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Abstract

We provide a new characterization of the equality of two positive-definite matrices A and B,
and we use this to propose several new computationally convenient statistical tests for the equal-
ity of two unknown positive-definite matrices. Our primary focus is on testing the information
matrix equality (e.g., White, 1982, 1994). We characterize the asymptotic behavior of our new
trace-determinant information matrix test statistics under the null and the alternative and in-
vestigate their finite-sample performance for a variety of models: linear regression, exponential
duration, probit, and Tobit. The parametric bootstrap suggested by Horowitz (1994) delivers crit-
ical values that provide admirable level behavior, even in samples as small as n = 50. Our new
tests often have better power than the parametric-bootstrap version of the traditional IMT; when
they do not, they nevertheless perform respectably.

Key Words: Matrix equality; Information matrix test; Eigenvalues; Trace; Determinant; Eigen-
spectrum test; Parametric Bootstrap.

Subject Classification: C01, C12, C52

Acknowledgements: The second author (Halbert White) had passed away before the final version
was completed. The first author would like to acknowledge his contributions to this paper. He
formed the outlines of the current paper. In addition, the authors are most grateful to the Co-editors,
Yoosoon Chang, Tom Fomby, and Joon Y. Park, and one anonymous referee. We also acknowledge
helpful discussions with Anil Bera, Stephane Bonhomme, Richard Golden, Steven Henley, Atsushi
Inoue, Jinook Jeong, Kiho Jeong, Michael Kashner, Hak Bae Lee, Jin Lee, Ki Young Park, Sang Soo
Park, Peter, C.B. Phillips, Robert Strawderman, Yoon Jae Whang, Byoungsam Yoo, Victoria Zinde-
Walsh, and other participants at the 14th Advances in Econometrics Conference in Honor of Peter
C.B. Phillips (Southern Methodist University, 2013), the Economics Joint Conference 2012 and the
17th Joint Workshop of Yonsei University, Hokkaido University (Hokkaido University, 2012), and
KEA International Conference (Korea University, 2012). Also, Taeyoun Kim and Myungkoo Song
provided excellent research assistance for our Monte Carlo experiments.

*A glossary of notation and the program codes written in GAUSS for our simulations are available in the following
URL: http://web.yonsei.ac.kr/jinseocho/research.htm.



1 Introduction

Testing the equality of two positive-definite matrices, say A and B, has a distinguished history in
multivariate statistics. Wilks (1935) showed that for data drawn from two independent multivariate
normal samples, the likelihood ratio (LR) test for independence is a ratio of the determinants of
the two maximum-likelihood covariance matrix estimators. This finding stimulated investigation of
other determinant-based tests. For example, Pillai and Nagarsenker (1972) and Das Gupta and Giri
(1973) examined the properties of a class of determinant ratio tests for equal covariance matrices.
Other researchers have studied tests based on the trace of two covariance matrix estimators. Roy
(1953), Pillai and Jayachandran (1968), and Nagao (1973, 1974) developed trace-based tests and
compared their performance to that of determinant-based tests.

Mauchly (1940) considered a related but weaker hypothesis, sphericity, i.e., that A = dB for some
unknown d > 0. For normal data, the LR statistic is a function of both the estimated traces and
determinants.

Testing the equality of two positive-definite matrices also plays a central role in model specifi-
cation analysis. Specifically, when a probability model used for maximum-likelihood estimation is
correctly specified, the information matrix equality A = B holds, where A is the opposite of the aver-
age log-likelihood Hessian and B is the average of the outer product of the log-likelihood scores, both
evaluated at the true parameter (see, e.g., Fisher, 1922, 1925). White (1982) proposed an information
matrix test (IMT) for model misspecification based on a comparison of estimates of the elements of
A and B. The omnibus or non-directional IMT compares all the non-redundant elements of A and B,
yielding an asymptotic chi-squared test statistic. Directional specification tests (e.g., for conditional
heteroskedasticity, skewness, or kurtosis) are obtained by comparing selected elements of A and B,
also yielding asymptotic chi-squared tests.

The intuitive appeal and generality of this proposal led to an extensive body of work studying
the properties of the IMT, including papers of Chesher (1983), Lancaster (1984), Orme (1988, 1990),
Taylor (1987), Hall (1987), Chesher and Spady (1991), Horowitz (1994), and Dhaene (2004), among
others. One early finding was negative: Taylor (1987) and Orme (1990), among others, showed that
previously proposed IMTs typically suffered from extreme level distortions, so much so as to render
them impractical for empirical application. Chesher and Spady (1991) showed that these level distor-
tions can be resolved by employing higher-order expansions for the IMT. As Horowitz (1994) pointed
out, however, this approach is extremely cumbersome because it involves higher-order cumulants,

making it impractical for all but the simplest models. Instead, Horowitz proposed use of the para-



metric bootstrap. This method is computationally straightforward, and, as Horowitz’s Monte Carlo
experiments show, parametric bootstrap-based IMTs exhibit outstanding level performance, even for
modest sample sizes and in cases where the test statistic is not pivotal. Furthermore, it has power
properties similar to those exhibited by level distortion-adjusted IMTs. The parametric bootstrap
has been the preferred method for IMT implementation since its introduction. Nevertheless, it is
unclear whether the parametric bootstrap still works well for other non-pivotal tests not used by
Horowitz in his Monte Carlo experiments.

Until recently, little or no attention has been paid to the possibility of constructing IMTs based
on the trace or determinant of A and B. To the best of our knowledge, Golden, Henley, White, and
Kashner (2013) were the first to systematically investigate this possibility by proposing IMTs based
on functions of the log eigenspectra of A and B, including tests based on the trace and determinant.
A major contribution of the present paper is to extend this line of inquiry by proposing tests of A=B
based on trace and determinant properties that characterize the equality of two positive-definite
matrices. This characterization, namely that A = B if and only if det(BA )% = 2 1tr(BA™!) = 1,
or det(AB™ NV = ~1tr(AB™1) = 1, is apparently new; we have not been able to find its applications
elsewhere. It is remarkably simple, and it is striking in that it enables an omnibus! IMT based on
a comparison of only two quantities, regardless of the matrix dimension. This result also applies to
the classical problem of testing the equality of two covariance matrices, but without requiring data
to be generated by the multivariate normal distribution.

The resulting computational simplicity of these new trace-determinant tests is by itself appeal-
ing. As we further show, implementation using the parametric bootstrap yields tests with outstand-
ing level performance, which implies that the parametric bootstraps show excellent performance
even for our non-pivotal test statistics.

To date, the IMT literature has focused mostly on the level properties of the IMT. Here, we fur-
ther contribute to the extant literature by studying the power properties of standard IMTs, other
related tests, and our new trace-determinant IMTs by using the parametric bootstrap. Specifically,
we examine the power of the various tests to detect misspecification in four models: linear regres-
sion, exponential duration, probit, and Tobit. We find that our new trace-determinant tests often
outperform previous tests. When they do not, they nevertheless perform respectably. In addition,
we examine the local power properties of our new tests and associate them with the standard LR

statistics testing for covariance equality and sphericity under the multivariate normal distribution

IDirectional versions can be constructed by selecting suitable submatrices of A and B.



condition.

The plan of the paper is as follows. In Section 2, we state the lemma characterizing the equality
of two positive-definite matrices, discuss its implications for information matrix testing, and pro-
pose three related IMTs. In Section 3, we study the asymptotic behavior of our test statistics under
the null, alternative, and local alternative hypotheses. We also examine how our test statistics are
interrelated with the LR test under the classical multivariate normal distribution condition and dis-
cuss implementation considerations; following Horowitz (1994), we recommend use of the parametric
bootstrap. In Section 4, we investigate by Monte Carlo experiments the finite-sample level, power,
and local power of our new trace-determinant IMTs, the Chesher (1983) and Lancaster (1984) IMTs,
and some related tests. Section 5 contains a summary and concluding remarks. Mathematical proofs
and additional assumptions are gathered in the Mathematical Appendix.

Before proceeding, we present the following notational details. A function will always be denoted
using an empty argument: a function mapping f from & to & will be denoted by f(:) or f : ¥ — ¥
When f alone is used, this denotes a variable in a Euclidean space. Also, for notational simplicity, we
denote f'(x)|y=x, by f'(x«) and let 0, f(x) and Oﬁ’yf(x,y) denote (8/0x)f (x) and (8%/0xdy)f (x, y), respec-
tively. We use the following simple facts without reference: tr[AB] = tr[BA], det[AB] = det[A]det[B],
and det[A™1]= 1/det[A].

2 A Basic Lemma and Its Testing Implications

Our tests for the equality of two positive-definite matrices are based on the following simple but

striking lemma.

Lemma 1. Let A and B be real positive-definite k x k matrices with k € N. Then A =B if and only if
detlA"2BA Y21V =1 and tr[A"V2BA" V2R =1,

where A~V2 is the real positive-definite k x k matrix square root of A1 a

Thus, A = B whenever the geometric and arithmetic means of the eigenvalues of A~ V2BA~12 both
equal 1. We state the result in terms of A~V 2BA~2 to make it obvious that this matrix has real
positive eigenvalues. Equivalently, with D := BA™!, A =B if and only if det(D)"* = k~1tr(D) = 1. To
the best of our knowledge, one of the exercise questions in Magnus and Neudecker (1999) is closest

to ours; this states that for any positive semi-definite matrix M, det[M]V* = tr[MJ/% if and only if M



is proportional to I. As another characterization, Strawderman (1994) also show that A = B if and
only if 2~ 1tr(D) =1 and 2~ 'tr(D?) = 1.

No IMT exists using Lemma 1, although similar motivations using eigenvalues exist. Bera (1986)
and Bera and Hall (1991) regarded eigenvalues as key elements for testing two equal positive-definite
matrices. They focused on the eigenvalues of A— B and used their distances to test the equality of A
and B. Similarly, many tests using the eigenvalues can be developed, although developing a general
theory on their applications is not straightforward, mainly due to their non-differentiability.

To apply Lemma 1, we construct statistics testing any two of the following hypotheses:

tr[DVE = 1 (1)
dettD1"* = 1 (2)
tr[DVE = det[D]V%. (3)

Any two of these imply the other. Thus, to test
Ho:A=B versus H;:A#B,

we consider three equivalent hypotheses, each of which yields a corresponding test statistic:

HYY : tr[DV/E = 1 and det[D]V* =1 vs. H":tr[DVE # 1or det[D1V: # 1;
HP : tr[DVk = 1 and tr[DVE = det[D1V*  vs. HP:tr[DVE # 1 or tr[DV/k # det[D]V%;
HP : det[D]V* = 1 and tr[DV/k = det[D]* vs. HP :tr[DVE # 1 or tr[DV/E # det[D]V%.

Clearly, IHJE)D tests (1) and (2), IH]§)2) tests (1) and (3), and IH]E)S) tests (2) and (3).
To define test statistics corresponding to [H]Bl) - I]-ﬂg'), let A,, and B,, be consistent estimators for A

and B, and write D,, := BnAgl. Each test statistic combines two of the following:
T, :=tr[D,Vk—1; D,:=det[D,1V* —1; and S, :=tr[D,Vk - det[D,]1"*.

When A = B, the consistency of (A,,B,) implies that each of these should be negligible in prob-
ability. For the estimators (A,,B,) studied here, it turns out that A = B implies T, = Op(n~12),
D, =0p(n~Y2), and S, = Op(n~1), as we show in Lemma 3 below.

The given hypotheses and statistics are essential in testing Hy against H; when the eigenvalues

of BA™! are exploited. We do not need to consider any other transformation of the eigenvalues. As



pointed out by Bera (1986) and Bera and Hall (1991), the eigenvalues of A—B can be transformed into
many statistics in various ways. Instead, our statistics simply focus on the trace and determinant of
BA ! without introducing any exceptional case for A = B. In addition, our statistics do not estimate
eigenvectors. The level and power properties of their tests critically depend upon the way to estimate
the eigenvectors, as in Bera and Hall (1991). Strawderman (1994) also considers another testing
principle using his characterization. Comparing these test statistics with ours is left as a future
research topic.

Consider the following statistics, corresponding to I]-l]f)l) - l]-l]g3) :

.%fll) = nk? (%Ti + %D,zl) ; .%512) :=2nk (%Tﬁ +Sn) ; and 98513) :=2nk (%D,% +Sn).
Under Hg, each of these is bounded but not negligible in probability. Note that T, and D, are
squared, while S;, is not. This is due to their different orders of convergence. The coefficient 1/2
multiplying T,% and D?L ensures a straightforward asymptotic null distribution, and S, = 0 because
the arithmetic mean is always greater than or equal to the geometric mean.

To apply these methods to information matrix testing, we can let 8,, be the (quasi-) maximum-
likelihood ((Q)ML) estimator (White, 1982) consistent for 8., an interior element of ©® c R*, such
that

Vn(@,-6.)2N[0,A,"B,A,!].

