
tr[D∗](θ̂n −θ∗).

• D̂?
n := D̂?

n,1 + D̂?
n,2. • D̂?

n,1 := 1
k tr[Kn].

•
D̂?

n,2 := 1
2k

(
1
k
−1

)
tr[Kn]2 + 1

2k
(tr[Mn]2 + tr[U2

n]− tr[W2
n])+ 1

k
[tr[Mn]tr[S j,∗]]′(θ̂n −θ∗)

+ 1
k

[tr[J j,n +UnA−1
∗ ∂ jA∗−WnA−1

∗ ∂ jB∗]]′(θ̂n −θ∗)+ 1
2k

(θ̂n −θ∗)′∇2
θ det[D∗](θ̂n −θ∗).

•

Ŝ?
n :=− 1

2k

(
1
k
−1

)
tr[Kn]2 − 1

2k
(tr[Mn]2 − tr[M2

n])+ 1
k

tr[Mn
∑̀
j=1

(θ̂ j,n −θ j,∗)S j,∗]

− 1
k

tr[Mn]tr[
∑̀
j=1

(θ̂ j,n −θ j,∗)S j,∗]+ 1
2k

tr[(
∑̀
j=1

(θ̂ j,n −θ j,∗)S j,∗)2]− 1
2k

tr[
∑̀
j=1

(θ̂ j,n −θ j,∗)S j,∗]2.

• T̂o,n := 1
k tr[Ko,n(I−Un)]+ 1

k [tr[J j,o,n −Mo,nA−1∗ ∂ jA∗]]′(θ̂n −θ∗)+ 1
2k (θ̂n −θ∗)′∇2

θ
tr[D∗](θ̂n −θ∗).

•
D̂o,n := 1

k
tr[Ko,n]+ 1

2k

(
1
k
−1

)
tr[Ko,n]2 + 1

2k
(tr[Mo,n]2 + tr[U2

n]− tr[W2
o,n])

+ 1
k

[tr[J j,o,n +UnA−1
∗ ∂ jA∗−Wo,nA−1

∗ ∂ jB∗]]′(θ̂n −θ∗)+ 1
k

[tr[Mo,n]tr[S j,∗]]′(θ̂n −θ∗)

+ 1
2k

(θ̂n −θ∗)′∇2
θ det[D∗](θ̂n −θ∗).
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•

Ŝo,n :=− 1
2k

(
1
k
−1

)
tr[Ko,n]2 − 1

2k
(tr[Mo,n]2 − tr[M2

o,n])+ 1
k

tr[Mo,n
∑̀
j=1

(θ̂ j,n −θ j,∗)S j,∗]

− 1
k

tr[Mo,n]tr[
∑̀
j=1

(θ̂ j,n −θ j,∗)S j,∗]+ 1
2k

tr[(
∑̀
j=1

(θ̂ j,n −θ j,∗)S j,∗)2]− 1
2k

tr[
∑̀
j=1

(θ̂ j,n −θ j,∗)S j,∗]2.

• αn :=α(1)
n +α(2)

n . • α(1)
n := 1

k tr[QnLn].

• α(2)
n := 1

k [tr[QnJ j,n]]′θ̃n − 1
k θ̃

′
n[tr[QnR j,∗A−1∗ ∂iA∗+Qn(B−1∗ ∂2

jiB∗−A−1∗ ∂2
jiA∗)]]′ θ̃n.

•
βn :=− 1

k
tr[A−1

∗ B∗LnUn]−det[D∗]
1
k {

1
2k2 tr[Ln]2 − 1

2k
tr[W2

n −U2
n]}− 1

k
[tr[A−1

∗ B∗PnA−1
∗ ∂ jA∗]]′θ̃n

+ 1
k

det[D∗]
1
k [tr[UnR j,∗+PnB−1

∗ ∂ jB∗]]′θ̃n + 1
2k

det[D∗]
1
k θ̃

′
n[tr[R j,∗Ri,∗]]θ̃n.
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