Here, A. is the negative Hessian matrix of the (quasi-) likelihood function at 8., and B, is the asymp-
totic covariance matrix of the (quasi-) log-likelihood scores. Correct specification implies the infor-
mation matrix equality, A, = B., under mild regularity conditions, justifying the classical maximum-
likelihood covariance matrix estimators. Thus, if we let A(-) and B(-) be continuous functions of 0 (i.e.,
A:0—R* and B: © — R¥**), we can test A, := A(6,) = B, := B(9.) using estimators Kn =A,0,)
and ﬁn :=B,,(0,), where A,(-) and B,,(-) are sample analogs of A(-) and B(-). We also let ﬁn = ﬁnf&;l
and define

Tn = tr[ﬁn]/k -1; ﬁn = det[ﬁn]l/k —-1; and §n = tr[ﬁn]/k - det[ﬁn]l/k,
from which we construct

~ 1. 1. ~ 1_ ~ ~ 1. A
BY .= nk? (ET,% + §D%L) . BY .=onk (§T§ +Sn) . and B> :=2nk (51)3 +sn).



As it turns out, estimating 0, using 8,, impacts the asymptotic null behavior of our test statistics,
introducing certain additive terms.

Furthermore, we notice that the dimension condition can be relaxed to handle general cases.
That is, as we detail below, our constructions are valid even when © c R’ with ¢ € N. We, therefore,
suppose this from now on and impose ¢ = k£ only when testing the information matrix equality.

We also consider the simpler but important special case of testing the equality of the population
covariance matrices of a(Y;,X;) and b(Y;,X;), where a(Y;,X;) and b(Y;,X;) are possibly nonlinear
transformations of (Y;,X;). For this, we compare two sample covariance matrices An and ﬁn, defined
as

~ ~ ~

R o, ~ o
Api=2an— HanHan and By :=Xpn— nPp,n>

where, for the given vector-valued functions a(-,-) and b(-,-),

n n
flan =ty a(¥,Xy), San:=n""Y a(Y;X)a¥,,X,),
t=1 t=1
n . n
ﬁb,n = n_l Z b(Yt,Xt), and Zb,n = n_l Z b(Yt,Xt)b(Yt,Xt)/.
t=1 t=1

Here, (ﬁa,m ia,n,ﬁb,n, ib,n) is consistent for (ya’* s 2a%s Hp, <> Zp,x) = (Ela(Y:,X,)], E[a(Y:,Xpa(Y;:,X;)'],
E[b(Y;,X:)1,E[b(Y;,X;)b(Y;,X;)']), and the other regularity conditions are provided in the Appendix

for our test statistics defined in Theorem 2 below.

3 Test Statistic Asymptotic Behavior

3.1 Asymptotic Null Behavior

-~

To examine the asymptotic null behavior of Tn, ﬁn, and S w=T, —D,, we impose the following

regularity conditions:

Assumption 1. (i) (2, %,P) is a complete probability space;
(ii) for £ €N, ©® c R’ is a compact convex set with non-empty interior; and
(iii) there is a sequence of measurable mappings {0, : Q — O} consistent for a unique 0, € int(O).

a

Assumption 2. (i) For k € N, the symmetric matrix mapping A : © — R¥*% js in €@(O) and is such

that A, := A(0.) is positive definite; and



(ii) the symmetric matrix mapping B : © — RF*% is in €@(0) and is such that B, = B(8.) is

positive definite. a

Assumption 3. (i) There are symmetric matrix estimators A, (-) and B, () consistent for A(-) and B(.),
respectively, uniformly on ©; and
(i) vnl@, —0.),vech[A, —A.],vech[B, - B,1T 4 N(0,Q,), where A, := A,(0.), B, :=B,(0.),

and Q. is a (B2 +k+0) x (k% + k + ) positive semi-definite matrix. O

Here, vech(-) is used in Assumption 3(ii) to accommodate the symmetry of A,, A,, B,, and B.. An
appropriate central limit theorem (CLT) typically ensures Assumption 3(ii). Also, A,, and B,, used for
defining T',,, D,, and S,, correspond to A,(0.) and B,(6.), respectively. That is, these are estimators
with known parameters. Similarly, we have D,, := B,,(0.)A,(0.)"!. Finally, ¢ = 2 when testing the
information matrix equality, and the first % x k& block of Q. is equal to A;'B,A;L.

To simplify notation, we let M, := A;1(B, —A,) and Sjx = A;l(ajB* —-0A,)for j=1,...,¢, where
0B, :=(0/00;)B, and 0;A. :=(0/00;)A.. We also write

14
Ky:=M,+ ) 0;,-0;)S; ..
j=1

The % x k statistic K,, plays the central role in determining the asymptotic distributions of all our
test statistics. Given Assumption 3(ii), M, = O[p(n_l/z), (ﬁn -0,)= Op(n_l/z), and K,, = Op(n~12).
Furthermore, Assumption 3(ii) implies that K,, is asymptotically a 2 x £ matrix of normal random
variables. We omit deriving the asymptotic covariance matrix of K;,. This is mainly because we will
implement our testing by using the parametric bootstrap, which renders estimation of the covariance
matrix unnecessary.

We obtain asymptotic approximations by applying Taylor expansions to 7, and D,,. The following

lemma relies on first-order expansions.

Lemma 2. Given Assumptions 1, 2, 3, and Hy,
() Ty, = trlK, V& + op(n~12);
(i) D, = tr[K, VEk + op(n~V2); and
(ii) S, =T, —D, = op(n2). O

Given Assumption 3, both Tn and D , are Op(n~Y2) under Hy, and their asymptotic null distributions
are normal. Asymptotic null distributions for T2 and D2 follow straightforwardly. In contrast, a
first-order approximation is not sufficient to obtain an asymptotic distribution for S, regardless of

whether there are estimated parameters, as S, n=op(n12).



To fully specify the null behavior of our statistics, it turns out that second-order expansions for
tr[f)n] and det[f)n] are required. For these, we write W, := B;1(B, -B.), U, := A; (A, —A,), and,
for i,j=1,....¢, Gj := B;10;(B, —B.) and H; , := A;'0;(A, — A,). We also write 6% := 0°/06,;00;,

and we impose the following conditions.

Assumption 4. (i) For j=1,...,¢, 0;A,(-) and 3;B,(-) are consistent for 0;A(:) and 3,;B(-), uniformly
on O; and

(i) fori,j=1,...,¢, G?iAnC) and G?iBn(-) are consistent for aiiA(-) and OEiB(-), uniformly on ©. O
Assumption 5. For j=1,...,¢, H; , = Op(n""?) and G, = Op(n~12). O

Assumptions 4 and 5 easily hold for many interesting models such as those considered in Section 4.
The following lemma provides the required second-order asymptotic approximations. For this,
we let J;, :=G,, —H;,, we let Vg denote the Hessian operator with respect to @, and we define

D. :=B.A;Ll

Lemma 3. Given Assumptions 1, 2, 3, 4, 5, and Hy,
Q) T,= T,’[ +op(n~1), where T,’[ = T:h +?:{2, ?:1 = %tr[Kn], and

~ 1 1 —~ 1 . —~
T:;g = _Etr[KnUn] + E[tr[J‘],n - MnA;lajA* ]]l(en -0.)+ ﬁ(en - 0*)/Vgtr[D*](en -0.)

with T:{l =0p(nY2) and T:2 =O0p(n~1);
(ii) D, =D} + op(n™1), where D} :=D*  +D*,, D* | := 1tr[K,], and

n,2’

A*'_iml_) 2, 1 2 29 2y, 1 A
Dn,2 =55 |7 1|tr[K,,] +2k(tr[Mn] +tr[U;, ] tr[Wn])+k[tr[Mn]tr[SJ,*]] @,-90.)

1 . 1 .
+ ol jn + U,A'9;A.-W,A'9,B.110,-0.)+ 570~ 0.)'V;det[D.1@, - 0.)
with ﬁ;‘l =O0p(nY2) and ﬁ:2 =O0p(n~Y);

(iii) S, = S +op(n™Y), where

@) —0;,:)8),:]

. 1 (1 1 1
Sri=—— (— - 1) tr{K, 1% — —(tr[M,,1? — tr[M21]) + —tr[M,,
2k k A

¢
2k \k =

J

1 R 1 R 1 &
= ML) 00— 0,081+ otrl() ) ~0;:)8;,:)"1- S O - 0;:)8;,: 17
j=1 J=1 J=1

with S* = Op(n~1). 0



Here, we let [V] say, denote a vector V with j-th row element V.
These results suffice to obtain asymptotic distributions for our test statistics. First, the asymp-

totic null distribution of g@i}’ is easily obtained from Lemma 2(i, ii), because
). 2(lme lao 2
B, =nk ET” + ED” = n(tr[K, 1" + op(1).

Given that /ntr[K,] is asymptotically normal by Assumption 3, the asymptotic null distribution of
@,(11) is the square of a normal random variable. Second, we can combine Lemma 2() and Lemma

3(iii) to obtain the asymptotic null distribution of ?Z’f). This follows from

4 4
B2 =n {tr[Kn]2 — (tr[M,, 1> — tr[M 1) + 2tr My, Y (8. — 0,208, 1+ trl(} (0,0 —0;,2)S;,.)%]
j=1 j=1
(2% (2%
— 2tr{M, el )" @0 —0,:)8) 1= trl Y (@) — 0;,,)8;,. 1% } +op(1)
j=1 j=1

¢ ¢

=n {tr[(Z(ej,n =0;,:)8;,)°1+ 2tr(Y_ ), — 05,8, )M,] +tr[M,%]} +op(1) = ntr{K21+ op(1).
J=1 j=1

The asymptotic null approximation of 9223) is obtained in the same way. The definition of @,&3) and

the approximation for D, give @,&3) = ntr[K%] + op(1), so that @;2) - 32,(13) = op(1) under Hy.

We summarize these results as follows.

Theorem 1. Given Assumptions 1, 2, 3, 4, 5, and Hy:
(i) B = ntr[K, 12 + op(1);
(ii) B2 = ntr[K21+ 0p(1); and
(i) B = ntr[K2]+ op(1). O

For the case in which A,, and B,, are sample covariance matrices, replacing A, and B, to provide

M,,, we have a simplified result that does not involve 8,,: we have

Theorem 2. Given Assumptions A 1, A 2, A 3, and Hy,
(i) BY = ntrM, 12 + op(1);
(i1) @,(3) = ntr[1\~’l,21] +op(1); and

(1) @;3) = ntr[lVI,%] +op(1), where

n

_ 1y 1op) =~ lay =
BY = nk? (§T§ + 51)2); B .= onk (§T§ +S,

~ 1~ ~
; 38;13) :=2nk (§D,2L +Sn) ;

and M, := A; (B, —A,) with T), :=tr[D,Vk —1; D, := det[D,1V* - 1; S, := tr[D, VVk — det[D, 1V*; and



D, = ﬁnA,_ll. O

To obtain this result, we write
\/ﬁ(gn -A,)= \/ﬁ(ia,n - Za,*) - \/ﬁ(ﬁa,n - I'la,* )i\l’;,n - \/ﬁﬂa,*(ﬁa,n - I'la,*), and

VB, —B.) = V(Epn — Zp,«) = Vil , — By, O, — Vit (i, — ) s

and require that the multivariate CLT applies to \/ﬁ[vech[(ia,n —Za)l ,vech[(fb,n —Zp, ) ([, —
Ma.),(fy , — My )], The difference between Theorems 1 and 2 is that, due to the structure of A,
and B,,, 8,, no longer plays an explicit role. Consequently, M,, replaces K,,. We state the referenced
regularity conditions in the Appendix. Because the proof of Theorem 2 closely parallels that of

Theorem 1, we omit this from the Appendix.

3.2 Asymptotic Behavior under the Alternative

We next examine the asymptotic behavior of Tn, ﬁn, and §n under the alternative. To simplify
notation, for j =1,...,¢, we let P, := W, -U, and R, := B;lajB* —A;lde*; these definitions
correspond to M,, and S; .. Under Hy, P, =M,, and R; . =S; .. We also let

l
L, =P, + Z(Qj)n =0, R; .,
j=1

so that L, = K,, under Hy. In particular, P,, = Op(n~Y2) and L, = Op(n~12) by Assumptions 3 and 5,
even under the alternative. For the next result, we let T := £~ 1tr[D,]1—1 and D, := det[D.]"* — 1.
Recall that D, := B,A;!. We also note that T, = D, from the property that the arithmetic mean is

always greater than or equal to the geometric mean.

Lemma 4. Given Assumptions 1, 2, 3, 4, and 5, the following hold:
. 1 1 1 .
(@) T, =T.+ Etr[LnAng*] - Etr[LnUnAng*] + bl - P,A;'0;A)A'B.11@,-0.) @)

1 - ~
+ 57 0 =0 Vitr(D. 1@, - 0.) + op(n); and

10



(i9)detiD. 11D, = detlD. 1 FD. + > el 1+ 5 (1 - 1) olL, P+ 3 6P, (R, W@, -0, (6)

2k \k
i 2 27 2 1 . 15, _ 15, .

+ o GPy I+ tr[UZ ] = tr[ WD + 61l + Up AL 04, ~W,BL10;B. 110, -6.)
1 " ~

tor det[D.17'(@, - 0.)'V; det[D.1@, - 0.) +op(n™ ). O

Lemma 3 follows easily from Lemma 4 given Hy. Under Hy, T« =D, =0, L, =K,, P, =M,,, A7!B, =
I, det[D.]1=1, and R; . =S, . for each j =1,2,...,¢. Using these, we obtain Lemma 3 from Lemma
4. We also note that only the second terms on the right of Egs. (4) and (5) are Op(n~"2); the rest
are Op(n~1). Thus, asymptotic behavior under the alternative is mainly determined by the first two

terms in each case. It follows that the behavior of S. n:=T,— D, is similarly determined. We have

Corollary 1. Given Assumptions 1, 2, 3, 4, and 5,
() if for all d >0, B, #dA., S, = (T ~ D) + 1tr[(A;'B. - det[D.]1* DL,] + op(n " Y2); and

(i1) if for some d > 0, B, = d A, S, = —Z5tr{L, 1% + & tr[L2] + op(n 1), O

Although Corollary 1 follows easily from Lemma 4, we provide its proof in the Appendix to make the
role of the second-order derivatives clear.

Indeed, tr[(A;'B, — det[D*]%I)Ln] =0 if and only if B, is proportional to A.. Also, if B. = d.A.,
then T, =D, = d. — 1. We use this fact in obtaining Corollary 1(ii), which implies that S,, = Op(n1).
This suggests that the analysis of the statistics under the alternative must separately treat the
cases where B, is proportional to A, and where B. is not proportional to A.. In terms of correct
model specification, the literature typically assumes that for some d., B. = d.A, by assuming that
conditional disturbances obey conditional homoskedasticity.

The power properties of our test statistics now follow easily. We have
_ k2
B = %(Tf +D%) + nk(tr{(T.A;'B, + D, det[D, ] DL,]) + Op(1) (6)

from the definition of 92’21) and Lemma 4. The first term is O(n), and the second is Op(y/n). Thus, for
any ¢, =o(n), lim,_s P(#Y > cp)=1.

As seen above, the behavior of @;2) and @23) depends on whether B, is proportional to A.. Specif-
ically, we cannot expect power from S,, if B, is proportional to A,. When B, is not proportional to

A,, we have

B2 = nk(T% +2T, — 2D,) + 2ntrl[(T, + DA; B, — det[D,1*I]L,]+ Op(1); and (7
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BE =nk(D? - 2D, +2T.) + 204D + YD, — Dtr{Ly, ] + tr{A;'B,L, 1} + Op(1) (8)

by the definitions of ,@512) and ,@f{g’), Lemma 4, and Corollary 1(i). The first term of ,9?;2) is O(n) if
T2+ 2T, - 2D, #0, and that of 2> is O(n) if D2 - 2D, + 2T, # 0. The second terms are Op(y/7).
Also, if T, #D., T« > D, from the inequality of the arithmetic and geometric means. Using this,
we can obtain the power properties of ,@;2) and @23) as follows: if T2 + 2T, — 2D, > 0, for the same
¢, =o(n) as above, lim,, .o [P’(,@flz) >c¢,)=1;and if D2 + 2T, - 2D, >0, lim,_o [P’(,@ff’) =>c¢,)=1. Here,
we do not have to consider the absolute values of .@22) and e@f{g’), as the sign of T? + 2T, — 2D, or of
T2 + 2T, — 2D, cannot be negative. A two-sided test is therefore inappropriate in general.

Furthermore, we can compare the global powers of the tests using the power properties. First,
we compare @22) with @23). The leading term of @512) diverges more rapidly than 9?;3) if and only if
|T.| >|D|. Second, the leading term of @21) diverges more rapidly than ,@513) if and only if %(TZ +
D?)>D?+2(T,-D,). Likewise, the leading term of .@fll) diverges more rapidly than .@flz) if and only
if %(Tf +D2)> T2+ 2T, - D,). From these aspects, it follows that the global powers of the tests are
interrelated in 3!(= 6) different ways.

« Condition A: |T.| = |D.|, £T%2+D%)>D2 + 2T, -D.,), and £(T?+D?) > T2 + 2T, - D.);

« Condition B: |T.| = D.|, £T2+D%)>D? + 2T, -D.,), and £(T2+D?) < T2 +2(T. - D.);

« Condition C: |T.| = D.|, £T2+D?) < D2+ 2T, -D.,), and £(T2+D?) < T2 + 2T, - D.);

« Condition D: |T| < |D.|, £(T2 + D2) < D? + 2T, - D.), and £(T? + D2) < T? + 2T, - D.);

« Condition E: |T.| < |D.|, 2T2+D?) <D? + 2T, -D.,), and £(T2+D?) > T2 + 2T, - D.);

s Condition F: |T.|<|D.|, £(T?+D?)2 D2+ 2T, -D.), and £(T2+D2) > T2+ AT. - D.).

Under different conditions, the tests behave differently. For example, if (T'.,D ) satisfies Condition
F, the leading term of @,(11) is greater than those of 92’522) and 3@;3), and the leading term of 32’;3) is
greater than that of @512). Thus, for ¢, = o(n), lim, .o P(?Z’fll) = 92’;3) +c, = 92’522) +c¢,) =1, or, for
notational simplicity, we may denote this as @,(11) pe 92’513) e 92’512). Table 1 summarizes the global
power relationships arranged by Conditions A to F.

These global power behaviors provide guidance for selecting better tests. From the given condi-
tion, (Tn - 1,5n —1)— (T.,D.) in probability, so that if(Tn - 1,ﬁn —1) satisfies Condition A, say, we
should expect better power properties from fé’,(zl) than from the other tests. As another example, if
T. =D, under Hy, Conditions A or F holds, and the others do not hold. This implies that @,(11) or @22)
are globally most powerful.

The dimension of Kn or ﬁn also delivers various power properties. Figure 1 shows how the space

of (T'«,D.) is partitioned into the regions satisfying Conditions A to F for £ =2, 3, 4, 10, 20, and 50.
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For example, if (T',,D.) belongs to the region indexed by D, this implies that Condition D governs
the data. Here, only the region below the 45-degree line is considered because T'. has to be greater
than or equal to D.. As we can see from Figure 1, the regions governed by Conditions B, C, D, and
E get smaller and eventually vanish to the origin as k& tends to infinity. Most space is indexed by
A or F. This fact implies that if (T,,D,) is moderately different from the origin and the number of
the dimension is fairly large, 9221) or 9222) delivers more powerful results. We can also see that the
regions indexed by E and F are relatively smaller than other regions when & is small.

Now suppose that for some d.(# 1), B, =d.A.. The definitions of .@fll), .@;2), and @;3), Lemma 4,

and Corollary 1(ii) imply that

BY = nk(d. - 1% +2nk(d. — 1)d .tr[L, ]+ Op(1); )
B2 = nk(d. —1)% +2n(d . — 1)d .tr[L, ]+ Op(1); and (10)
B = nk(d. - 1)% +2n(d, — 1d . tr[L,]1+ Op(1). (11)

Alternatively, we can also obtain these results from Eqgs. (6), (7), and (8) by letting B. = d.A. for
d. # 1. The first terms on the right are O(n), and the second are Op(y/n). Thus, for any c, = o(n),
lim,—ooP(B2 = ¢,,) =1 and limy,—oo P(BY = ¢,) = 1.

We can also compare the global powers of the tests in a similar manner to the general case. First,
the leading terms of @,&2) and @f’) are identical. This implies that their global powers are similar.
Second, the leading term of @S) is always greater than or equal to those of @22) and 9/87513), so that we
can always expect the global power of @f}) to be bigger than those of e@f) and 9?513). Thus, we obtain
that lim,_. P(@;D > max[@g),@f)] +c¢,) = 1. When there is additional information that for some
d., B, =d.A. (e.g., conditional homoskedasticity in testing correct model specification), the testing
results of 9?,(11) should be more valuable than the other tests.

We summarize these results as follows.

Theorem 3. Given Assumptions 1, 2, 3, 4, 5, and Hy, for any c, = o(n),
(i) limy—oo P(BY = ¢,) = 1, where i = 1,2, and 3; and
(it) when for all d >0, B, # dA.,
(ii.a) limy,—.co P(BP = B3 + ¢,) = Lif and only if |T+| > |D..|;
(i1.0) limy— oo P(BY 2 B + ) = Lif and only if (£ - 1)T? + £D? ~ 2T, - D,) > 0;
(ii.c) limp—.co P(B 2 BY + ¢,) = 1if and only if (£ ~1)D? + ET2 - 2T, -D.,) > 0;
(iii) when for some d, > 0, B, = d A, lim,_.co P(BY = max[BP, 8P+ ¢,) = 1. O
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The results are similar for the case when the estimators are sample covariance matrices: for the

case in which A, and B,, are sample covariance matrices, we have

Theorem 4. Given Assumptions A 1, A2, A 3, and Hy, for any ¢, = o(n),
(i) limy oo P(BY = ¢,,) = 1, where i = 1,2,3;
(it) when for all d >0, B, # dA.,
(ii.a) limy,—.co P(BP = B3 + ¢,) = Lif and only if |T+| > D..|;
(i1.0) limy— oo P(BY 2 B + ) = Lif and only if (& - 1)T? + £D? ~ 2T, - D,) > 0;
(ii.c) limp—co P(BY = BY + ¢,) = 1if and only if (£ ~1)D2 + ET2 - 2T, -D.,) > 0;
(iii) when for some d,. > 0, B, = d,A.,, lim,_.co P(BY = max[BP, 2P+ ¢,) = 1. O

Because we explained earlier the key idea of Theorem 3 and because the proof of Theorem 4 closely

parallels that of Theorem 3, we omit their proofs from the Appendix.

3.3 Asymptotic Behavior under the Local Alternative

The tests we consider here are consistent under the alternative as we analyzed in the previous

subsection. Their local powers, which we consider in this subsection, can be similarly analyzed.
There can be many local alternatives to the null hypothesis. An analytically convenient local

alternative is constructed by letting B, ,, approach A.. To keep our presentation concise, we consider

the following Pitman type local alternative:
[H]fll) By, =B +n 2B, and B. =A,,

where B, :=B(0,), and B(-) is a continuously differentiable function of 8. That is, B: © — R**  If
B. =0, the local alternative I]-I]fll) reduces to the null hypothesis. Therefore, as n tends to infinity, B, ,
approaches B, and the two matrices become identical.

The motivation for considering I]-[If,l) is that it has a simple form. Our statistics defined by T.,D,,
and S, have the core element B.,A;! under I]-[Ile), and this feature simplifies the analysis of B, ,A; !

without losing the insights of the tests. If we had considered the following local alternative:
H?:A.,=A,+n2A, and B, =A.,,

where A, := A(0,) and A : © — R*** the analysis becomes more complicated. This also implies that
there are many local alternatives other than [H]fll), and they can be used to examine the local powers

of the tests in other directions.
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Before examining the asymptotic behaviors of Tn, ﬁn, and §n under I]-l]gl), we first fix our ideas
by defining notations relevant to our discussions. We let W, ,, := B;I(Bn —B. ), which is identical to
A;1(B, - B.,) under H}";
Mo,n = wo,n =Up;
é ~
Kon:=M,,+ Z(ej,n —0;4)S; +;
j=1
Jj,o,n = Gj,o,n —Hjn = B;laj(Bn - B*,n) - Hj,n;

~ 1 1 ~ 1 . ~
To,n = Etr[Ko,n(I -Unl+ E[tr[Jj,o,n - Mo,nA;lajA* ]],(en -0.)+ ﬁ(en - 0*)/vgtr[D*](0n -0.);

D,, tr[KO e 2k (k 1) tr[K, 1 + o7 (tr[M, 17 + tr[U; ] - tr[W; . 1)

+ E[tr[J iom+U,ATI0A, - W, ,AT10B. 1@, - 0.)

1 —~ 1 . —~
+ z[tr[Mo,n]tr[S‘],*]]/(en -0.)+ ﬁ(en - 0*)/vg det[D*](en -0, );

~

1 (L 1 2 _ M2
So,n T Ton (k 1)tI‘[K0 n] oF (tr[Mo,n] tI‘[MO’n])

1 £ 1 £ .
+ Etr[Mo,n Z(ﬁj,n —=0;,+)8) - Etr[Mo,n]tr[ Zl(ej,n —0;,:)S;j 1
Jj=1 Jj=

1 LN

2 2
2ktr[(z(ej n—0;.08;.0%1~ ﬂtr[j;l(ej,n —0;.)8;. 1%

Note that they are identical to the previous statistics if B, = 0. All these statistics are defined to
capture the local asymptotic behaviors of the previous statistics. Mainly, their difference stems from

that the key parameter of interest is not B, but B, ,, so that it is now /n(B, — B, ;) that obeys the
CLT asymptotically.

We formally impose the following assumptions.

Assumption 6. (i) There are symmetric matrix estimators A, (-) and B, () consistent for A(-) and B(.),

respectively, uniformly on ©; and
(i) vnl@, —0.),vech[A, —A.1,vech[B, -B. 1T 4 N(0,Q,), where A, :=A,(0.), B, :=B,(0.),

and Q. isa (k2 +k+ ) x (k% + k + ) positive semi-definite matrix. a

Assumption 7. For j=1,....¢, H;, = Op(n~12) and Gjon= Op(n=12), O
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Assumption 8. The symmetric mapping B : 0 — R¥** js in €(©) and is such that B, :=B(0.) is

positive definite. a

Assumptions 6 and 7 are provided to replace Assumptions 3 and 5, respectively. We replaced the key
parameter B, with B, ,, so that we can expect W, »,, My, K; ., Jj o1, T\o,n, ﬁo’n, and §o,n under
IH]SID to have asymptotic behaviors identical to those of W,,, M,, K,,, J ,, Tn, ﬁn, and §n under Hy,
respectively. Therefore, all of them are Op(n~"2) under Hfll). Furthermore, Assumption 8 is added to
endow the local parameter B, with an appropriate structure of positive definiteness.

The following lemma shows the asymptotic expansions of the statistics under the local alterna-

tive.

Lemma 5. Given Assumptions 1, 2, 4, 6, 7, 8, and I]-I](l)

(i) Tn = Topn + ﬁ{tr[N*] — tr[N, U, ] + [tr{A;1(9,B.) - N. AT (0,A)1 @, — 0.)} + op(n™h),
n

where N, :=B;!B,;

a1 ) @
(i) Dy =Dop+ o (rN.] tr[N*wo,nmtr[c,,*]] @,-0.))

—— tr[N, Jtr[K, ] - itr[Nzl +5

f = NI+ 0p(n ™),

where C; , :==B;'9,B, -N,B;1(9,B.); and

(Gii) Sp=8on+ \/%k {tr[N. M, 1+ [tr[N.S; 1@, —0.)}

trIN, 1tr[K,, n]+ ! tr[Nz]— trIN. P+op(n™h. O

1 1
Vnk? 2nk?
Proving Lemma 5 is not difficult. Using Lemma 4 and the expansion that I-»n 2B 1(-B,)) 1 =I-
n"12B1B, +n 'B;1B.B;B, +... provides the proof of Lemma 5. Here, this expansion is applicable
because for sufficiently large n, |n"2B;1(-B.)| < 1.
The local asymptotic behaviors of the statistics in Lemma 5 are not identical. Lemmas 5( and ii)
imply that 7kT, = tr[N.]1+Op(1) and nkD,, = tr[N,]1+0p(1), whereas 2nk2S,, = ktr[N2]—tr[N, 12+

Op(1) by Lemma 5(iii). Using these features, we derive the following theorem.

Theorem 5. Given Assumptions 1, 2, 3, 4, 5, 6, and H;”,
(i) B = trN, + VK, , 1 + op(1);
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(ii) B2 = tr[(N, + VK, )21+ op(1); and
(iii) BY = trl(N. + VK, )%+ op(1). 0

We note that Theorem 1 can also be derived from Theorem 5 if we let B, = 0. In addition, the local
parameter N, is added to vnK, , as a location parameter. Theorem 5 further implies that the local
power of 9221) is not automatically acquired. The product of two positive-definite matrices is not
necessarily positive definite, so that N, := B;!B, can have tr[N,] =0, implying that @S) may not
have local power for such a case. Similarly, if tr[N?] =0, 32512) and ,@f’) do not have local powers,
either. For them to have their local powers, it is necessary to have tr[N.]# 0 and tr[N?k] #0.

When A,, and B,, are sample covariance matrices, we have

Corollary 2. Given Assumptions A 1, A2, A4, A5, and [I-[lf,l),

(i) B = trl(N + /M, )1 + 0p(1);

(ii) B = trl(N, + vnM, )21+ 0p(1); and

(iii) BP = tr[(N. + vaM, )% + op(1) and B2 - BY = op(1), where M, , := A;' (B, —B..,) -
A'A,-A). O
As before, 1\7[0,” replaces K, , because 8, no longer plays an explicit role. The referenced regularity
conditions are in the Appendix. As the proof of Corollary 2 is parallel to that of Theorem 5, we omit

it from the Appendix.

3.4 The Trace-Determinant Tests and the Likelihood Ratio Tests

In this subsection, we consider how the trace-determinant tests are associated with the LR test
statistic under the local alternative. The LR test statistic gives reasonable power in all directions
under the local alternative, and it is uniformly most powerful under some restrictive assumptions
(e.g., proposition 15.2 of van der Vaart, 2000). This motivates us to compare the trace-determinant
test statistics with the LR test statistic.

For the purpose of comparison, we first assume a particular distribution. Specifically, an inde-
pendently and identically distributed (IID) multivariate normal random variable is assumed. We
assume this because the LR test can be easily computed for the equality of two matrices. In par-
ticular, the normal distribution condition enables the LR test to be associated with the trace and
determinant tests. As it turns out, our tests can be reformulated into a test which is asymptotically
equivalent to the LR test.

We consider two different null hypotheses to examine the LR test. First, Nagao (1967) and Na-

garsenker and Pillai (1973) tested whether the covariance matrix is equal to a specified matrix under
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the same data condition. We exploit their results to examine the LR test. Second, Mauchly (1940)
assumed a similar condition to ours and examined the LR statistic to test whether the covariance
matrix of the random variable is a diagonal matrix with the same diagonal elements. We consider the
LR test under the same condition and examine how the LR test is associated with our test statistics.

Before investigating the LR test, we first define statistics relevant to our investigations and
provide their asymptotic behaviors under the local alternative. We first let Qn = ln[tr[ﬁn]/k] and
L,:= ln[det(f)n)]/k. They are the logarithms of the trace and the determinant, respectively, so that
Tn and ﬁn now correspond to Qn and fn, respectively. We next let Wn = Qn —En and M\n = Tn —En.
The motivations of these statistics are identical to S n- As the same roles are played by Q » and Tn,
we are able to define two different test statistics with identical roles. The following lemma provides
their asymptotic behaviors under the local alternative.

Lemma 6. Given Assumptions 1, 2, 4, 6, 7, 8, and u—nf,l’,

o~ 1 1 1 ~
(2) Ln = \/ﬁk tr[N.]- ﬁtr[N*Wo,n] + ﬁ[tr[cj,*]],(gn -0.)
1 1 ~ _
- ﬂtr[Nfl - 2—k2tr[Ko,n]2 +Don+op(n 1);
1

(ii) Q, = LN, itr[N*Un] +

tr[A; 0B, —N,A;10,A.11'@, — 0.
NG NG \/ﬁk[r[ L0, AL )

1 1 1 - _
— 5 rING] — (K 1 - o NI )+ T + 0p(n b;

(iti) My, = 5trI (N, + VK, )21+ +op(n~1); and

(iv) Wy, = 5o trl(N, + V1K, )% — 5 trIN, + Ko 512 + op(n ). O

Proving Lemma 6 is straightforward. We note that L n= ln[ﬁn +1] and Q n= ln[Tn +1], and Lemma
5 already provided the asymptotic behaviors of D,, and T,. We exploit them to prove Lemma 6(i and
i1). The asymptotic behaviors of M, and W, are obtained by combining these results with Lemma 5@
and ii). The statistics M,, and W,, form the expansion of the LR statistic as we detail below.

In this section, we also provide assumptions distinct from those in the previous section.

Assumption 9. (i) {X; € R*} is a set of IID multivariate normal random variables such that X; ~

N(@..,B.) such that 0, € R:. O

Here, it follows that 2 = ¢ by the normal distribution condition. Although this assumption is too

strong for general data and we can easily generalize the assumption, we stick to this condition so
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that a direct comparison of the tests can be made in a straightforward manner. Given Assumption 9,
if we let L,,(0,B) be the likelihood, the ML estimator is
~ 12 ~ 12 ~ —~
0, ::_th and B, := _Z(Xt_en)(xt_en)la
=1 =1
and the maximum-likelihood is obtained as L,(@,,B,) = (27)""*2?(det[B,1) /2 exp(-nk/2). In addi-

tion to this, we further impose the following assumption on an estimator A,,.

Assumption 10. (i) There is a symmetric matrix estimator A,(-) consistent for A(-) uniformly on ©;

(ii) the symmetric matrix mapping A : © — Rk s in €2(©) and is such that A, = A@,) is
positive definite;

(iii) for j=1,...,¢, 0;A,() is consistent for 0;A(-) uniformly on ©;

(iv) fori,j=1,...,¢, O?iAn(-) is consistent for OgiA(-);

W) for j=1,...,¢, H; , = Op(n~Y2);

(i) vnl@, —0.),vech[A, —A.1,vech[B, -B. 1T 4 N(@0,Q,), where A, :=A,0.), B, :=B,(0.),
and Q. is a (k2 +k + 0) x (k2 + k + 0) positive semi-definite matrix; and

(vii) The symmetric mapping B : © — R¥*% is in €V(O) and is such that B, := B(0.) is positive
definite. a

The conditions in Assumption 10 are virtually identical assumptions on A,, in the previous sections.
We slightly modified the structure to fit Assumption 9.

When testing the unknown covariance matrix B, we consider it to be identical to A., which can
be consistently estimated by A,,. That is, we are interested in testing B, = A, as before, so that we
are supposing the same environment as in Theorem 5.

Given this, the LR test can be easily obtained. If we let L, (0,B) be the likelihood, the maximum-
likelihood constrained by B = Kn is obtained as Ln(an ,Kn) = (27:)_”’“/2(det[f&n])_n/2 exp (— %tr[f&;lﬁn]),
and the LR test defined as 5&%”5}) = 2{1n[Ln(§n,lA3n)] —ln[Ln(an,Kn)]} has the following asymptotic
behavior under the local alternative.
Theorem 6. Given Assumptions 9, 10, and IHIE,D,
() LR = LN, + vnK, )1+ op(n™);
(ii) LR = 1BL +op(n™Y); and

(it)) LR =L BP + op(n1). 0

Therefore, Theorem 6(i) implies that the LR test is asymptotically equivalent to nkM, under the

local alternative.
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Mauchly (1940) tested the sphericity assumption under the same condition as above. That is,
he tested whether for some d., B, = d.A.. Here, B, A,, and d. are unknown, and A, can be
consistently estimated by Kn as before, so that the relevant local alternative hypothesis is given as
follows: for some d., HY : B, , =B, +n 2B, and B, =d.A..

The sphericity assumption can be associated with our test statistics, too. The constrained maximum-
likelihood is obtained by maximizing Ln(ﬂ,dﬁn) with respect to 8 and d, and it turns out equal to
L,(0,,d,A,) = @n) " 2(tr[A; B, VE) 2(det[A, 1) "2 exp(-nk/2), where (8,,,d,) is the constrained
ML estimator. Specifically, (5,1,3,1) = (an,tr[ﬁ,—llﬁn]/k), and the LR test is obtained as 2%512) =
2(In[L,(8,,B,)] - In[L,(0,,d,A,)]}. The LR test has the following asymptotic behavior under the

local alternative.

Theorem 7. Given Assumptions 9, 10, and I]-[IE,S),
(i) LAY = L(trl(N. + VK, )% - LtrIN, + V7K, ,1%) + op(n )
(ii) LRY = LB - LBD) + 0p(n™Y); and

(iti) LAY = L BY - L BL) + op(n™). O

Theorem 7(i) implies that the LR test is asymptotically equivalent to nkW, under the local alterna-
tive.

We can see that the trace-determinant tests form the major components of the LR tests ob-
tained under different circumstances from Theorems 6 and 7. They provide several further im-
plications. First, the meanings of the trace-determinant tests become clear by using the LR test
statistics. If we let %2 := 2(In[L,0,,d,A,)] -In[L,(0,,A), LAY = 2% + LR?, and this
implies that 3%9) is the sum of .,%,%(nz) and z%ﬁ? such that 5592513) tests whether the sphericity
parameter (d.) is one. Second, the asymptotic behavior of ;’f%f) is determined from this. That is,
5&%513) = ﬁtr[N* + \/ﬁKO’n]2 +op(n~1) under the local alternative, so that ff.%(n?’) = ﬁ@ﬁ? +op(n™1h).
Finally, therefore, l(@ﬁ?’ - %@S)) or %(,@23) - %9?;1)) tests the sphericity condition, and ﬁ.@ﬁf) tests
the sphericity parameter condition under the given conditions, so that testing the equal covariance
matrix condition can be accomplished by summing the two test statistics: %(e@f) - %@f})) and ﬁe@f});

120 _ 150 1 &0
or 5(%," —+%,") and 5; %, .

3.5 Implementation Considerations

The previous literature provides useful guidance for implementing our tests. As Taylor (1987) and
Orme (1990), among others, have pointed out, the level distortions of the classical IMTs can be

huge. A major reason for this is the ill-conditioning of the estimated asymptotic covariance matrix
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used to form the IMT (see, e.g., Golden, Henley, White, and Kashner, 2013). We may therefore
expect that our test statistics will suffer from similar finite-sample level distortions. Chesher and
Spady (1991) examined higher-order expansions of the IMT as a way to reduce the finite-sample
level distortion. Their Monte Carlo experiments showed that these methods can work well. As
Horowitz (1994) pointed out, however, this approach is extremely cumbersome because it requires
use of higher-order cumulants, which differ from model to model. This suggests that higher-order
approximations and methods that estimate an asymptotic covariance matrix should be avoided.

The parametric bootstrap proposed by Horowitz (1994) avoids both of these pitfalls, and, as
Horowitz showed, gives tests with negligible finite-sample level distortions, even for small sam-
ple sizes and when the tests are non-pivotal. The parametric bootstrap is also appealing because
it can deliver well-behaved asymptotic critical values for our statistics, despite their non-standard
asymptotic distributions and non-pivotal properties. Furthermore, the Monte Carlo experiments by
Horowitz showed that powers obtained by the parametric bootstrap are very close to those obtained
by correcting level distortions; on this fact, he suggested using the parametric bootstrap to compare
powers of IMT statistics. In particular, the parametric bootstrap is appealing when comparing var-
ious IMTs, given that the maximum-likelihood-based approach is hard to apply to construct IMTs.
Thus, we implement the parametric bootstrap to apply our tests.

The use of the parametric bootstrap is theoretically justified by the fact that the asymptotic ap-
proximations of Tn, ﬁn, and §n are already derived. More specifically, Lemma 4 and Corollary 1
show that the distributions of Tn, D n, and S » are mainly determined by their own location parame-
tersand L, := B;l(Bn —B*)—A;I(An —A*)+Z§:1(§j,n -0, «)R; ., which are zeros and K,,, respectively,
under Hy. Furthermore, Assumption 3(ii) implies that L, asymptotically follows a normal distribu-
tion, implying that the asymptotic distributions of 7', D,,, and S, are well defined under the null
and are first-order correct. These observations, along with the arguments given by Horowitz (1994),
justify use of the parametric bootstrap.

Although the parametric bootstrap is well known, we explain its procedure in order for our paper

to be self-contained and to fix our test statistics. We proceed as follows:

1. Given the model . :={f(-|-,0) : 0 € ©} for Y;|X;, obtain the (QQMLE 0, by maximizing L,(-) on
®, where L,,(8):=n"1 Y7, £,(0) and £,(9) := log[f(Y;X,,0)], with IID {(Y;,X})' € RI*?};

2. Estimate A, and B, as Kn = —ngn(én) and ﬁn = n_12?:1Vg€t(§n)V;€t(§n). Using these,

compute 3?511) , (@22), and @,(13);
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3. For each X;, generate B independent samples of Ytb from f (1X;,0,), yielding data sets (Ytb,Xt),
t=1,2,...,n,b=1,2,...,B;

4. Form the bootstrap (QQMLE éﬁj by maximizing Lﬁ’l(-) = n_lzg’:lﬁf(), where 4’(0) = log[f(Yth
X;,0)]. Compute A% := —Vng,’l(@Z) and B2 :=n"1 )2y ved’(éﬁ)v;,z?(éﬁ), and use these to form

test statistics 93;1)@’ 93;2)’17, and 93;3”’;

5. Estimate p-values by p\ := B1YE_ 1(B° = BY), p? = B 'y8 | 1" = #P), and

ﬁ(,f’) :=B7! Z]bg:l I(%f)’b = @23)), respectively.

6. Ifthe estimated p-values are less than the pre-specified level of significance, we reject the null;

otherwise, we do not.

4 Monte Carlo Experiments

In this section, we examine the performance of our statistics when applied to a variety of parametric
models, estimated by quasi-maximum-likelihood applied to IID data. We consider four different
models: linear regression, exponential duration, probit, and Tobit.2

Our Monte Carlo experiments replicate the steps of the parametric bootstrap multiple times.
When a test statistic, @,(11), say, is evaluated using the parametric bootstrap, we also write this as

@gl,p)_

4.1 Linear Regression

Suppose that data are generated as

Y, =X,$,+U,,

where U, | X; ~ N(0,02). We estimate the unknown B, using the normal MLE with the typical model
element Y; | X; ~ N(X}B,02). We consider the case when X; =(1,X;)’ and X; ~ N(0,1).

We compare our tests to other familiar test statistics. Specifically, we consider Chesher’s (1983)
and Lancaster’s (1984) IMT,3 denoted IM,,. We also consider Jarque and Bera’s (1987) test for the

normality of U;, denoted JB,,. Both IM, and JB, obey standard chi-square distributions asymp-

2GAUSS codes for the linear regression, exponential duration, Weibull duration, probit, and Tobit models are down-
loadable at the following URL: http://web.yonsei.ac.kr/jinseocho/research.htm.

3To construct this IMT, we need to include the first-order and second-order derivatives as testing components. Never-
theless, including the second-order derivative with respect to the intercept coefficient yields a singular covariance matrix.
We thus omit this redundant term.
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totically under the null. We also apply the parametric bootstrap to these tests, denoted IM% and
JBY.

We present our simulation results in Table 2. Here, we take B, = (0.5,1) with 02 = 1. We let
B =1,000 and perform 20,000 Monte Carlo replications. The simulation results under the null can
be summarized as follows. First, our tests based on the parametric bootstrap perform quite well, with
nominal levels closely comparable to actual levels even for n = 50. As expected, I M, performs quite
poorly, exhibiting the familiar level distortions. In contrast, JB, performs much better, although it
does suffer modest level distortion for smaller samples. The parametric bootstrap nicely fixes these
problems. Only IM, is adversely affected by increasing the number of parameters.

To examine power, we conduct further Monte Carlo experiments using six different alternative

DGPs:

o ALT 1: U;|X; ~ N(0,exp(X}B,));

o ALT 2: U|X; ~ N(0,exp(2X}8,));

e ALT 3: U;|IX; ~MxN(-1,1;1,1;0.5);

e ALT 4: U Xy ~MxN(-1.5,1;1.5,1;0.5);
o ALT 5: U;|X; ~ t30; and

o ALT 6: U;|X; ~ top.

Here, Z ~ MxN(a,b;c,d;p) denotes a mixed normal distribution where Z ~ N(a,b) with probability
p and Z ~ N(c,d) with probability 1 — p.

Although the normal model is correctly specified for the conditional mean, the conditional vari-
ance or conditional distribution is misspecified for these alternatives. The first two alternatives
exhibit conditional heteroskedasticity, with the first closer to the null than the second. The next two
alternatives have PDFs with two peaks and dispersed distributions. The third is closer to the null
than the fourth. The final two alternatives have fat tails, with the first closer to the null than the
second.

We present our simulation results in Table 3. The results are for the nominal 5% level, obtained
using the parametric bootstrap, and are somewhat nuanced. First, with conditional heteroskedas-
ticity, our tests perform better than the others. @f’p ) and 9223”’ ) outperform @f}’p ), Second, with
normal mixture disturbances, the best test is IM% followed by @,&Lp ), which noticeably outper-
forms @f’p ) and g?zﬁf’p ) in smaller samples. JBY underperforms in smaller samples, although it
catches up in larger samples. The ¢—distribution alternatives are harder for all tests to detect, as

these alternatives are not as far from the null. The JB? test is best, followed fairly closely by our
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trace-determinant tests. Overall, it appears that our tests are consistent against these alternatives,
sometimes performing best and otherwise performing respectably.

We also conduct other experiments to examine the global powers of the trace-determinant tests.
More specifically, Table 1 shows how the most powerful test is globally determined by the conditions
for (T'«,D.). As the sample size increases, the leading terms in Eqgs. (6), (7), and (8) become the main
factors to determine the powers. We investigate this by Monte Carlo experiments. For this purpose,
we use the following procedure: First, for each DGP and sample size, we estimate (T'x,D .) by Monte
Carlo simulations. The number of replications is 10,000. This experiment is conducted to avoid the
difficulties in computing (T'.,D.) analytically. Second, we predict the most powerful test by using
this estimate and Table 1. Third, we compare the empirical powers in Table 3 with our predictions
and indicate the results as follows: if the prediction is correct (resp. wrong), we denote this by “O”
(resp. “@”); and if all three tests reject the null hypothesis, so that we cannot say which one is the
most powerful test, we denote this by “A.” If the global powers are effectively determined by Table
1, “O” should eventually appear as the sample size increases.

The results of this experiment are contained in Table 4. For ALTs 1, 3, 4, and 5, “O” is observed
more frequently, or it appears eventually as the sample size increases before all three tests reject the
null. On the other hand, for ALTs 2 and 6, the most powerful test is not correctly predicted by the
global power patterns.

These wrong predictions occur mainly because (7'.,D.) is too close to the other regions. For
example, the estimated (T'.,D.) of ALT 6 is approximately (0.0608,0.0544) when n = 2,000, and
it belongs to the region indexed by C, which predicts 9?;2’1’ ) to be the most powerful test statistic.
Nevertheless, this value is very close to the origin, whose neighbors are the regions indexed by A, B,
and D. We can see this from the second panel of Figure 1. Under Conditions A, B, and D, .@f’p ), @S’p ),
and ,@f{rm ) are the most powerful test statistics, respectively, so that the null hypothesis can also be
frequently rejected by @;l’p ) and ,@f{rm ). This leads to the wrong prediction, and it also explains why
one test does not have a dominant power over the other tests, as we can see from Table 3.

We also conducted parallel simulations with X; drawn from a uniform distribution and/or X; =

(1,X;,Z;) with (X;,Z;) ~N(0,I). The results were almost identical, so we do not report them here.
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4.2 Exponential Duration

Next, we consider duration structures following a conditionally exponential distribution. The DGP
is

Y:1(6:,Xy) ~ Exp(6; exp(X; .,)),

where ‘Exp’ stands for the exponential distribution, and X; = X; with X; ~ N(0,1), as before. We
assume that §; is not observable and that the researcher observes only Y; and X;. The conditional
distribution of Y;|X; is the exponential if §; is a constant with probability one. Otherwise, the simple

exponential model is misspecified. We consider the following null and alternative DGPs for d;:

e NULL (Constant case): § = 1 with probability 1;

o ALT 1 (Discrete): §; ~ DM(0.7370,1.9296;0.5);

¢ ALT 2 (Gamma): §; ~ Gamma(5,5);

o ALT. 3 (Log-normal): 6; ~ Log-normal(—In(1.2)/2,1n(1.2));
e ALT 4 (Uniform I): 6; ~ Uniform[0.30053,2.3661]; and

e ALT 5 (Uniform II): §; ~ Uniform[1,5/3],

where DM(a, b; p) denotes a discrete mixture with P(6; = a) = p and P(6; = b) =1— p. These DGPs
are identical to those considered by Cho and White (2010) and Cho, Cheong, and White (2011). In
each case, we let B, be the unit vector.

The alternative DGPs represent various forms of unobservable heterogeneity, a subject of con-
siderable interest in the literature. As Heckman (1984) pointed out, unobservable heterogeneity can
have serious adverse consequences for estimation and inference. Among others, Lancaster (1979) de-
veloped a test for unobserved heterogeneity; Lancaster’s test is designed to detect misspecifications
in the direction of a gamma distribution. The other three DGPs also represent alternative lines of
inquiry in the literature. See Cho and White (2010) for further discussion.

We suppose that the researcher specifies a model for Y;|X; that treats §; as a constant:

{fCl-:a,B): f(yIx: a, B) = aexp(X’'B)exp(—aexp(x'B)y),(«a, B) € O},

where O is a parameter space for (a, ) such that each parameter has a lower bound and upper bound
equal to 0 and 10, respectively. Thus, the above model is correctly specified only for the first DGP
and misspecified for the others. The parameter space is relatively large, ensuring that the probability

limits of the (Q)MLESs are interior to ©. We test model misspecification using our tests, the Chesher
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(1983) and Lancaster (1984) IMT, and Lancaster’s (1979) Lagrange multiplier test for unobserved
heterogeneity, which we denote LM,,. As before, we also consider parametric bootstrap versions of
the IMTs and Lancaster’s (1979) LM test, denoted LMfL’ .

Our simulation results appear in Tables 5 and 6. Table 5 focuses on the null behavior of the
tests, whereas Table 6 shows the behaviors under the alternative. Here, B = 1,000, and we perform
20,000 Monte Carlo replications. We summarize the results as follows. The levels for all parametric
bootstrap procedures are good, with actual levels close to nominal levels. Except for IM,,, we observe
similar null behavior in Table 5.

Second, we see from Table 6 that our tests outperform IM% and LM? for every alternative DGP.
Among our tests, the most powerful test for smaller samples is B2, followed by 2> and B,
in that sequence. In particular, the finite sample power of LM% is very weak. Even when we apply
the parametric bootstrap to LM, it can yield poor performance under the alternative. This indicates
that choosing the appropriate IMT is important to have better finite sample properties. Our IMTs
appear to avoid the poor properties. This ordering changes in larger samples.

We finally examine the predictions of the most powerful test by using the global powers. The
process is the same as in the linear regression case. The prediction results are contained in Table
7, which shows that many alternative DGPs exhibit correct predictions as the sample size increases.
On the other hand, a wrong prediction is obtained for ALT 5.

The reason for this wrong prediction is the same as before. That is, (T'«,D.) is too close to other
regions. The estimated (T'.,D .) using 2,000 observations is approximately (0.0401,0.0382), and this
value belongs to the region indexed by C but is also very close to the regions indexed by A, B, and D.
We can see this from the first panel of Figure 1. Thus, the null hypothesis is frequently rejected by
the other test statistics.

We also conducted experiments using X; ~ N(0,I3) and/or the Weibull specifications studied by
Cho and White (2010) and Cho, Cheong, and White (2011) for the same DGPs, and we obtained
similar level and power patterns. We omit reporting these results for the sake of brevity. Thus,
our parametric bootstrap tests appear promising for detecting unobserved heterogeneity in duration

models.

4.3 Probit

For our third experiment, we consider a probit specification, as did Horowitz (1994).
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Again, we consider X; = (1,X;)’, where X; ~ N(0, 1). The probit model has the typical element
f(YiXy; B) = OX; ),

where ® is the standard normal CDF. We take B =[-5, 5].

We examine the following four DGPs in our experiments:

o NULL: Y;X; ~ Probit(X;8,);

o ALT 1: Y;|X; ~ Probit(X,8,/exp(0.5X}8,));
o ALT 2: Y;X; ~ Probit((X}$,)%); and

o ALT 3: Y;IX; ~ Logit(X,8,),

where ‘Probit(X} B, ) denotes that the conditional distribution of Y;|X; satisfies P(Y; = 11X;) = (X} ,).
The model is correctly specified for the first DGP but misspecified for the rest. ‘Logit(X;,) de-
notes that the conditional distribution of Y;|X; satisfies P(Y; = 1|1X;) = {1+ exp(X;ﬁ*)}_l. We take
B.=(05,1).

We conduct the same simulations as before, and we again compare our tests to parametric boot-
strap versions of the Chesher (1983) and Lancaster (1984) IMT. As the asymptotic covariance matrix
for the full IMT is singular, we drop redundant terms.

We present our simulation results in Tables 8 and 9. Table 8 presents the null behaviors of the
test statistics, and Table 9 examines the alternatives. Here, the number of bootstrap replications is
B =500. We conduct 10,000 Monte Carlo replications under the null and 3,000 under the alternative.

We summarize the results as follows. As before, the levels of all the parametric bootstrap tests
accord well with nominal values, and again the raw IM,, statistic performs poorly. With regard to
power, IM% performs best for the third DGP in smaller samples, although it is dominated in the
other two cases. Overall, the trace-determinant tests perform respectably.

We also examine the global powers of the test statistics as before. For all alternative DGPs, Table
10 shows that as the sample size increases, “O” is observed more frequently or eventually before all
three tests reject the null, implying that Table 1 correctly predicts the most powerful test statistic.

We also conducted experiments using X; :=(1,X;,Z;) and (X;,Z;) ~ N(0,I5) and obtained similar

level and power patterns. We omit reporting these results for the sake of brevity.
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4.4 Tobit

As a final experiment, we consider the Tobit model. Horowitz (1994) also examined the performance
of the IMT for the Tobit model, describing it as a successful application of the parametric bootstrap.

The experimental design is similar to that for the probit model. As before, X; = (1,X;)’, where
X; ~N(0,1). The Tobit model has the typical element

Y; =max[0,X,+ U],

where U; ~ N(0,02). Again, we take B =[-5, 5], and we let ¢ lie between 0.1 and 10. The unknown

parameters f and o are estimated by (Q)ML estimation. We consider the following four DGPs:

e NULL: Y; = max[0,X} B, + U;] and U;|X; ~N(0,1);

« ALT 1: Y; = max[0,X} B, + U;] and U;|X; ~ N(0,exp(0.5X;B,));
o ALT 2: Y; =max[0,(X},)? + U;] and U;|X; ~ N(0,1); and

o ALT 3: Y; =max[0,X, B, + U] and U;|X; ~ t30.

We let B, =(0,1)'. Thus, the Tobit model is correctly specified for the first DGP and misspecified for
the others.

We again compare our tests with parametric bootstrap versions of the Chesher (1983) and Lan-
caster (1984) IMT. As before, we drop redundant terms.

The results appear in Tables 11 and 12. Table 11 contains results for levels, and Table 12 reports
results for the alternatives. As for the probit case, the number of bootstrap replications is B = 500,
with 10,000 Monte Carlo replications under the null and 3,000 under the alternatives.

Again, we see that all the parametric bootstrap tests have levels close to nominal, while IM,,
does not perform well. In each alternative, our new tests outperform IMZ%.

We also predict the most powerful test statistic using the global powers as before. For all the
alternative DGPs we consider here, Table 13 shows that as the sample size increases, Table 1 cor-
rectly predicts the most powerful test statistic. This is affirmed from the fact that as the sample size
increases, “O” is more frequently observed, or it appears eventually before “A” is observed.

We also conducted experiments using X; := (1,X;,Z;) and (X;,Z;)' ~ N(0,I5) and obtained similar

level and power patterns. We omit reporting these results for the sake of brevity.
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5 Conclusion

We provide a new characterization of the equality of two positive-definite matrices A and B, namely
that det(BA™1)Vk = - 1¢r(BA™L) = 1, and we use this to propose several new, computationally conve-
nient statistical tests for the equality of two unknown positive-definite matrices. Our primary focus
is on testing the information matrix equality (e.g. White, 1982, 1994), where the matrices A and B
depend on underlying parameters that require estimation. We characterize the asymptotic behav-
ior of our test statistics under the null, alternative, and local alternative, and we investigate their
finite-sample performance for a variety of models: linear regression, exponential duration, probit,
and Tobit. Although our statistics have non-standard asymptotic distributions, the parametric boot-
strap easily accommodates these and delivers critical values that provide admirable level behavior,
even in samples as small as n = 50. Reinforcing Horowitz’s (1994) findings, we find that the paramet-
ric bootstrap also eradicates the well-documented poor level performance of the traditional IMT in
all of our experiments. Our new tests often have better power than the traditional IMT; when they
do not, they nevertheless perform respectably. In particular, the trace-determinant tests are always
better than the conventional IMTSs for duration data.

The simplicity, reliable level performance, and respectable power properties of our new paramet-
ric bootstrap trace-determinant IMTs remove the obstacles that might have previously dissuaded re-
searchers from applying an IMT. Our findings here, and the versatility of information matrix testing
methods generally, lead us to strongly recommend routine application of parametric bootstrap-based

IMTs.

A Appendix

A.1 Proofs

Proof of Lemma 1: If A =B, then clearly [det(A"V2ZBA-V2)|1Vk = tr(A-V2BAV2)/k = 1.

For the converse, we have that [det(A~V2ZBA-V2)|1Vk = tr(A-VZBA2)/p. Equivalently, (Hf.:1
Aj)l/k = k_lzﬁ?zl Aj, where A;, j =1,...,k, are the real non-negative eigenvalues of A12BA 12 1
is well-known that equality of the geometric and arithmetic means follows if and only if the ele-
ments of the means are identical, i.e.,, 11 =... =13 = A, say. As [det(A~VZBA~12)|Vk = 1, we have
det(A"V2ZBA~V2)Vk — } = 1. That is, A"V2BA™12 has eigenvalues identically equal to 1, so that
A 12BA~12 = CIC’ =1, where C is the orthonormal matrix of the eigenvectors of A~V 2BA"12, Now

A"V2BA™Y2 =T implies AV2A-V2BA"12AV2 = AV2AV2 which simplifies to B = A. [
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Before proving our results, we first state some useful lemmas, allowing us to avoid repeating certain

arguments. We provide proofs only for those lemmas that are not elementary.

Lemma Al. Given Assumptions 1, 2, and 3,
i) AL AL =-U, A1+ U2A  +op(nY);
i) B,' -B;'=-W,B; 1 +W2B;! + op(n~1);
(ii) D, -D,. =B, P,d- Un)A;1 +op(n~1), where P, :=W,, —U,,; and
(iv) if Ho further holds, D,, — D, =B.M,,(I-U,)A;! + op(n1). a

Proof of Lemma Al: (i) We apply exercise 13.21 of Abadir and Magnus (2005): dX™ ! = -X"1(dX)
X1 so that d2X ! = -dX " 1(dX)X ! -X1(d?X)X! - X 1(dX)dX"!. This implies that the second-
order approximation of X ! - X! is obtained as dX !+ 1d%X"! = -X; 1(dX)X; ! + X; 1(dX)X, 1(dX)
X, 1} - 1X1(d?X)X, 1, where dX captures (X —X,).

We now obtain the second-order approximation of A1 —A ! by letting X, = A, and dX=A, —A.,
where the remainder term is op(n 1) from the fact that A,,—A. = Op(n~12). We also use the definition
of U, :=A;YA, —A,) and obtain the desired result.

(i) The proofis identical to (). We can replace A,,, A,, and U,, with B,,, B, and W,,, respectively.

(iii) We note the following identity: D, —D. = (B, -B.)A; ' +(B,-B.)A 1 -A;H)+B.(A, 1 -A ).
By reasoning analogous to Lemma A1(z) for (A,_l1 - A;l) we obtain (B,, —B. )U,%A;1 = Op(n_3/ 2). This
yields the desired approximation.

(iv) We have P,, =M,, in (iii) under Hy. This completes the proof. [ |

Lemma A2. Given Assumptions 1, 2, and 3,
(i) det[A,]-det[A,] = det[A,1(tr[Uy,] + 3tr[U, 12 - $tr[U2]) + op(n~h);
(ii) det[B,]1— det[B.] = det[B, J(tr[W,, 1+ 1tr[W, 12 — 2tr[W2]) + op(n1);
(i) det[A,; 17! — det[A.]! = —det[A, 17 (tr[U, ] + 1tr[U, 12 - 2tr[U2]) + op(n~1);
(iv) det[D,] - det[D.] = det[D,]{tr[P,]+ tr[P,]? — 2(tr[W2] - tr[U2])} + op(n~1); and
(v) if Ho further holds, det[D,]— 1 = tr[M,]+ 3(tr[M,1)? - 1(tr[W2] - tr[U%]) + op(n 1) a

Proof of Lemma A2: (i) By exercise 13.32 of Abadir and Magnus (2005): d|X| = [X|tr(X~1dX). This
also implies that d2?|X| = dX[tr(X~1dX) + [X|dtrX 1dX) = X[trX 1dX)? + X[tr(dX ! dX+X 1d?X).
We also note that dX ! = -X"1(dX)X! by exercise 13.21 of Abadir and Magnus (2005). Thus, d?|X| =
IX|{tr(X~1dX)? —tr[X 1 (X)X 1dX]+tr[X 1d?X]}, which implies that the second-order approximation
of [X| - X,| is obtained as d[X|+ 1d2[X| = X, tr(X; 1dX) + 3[X, |{trX; 1dX)? - tr[X; {(dX)X, 1dX] +
tr[X;1d?X]}, where dX captures (X —X,).
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We now apply this result by letting X,, |X,|, and dX be A, det[A.], and A, — A,, respectively.
Thus,

det[A,]—det[A,]=det[A,Itr[A; 1A, —A,)]

+ % det[A. {trlA; (A, — A2 —tr[AL A, —ADA YA, — AT +op(n™)),

where the final terms are obtained from Assumption 3, that (A, —A,) = Op(n~12). Finally, we note
that U, := A;1(A, —A,), so that det[A,] - det[A.] = det[A.1(tr[U, ]+ 3tr[U,12 — 2tr[UZ]) + op(n ).
(i1) We apply the same argument, replacing A,,, A., and U, with B,,, B,, and W,,, respectively.
(iii) Applying Taylor’s expansion gives det[A,] ! — det[A,]™! = —det[A.] 2(det[A, ] — det[A.]) +
det[A.]13(det[A, ] — det[A.])? + op(n 1) using Assumption 3, that (A, —A.) = Op(n~2). Replacing
(det[A,]—det[A.]) with the expression in Lemma A2(i) and rearranging gives the desired result.
(iv) We note that det[D,,]—det[D.] = det[B,1/det[A,]— det[B.]/det[A.] by the definitions of D,
and D., so that the following identity holds:

det[D,,] —det[D.] =

1 1 1
"\ GotAL ] detiA,]) detBal —detlBy D+ | T~ TetAL]

det[B.].

Using LemmaAZ2(ii and iii) and rearranging the terms according to the rate of convergence gives the
result.

(v) We note that P,, = M,, under Hy. The desired result follows from Lemma A2(v). [ ]

Lemma A3. Given Assumptions 1, 2, and 3,
(i) Votr[D,] = [tr[R; ,A;'B, 1, where R, , :=B;10,B, - A;10,A,;
(ii) Votr[D.]=[tr[R; . A;B.]], where R; . :=B;10;B. —A;19,A,; and
(iiz) if Ho further holds, Vgtr[D.]= [tr[S; .1l O

Proof of Lemma A3: (i) By the fact that ;A1 = —A,1(8;A,) A, and the definition of D,, := B,A 1,
the desired result holds.

(ii) The proof is the same as that of (i). That is, D, := B,A;! and ajA;l = —A;l(ajA* )AL,

(iii) If Ho holds, B.A;! =1, so that Vgtr[D.] = [tr[(d,;B. — 0;A.)A; 1] = [tr[S; .]1]. [ ]

Lemma A4. Given Assumptions 1, 2, 3, and 4,
(i) Vg det[D,]=det[D,l[tr[R; ,1I;
(it) Vg det[D.] = det[D.][tr[R; .1];
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(iii) if Ho further holds, Vg det[D.]=[tr[S; . ]1;

(iv) Vo(det[D,]-det[D.,]) = det[D, J{tr[P, I[tr[R; . 1]+ [tr[A; }(0;A.)U,-B;1(0;B.) W, 1I+[tr[d; ,1}+
onm(n_l/z); and

(v) if Ho further holds, Vg(det[D,] - det[D.]) = tr[M, 1[tr[S, .11 + [tr[A; 1{(6,;A.)U, — (3;B. )W, }11 +
[tr[d; 11+ op(n~V2). 0

Proof of Lemma A4: (i) By exercise 13.32 of Abadir and Magnus (2005): d|X| = IXItr(X_ldX), with
d|X| be 8;det[D,], and d;det[D,] = det[D,1tr[D,4,D,]. Also, 9;D, =(3,B,)A;! —B,A,;1(0,;A,)A; .
If we combine these, d0;det[D,] = det[D,]tr[R; .1, and the definition of the gradient yields the result.
(i1) We repeat the proof of (i), replacing the subscript ‘»’ with the subscript “*’.
(iii) Under Ho, det[D.] =1 and A, =B,, so that 4;det[D.]=tr[A;10;B. — A;19,A.]1 = tr[S; . 1.
(iv) We note the following identity:

Ve(det[D,] - det[D.]) = (det[D,] - det[D. Dltr[R; ;1]

+det[D.][ tr[B,9,B, —B,19,B.11- det[D. [ tr[A,'0;A, - A;19;A.]11. 12)

We examine the asymptotic approximation of each component in the RHS. First, Lemma A2(iv) im-

plies that det[D,]— det[D,] = det[D, 1(tr[P,]) + op(n~2). Thus,
(det[D,] - det[D, Dtr[R; ,11 = det[D, 1(tr[P, DItr{R;, . 1] + op(n %) (13)
by Assumptions 3 and 4. Second, we note that

B,'0;B,-B.;'9;B. =B, -B;1)),;B, +B;'9;(B, -B.)

=-W,B;10;B. +B;10,(B, - B.) +op(n"1?), (14)
where the last equality holds by Lemma A1(ii). Third, it follows similarly that
A10,A, -A10 A, = -U,AN0AL +AL10,(A, —AL) +op(n V), (15)
Finally, we plug Eqgs. (13), (14), and (15) into Eq. (12) and obtain

Vo(det[D,] - det[D,]) = det[D,]{tr[P, I[tr[R; .11 + [tr[A;(8;A.)U, — B, (8;B.)W, 11}

+det[D. ][ tr[B;10,(B, - B.) - A;10,(A, — A1l +op(n~12). (16)
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Here, we note that B;19;(B, -B.)-A;10;(A, -A,) =G, —H;, =J; , by the definitions of G; ,, H, ,
and J; ,. This yields the desired result.

(v) Under Ho, det[D,]=1 and P, = M,,. Also, tr[W,B;19;B. - U,A;19;A.]1=tr[A;1(4;B.) W, —
A;1(0,A)U,] and tr{B;10;B. — A;10,A.1=tr[A;1(0;B. — 0;A.)] = tr[S; .]. |

Lemma A5. Given Assumptions 1 and 2,
(i) afl.tr[n*] = tr[A;lB*{(B;lafl.B* —A;lagiA*) -(R;.A;10;A, +R; A 10;A)}]; and
(ii) if Ho further holds, O?itr[D*] = tr[[A;l(aﬁiB* - a?iA*) —(S; «A10A +8S; . AT10,A)]I. O

Proof of Lemma A5: (i) Some tedious algebra shows that
35D, = (0%BIAL " - (0;B.)A; 1 (0;A0A ! - (0,BLA N (0;A0AL!
+B.A(0,A0A N 0;AVA T - BLAL(07,A0A T +BLAT(0:ADA T (0A)AL T
so that

0%;tr[D.] = tr[B. A '[(0;A.)A;  (0;A)A " +(3;A)A '(,A0A M

— tr[(0;A)A 1 (0;BOAL " +(3,B)A N (0;A)AL T+ tr[[(33,B.) - (67,A.)A "B, 1A ],

We now rearrange this using the definitions of R; . and R; ., yielding the desired result.

(iz) We note that R; . =S, . and R; . = S; . under Hy. This completes the proof. u

Lemma A6. Given Assumptions 1 and 2,
(i) a?i det[D.] = det[D.I{ tr[R,-,*]tr[R,-,*]+tr[B;1a§iB* —A;lai.A* -R;.B;1(0;B.)-R;.A 1 0,A. 1}
and
(i) if Ho also holds,
0%; det[D.] = tr{S; . 1trlS; .1+ tr{A; (8%, B. — 0%A.) - S; . B, 1(0,B.) - S, . A 10;A,]. O
Proof of Lemma A6: (i) From the proof of Lemma A4(ii), 9; det[D.] = det[D,Jtr[R; .]. Therefore,

3%; det[D.]= trR; .10; det[D.]+det[D.tr[0,B,3;B. + B, 193, B. — ;A '0;A. - A, 10,A. 1.

Now replace d;det[D.], 9;(B;1), and 9;(A;!) with det[D.ltr[R;.], -B;%(d,B.)B;!, and —-A;(9;
AL)AL, respectively. Using the definitions of R i+ and R; . and rearranging yields the desired result.
(i1) Under Hy, A =B, and B*A;1 =1 Further, R; . =S;, and R, . =8, .. [ ]
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Proof of Lemma 2: Lemma 3 implies Lemma 2. [ ]

The following supplementary lemma is useful in obtaining the second-order expansion of S,, :=

tr[D,,1/k — det[D,,1V%.

Lemma A7. Given Assumptions 1, 2, and Hy, V?)tr[D*] - Vg det[D.] = [tr[S; S; «1—tr[S; . 1tr[S; .1l

O
Proof of Lemma A7: We apply Lemmas A5(ii) and A6(ii) and obtain
0%;(tr{D. ] - det[D.]) = tr{A; '0;A. AL 9;A.]1 - tr[A;10,B. AL 0,A.]
~tr{A;0;A. A 0;B. ]+ tr[A10;B. A 10;B. ] — tr[S; . 1tr[S; .1 = tr[S; . S; .1 - tr[S; . 1tr[S; ..
Therefore, Vatr[D,]—- V3 det[D,]=[tr[S; .S; ] - tr[S; . 1tr[S; . ]I. This completes the proof. [ ]

Proof of Lemma 3: (i) Note that tr[ﬁn -D.]l= tr[ﬁn -D,]+tr[D, —D.] and Lemma A1(iii) gives
tr[D, ] - tr[D,] = tr[P,A; 'B.]1- tr[P,U,A; 'B. 1+ op(n1). 17)
We next consider the approximation of (ﬁn —D,,). Applying a Taylor expansion gives
tr[D, —D,]= Vjtr[D,10,, + %5'”V(2,tr[D*]5n +op(n™1), (18)
where 5n = an —0.. We also note that
Vptr[D,10, = Vptr[D.10, + Vy(tr[D,] - tr[D. 8, +op(n™ ')  and (19)

Votr[D,]=[tr[R; .A;'B.]] (20)

by Lemma A3(ii). Further, applying Lemma A3(i and ii) implies that

VotriD,]-tr[D.]) = [tr[(0;B,)A," - (3,B.)A;]]

~[tr[B, A, (0,An)A, ! - B. A (0;A)A L. (1)

34



We examine each element in Eq. (21) separately. The first term in Eq. (21) is

(0;B)A; - (0;B.)AL

=0;(B,-B.)A 1 +0;B,-B.)A, ' -AH+0,B.)A, -AY.
We now apply Lemma A1(i) and obtain
(0;Bw)A, 1 —(0,B.)AL =0;(B, - B.)A; - (0;B.)U,A ! +op(n ). (22)
For the second term in Eq. (21), note that

B, A, (0;A)A, ' -B.A1(0;A)A = (B, -B.)A(0;A,)A;}
+B.(A, - AT)0,A)A +BLATN (A, -AVA;?

+B.AN0,A0A -AY,
and apply Lemma A3(i) and the definitions of W, and H; ,, to obtain

B,A,1(0,A)A, ' -B.A N 0;A)A =B.W,A 1 (0,A0)A !

~B.U,A 1 (0;A0A + B.H, A - B.LA1(0;A)ULA ! + op(n 1), (23)
We now subtract Eq. (23) from Eq. (22) to obtain the approximation of the RHS in Eq. (21) as follows:
Vo(tr[D,] - tr{D.]) = [tr[{J; , - P,A;10;A, —R; .U, JA B, 11+ 0p(n 1), (24)

where letting J,, := G, —H;j,, G, = B;laj(Bn -B.), P, =W, -U,, and R, := B;lajB* -
A;lajA*. We now plug Egs. (20) and (24) into Eq. (19) and obtain

Vytr[D,10, = [tr[R; .A;'B, +{J;, ~P,A;10;A, —-R; . U,JA;'B.118, +op(n™h).
Plugging this into Eq. (18) yields

tr(D, - D, ] =[tr[R; .A;'B. +{J, , —~P,A;'9;A. - R, .U,}JA;'B.119,

1~ ~
+ 50;V3tr[D*]0n +op(n™Y). (25)
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We now combine Eqgs. (17) and (25) and obtain

tr[D,] - tr[D.] =tr[L,A;'B.] - tr[L, U,A;'B.1+[tr[(J; , - P,A;'0;A.)A; 'B.11'0,

1 ~ .
+ 5«9;v(2,tr[D*]9n +op(n™1),

where we let L, .= P, + Zlegj,nRj,*. Finally, imposing Hy implies that L, = M,, + ijlgj

A;B, =1, and P,, =M, so that the desired result follows.
(i1) We note that

det[D,,]* — det[D,]* = (det[D,]* — det[D, 1%) + (det[D, ] — det[D, %).

(26)

,nSJ‘,*’

(27)

We separately examine the approximation for each term of the RHS and then combine them under

the null.
First, we consider det[Dn]% - det[D*]%. We note that

det[D, 1% — det[D,# :% det[D, 1% ~L(det[D, ] - det[D.])

+ % (% - 1) det[D, 1+ ~2(det[D, ] - det[D.1)2 + op(n~1)

by a second-order Taylor expansion. We apply Lemma A2(iv) to obtain
1 1 11 1 5 1 9 9 1
det[D,]* —det[D.]* = det[D.]* {Etr[Pn] + 2—kztr[Pn] - ﬁ(tr[wn] —tr[U;, D} + op(n™ ).
Next, we approximate det[D,]V* — det[D,1V*. A second-order Taylor expansion gives
o1 11 19, ~ 1 1_1=1 9 ~
det[D,]* —det[D,]* = det[D,]* "V, det[D,10, + ok det[D,]*"0, Vgdet[D,10,
1 (1 ~
tor (% - 1) det[D,, 1 "2(V), det[D,10,,}2 + op(n 1.
Here, each term on the RHS can be approximated as follows: we have
1_9 ~/ 2 1~y 2 -1
det[D,]1* {0, Vg det[D,]}" = det[D. 1% {0, [tr[R; . 1}* + op(n"")

by Assumption 4 and Lemma A4(,ii), and

115/ 2 3 _ 113/ 2 a -1
det[D,]* "0,V det[D,10, = det[D.]*" "0, Vydet[D.10, +op(n"").
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Here, we have used Assumption 3. Also, we can decompose the main part of the first term on the

RHS as

det[D,, 1% "'V} det[D,10,, = det[D. 1% "'V}, det[D,10,, + (det[D, 1% - det[D, 1t ")V}, det[D,10,,

+det[D,1F (V) detlD,] - Vj detD,1),. (32)
We examine the approximation of each term on the RHS of Eq. (32): (a) the first term is
det[D., ]V} det[D. 1, = det[D,]*[tr[R, 118, (33)
by Lemma A4(ii); (b) the second term on the RHS of Eq. (32) can be written

(det[D, 1+ " — det[D. 1% 1)V} det[D.18,,

= (% - 1) det[D, 1+ 2(det[D,] - det[D. 1)V} det[D,18,, + op(n ")

1 ~
= (E - 1) det[D*]%tr[Pn][tr[Rj,*]]'Hn +op(n™h) (34)
by Lemmas A2(iv) and A4(ii); (c) the final term on the RHS of Eq. (32) can be written as

det[D,, 1%~ X(V}, det[D,]- V} det[D, 8, = detD. 1% tr[P,][tr[R, .18,

+det[D, 1% [tr]J; , + U,A710,A, —W,B;10;B,11'0, + op(n ™) (35)
by Lemma A4(iv); (d) we now plug Eqs. (33), (34), and (35) into Eq. (32) and obtain

det[D,, ¥ "1V}, det[D,,10,, = det[D, 1% {1+ &~ 'tr[P, }[tr[R; .18,

+det[D, 15 [tr[d; , + U,A710;A, - W,B;10,B,118, + op(n1). (36)
Plugging Eqgs. (30), (31), and (36) into Eq. (29) gives

_ 1 1 _
det[D,]# — det[D, ]+ = : det[D, ]t {1 + %tr[Pn]} [tr[R, .11,
1 _
e det[D,1¢[tr[J; , + U,A;10;A, - W, B;'0,B,11'0,

1(1 o, 1 _ _
tor (Z - 1) det[D, 17 {[tr[R, . 110, }2 + 5 det[D. 15718, V2 detD.10, +op(n™Y).  (37)
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Summing Egs. (28) and (37) then gives

_ 1 1(1
det[D, ] * {det[Dn]l/k - det[D*]l/k} = ZtrlL, ]+ o (% - 1) tr(L, 12

1 . 1
+ Etr[Pn]tr[Z 0;nRj .1+ ﬂ(tr[PnF +tr[U2] - tr[W2])
=1

1 1 ~ .
+ o Lorld + U,A;'9,A,.-W,B;'9,B.110, + 5 det[D,1710,, V2 det[D.18, +o(n™1).  (38)

Here, welet L, :=P, +Z§:1(§ i n—0; «)R; «. This reduces to the desired result by noting that det[D.] =
1L,L,=K,,P,=M,, and R, . =S, . under Hp.
(i) By the definitions of T* and D}, it also follows that S* = TX — D, so that

A*—_i(l_ ) 2_1 1 5 N

1 -1 ~
- E[tr[MnAgla AL +U,A'0,A, -W,A10,B.110,, - +[6r{M, J6r[S 118,

1. _
+ ﬂ(;v;(vf,tr[n*] —~ V2 det[D.1)0,.

Here, Lemma A7 implies that (Vgtr[D*] - Vg det[D.]) = [tr[S; «S; 1 —tr[S; . Itr[S; . 1]. Therefore,

N 1 &
<9j,n—ej,*)sj,*)zl—ﬁtr[zwj,n—ej,*)sj,*]? (39)
=1 =1

1. ~ 1
57 0n(Votr[D.] - Vg det[D. DB, = - trl( 2

J

Next, we note that M,, =W, - U, and K,, =M,, + Zle(éj,n —0,,.)S; « under Hy, so that

L o2 oy = Lov2re L
S GrlU2 1= 6rIW2D) = —tr{M2 ]+ M, U,] and (40)
1 1 1 N
-—tr[K,U,] = ——tr[M, U, ] - —tr[U, Z(H_] n— 9] *)S] ol (41)
k k k j:1 ’ £l £l

Finally, we note that under Hy,
1 -1 -1 -1 _ 1
?cr[MnA* 0;A,+U,A;"0;A.-W,A [ "0,B,]= —%tr[MnSj,* +U,S; .1 (42)

We now replace these new representations in (39), (40), (41), and (42) and rearrange the terms to
obtain the desired result. |

Proof of Lemma 4: The given claims are already proven by Eqgs. (26) and (38). [ ]

Proof of Corollary 1: We let Q, := (A;'B, — det[D*]%I) for notational simplicity. We also have
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Sn=(Ts —D.)+ay+y +op(n™), where a, := i +a, o := 1tr[Q,L,],
a? = —[t [Q.J; 110, ég[tr[QnRj,*AzlaiA* +Qn(B.'0%B. —~A'0%,A)' 0,
and

Bn :—%tr[A !B,L,U,]- det[D. ]k{—tr[L I —%t W2 - U2]}

1 ~
- E[tr[A;lB*PnA;la A1, + = det[D*]E[tr[UnRj,* +P,B;'9,B.11'8,

1
+ o7 detlD. 150 [tr(R; R, . 110,

by Lemmas 4, A5, and A6.
(i) It is not hard to see that a'” = Op(n~2), a'® = Op(n™1), and B, = Op(n~1). Thus, S, =
(T.~D.)+aP +op(n™V2) = (T, —D.) + 1tr[(A;'B, - det[D..]* DL, 1+ 0p(n " "2) by the definition of Q.
@i1) If for some d. >0, B, =d.A,, det[D*]i =ds,and Q, =0. Also, T, =D., a, =0, and

d«
2k2

+ ?[tr[UnRj,* +P,(B;'0;B.-A;'9,A)110,.

d. d. ~
B = r[L,1% - 7tr[L 2Unl+ —tr[W2 U211+ degy [tr[R; .R; 110,

2k "

Here, we let L, :=W, U, +¥{_,0;,R; . and R, := B;19,;B. —A;0;A., so that

d. d. [ [

Bn = _@tr[Ln]2 + ﬁtr[(wn - Un)2 +2(W, -Uy,) Z gj,nRj,* +(Z Hj,nRj,*)z]-
j=1 j=1

Finally, we note that tr[L3;] = tr[W, + U}, —2W, U, +2(W, —U,) ¥ _; 0, ,R; « +(X°_, 6; 1 R;.)?], yield-

ing

Br = 2d tr[L, 1% + d. tr[Lz]

This completes the proof. ]

The following lemmas are useful in examining the test statistics under the local alternative: l]-[lf,l).
Lemma AS8. Given the same conditions as in Lemma 5 and I]-[Ile),

(i) B;L =B;'-n"Y2N,B;1+0(n71);

(ii) tr[B. A1 =k +n~Y2tr[N,];

(iii) Rj .« =Sj,« +nV2C; . +O(n™h), where Rj . :=B;10,B. , —A;10/A.;
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(iv) Py =M, — n VENL W, + Op(n™32), where P, :=B.} (B, —B. ») A (A, - A.);

) Ly =Ko +n X100 —0,,)C) .« = n VP NuWo  + Op(n=¥2), where Ly := Py + X510 —
0; )R < n;

(Vi) trlL, AL By ] = tr[Ko p 1+ V20X (0 — 05,8, N +Cj .} = U, N1+ Op(n 3%

(vii) trlL, U,A; B, ,1 = tr[K, , U,1+ Op(n~%?2); and

iii) I n =dj o0 +0p(n~1), where J;, =B} 0;(B, - B, ;) - A;10,(A, - A,). O

Proof of Lemma A8: (i) From the definition of B ,, Bs , = B.(I- n~Y2B;1(~B.)), so that B;’ln =I-
n~12B;1(-B,)) !B;!. We also note that when the sample size n is moderately large, all eigenvalues

of n~2B;1(~B,) are less than one in modulus, so that
A-n" V2B Y(-B.) '=1-n""B.'B, +n 'B;'B.B.'B. +....

This implies that B;’ln =B;1-n"2N,B;1+n"IN2B;! +.... The desired result follows from this.

(ii) Under HY, B, ,A;' =1+ n""2B.B;!. Thus, tr[B. ,A; 1=k +n~ Y2tr[N, .

(iii) Using Lemma A8(i) and B, ,, B;1,0;B., = B;'-n 2N, B;1)(0;B. +n"V20;B.) +O(n™1) =
B;lij* + n‘ij,* +0(n~1). Also, under I]-I]fll), A, =B.. Thus, the desired result follows by the
definition of S; ..

(iv) Using Lemma A8(i) and the definition of W, , := B;}(B, —-B. ), P, = B;! -n V2N.B;1 +
O(n )B, -B.,)-A; YA, -A)=M,, —n V2N.W, , + Op(n=32).

(v) From the definition of L,, L, =P, + X%_ (0, —6;..)R; » ». Lemmas A8(iii and iv) now imply
that L, = Mo —n V2N W + 25100 = 07,84 +n 2 X8 00 —0;,:)Cj « + Op(n=32).

(vi) From the definition of L,, L,A;'Bs » = PoA Buy + X100 — 0, )R AL B . We ex-
amine the traces of the terms in the RHS. First, tr[lSnAng*,n] = tr[W, , —U,] - n~Y2¢r[U,N,] =
tr[M, ;1 — n~2tr[U,N.] by noting that tr[B;%, (B, — B, »)A;'B. ,] = trlA;1(B, - B, ;)] = trIW,,1.
Second, using Lemma A8(iii), Y4_; 0, =0, )R « nA; By = ¥5_10,, 0,08 +n 2510, -
0;.)8;«N.+n"12 ijl(éj,n —0;.)C; . +Op(n~%2). Therefore, if we add these two terms and note that
Kon=M,,+ Zle(éj,n —0;+)S; «, the desired result follows.

(vii) From the proof of Lemma A8(v), L, = K.+ Op(n~1). This implies that L,U, = K, .U, +
Op(n~32), so that we can conclude that tr[I:nUnAng*,n] = tr[Ko,nUnAng*,n] +0p(n=32).

(viii) By Lemma A8(i), it trivially holds. This completes the proof. [ ]

Lemma A9. Given the same conditions as in Lemma 5 and I]-[IE.,D,

(i) det[B ,]1 = det[B.]+n~ Y2 det[B,]tr[N,]+ 5= det[B, ]J{tr[N.]? - tr[N2]} + O(n~%2);
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(ii) det[B, ,A;1]= 1+ n V2r[N, 1+ &L {tr[N, 12 - trIN2]} + O(n3'2); and
(iii) detlB. n ATV = 1+ —LotrINL T+ gl (6rINL 1% — N2+ 50 ( — D[N I+ O(n 5. O

Proof of Lemma A9: (i) We can apply Taylor’s expansion to the determinant. That is,

det[B. ,] =det[B, ]+ det[B.tr[B;'(B. , - B.)]

det[B,]
2

+ {tr(B.'(B. » - B - tr[B.'(B. , - B.)B, ' (B. , ~B.)]} + op(n ).
We also note that B, , —B. = n~12B,, and plugging this into the above equation now yields the
desired result.

(ii) By Lemma A9(i) and the facts that det[B*,nAgl] = det[B, )/ det[A.] and det[B.] = det[A.],
the desired result follows by dividing the equation in Lemma A9(i) with det[A.].

1k

(iii) If we expand the power function x** around 1,

1 1

1/k
=1+-(x-1)+—

x R DY o

%—1)(x—1)2+....

We now let x be det[B*,nA;l] and instead plug its expansion in Lemma A9(ii) into this equation.
Next, we arrange the terms in the RHS according to their convergence rates. The desired result

follows from this. u

Proof of Lemma 5: (i) As the key parameter is now B, ,, we approximate Tn around A, and B, ,

using Lemma 4(i). Then,

1 1 = 1, =
T, ZEtr[B*,nAll] -1+ %tr[LnA;lB*,n] - Etr[LnUnAllB*,n]

1. -~ = _ 1 . .
+ L6l - P,A;'0;A)A'B. 110, -0.)+ AL 0.)Vatr[B. ,A 1@, —0.)+op(n ™).

We note that the asymptotic approximation of the first line in this equation is provided in Lemma
A8(ii, vi, and vii). In addition, Lemma A8 provides the asymptotic expansions of P, and ijn, )

that

1 ~ ~ —~ 1 . ~
GG P,A;10,A0A;'B. 110, -0.)+ AL 0.)Vatr(B, ,A;'10,-0.)

1 ~ —~ 1 . —~
=160 ~M, A '9;A)A B, ,11@, - 0.)+ 57 On -0.)'VatrD; 1@, - 0.)+op(n ).
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Therefore, if we collect all these results, it is not hard to obtain that

Tw=Ton+ ﬁ {tr[N.]1-tr[N, U, ]+ [tr[A;1(3,B.) - N.A;10,A )@, - 0.)} +op(n™h)
n

using the definition of To,n. This is the desired result.

(i1) The proof is almost identical. If we approximate D,, around A, and B. , using Lemma 4(),

-~ ~141 1 —1,1 = 1
Dy =det[B. ,A 117 ~ 1+ detlB, , A 1 tr(Ly 1+ o

1 _

- 1) det[B, ,A; 1% tr{L, 12

+ L detiB, A1 (B, TR o, 1T, — L detiB. ,AT1 (tr[P, 12 + tr[U2] — tr W2
5 det[B. nA, r[P,lltr[R; . ,11(0, 0*)+2k et[B. ,A, 1% (tr[P,]° + tr[U; 1 - tr[W, )
1 ~ _ .

+z det[B. ,A; 1% [tr[J, , + U,A;'0,A, -W,B;19,B,11®, - 0.)

1 _ .
*or det[B. ,A;"15 1@, —0.)' V2 det[B. ,A; 1@, —0.) +op(n ™),

where V~Vn = B;yln(Bn —B. ). We note that the last three lines of this equation is Op(n™1), so that

they can be reformulated into

1 -~ 1
& M, 11T, TV @~ 6.) + ﬂ(tr[Mo,nlz +tr[UZ] - tr[W2 1)
1 -1 -1 1D 1~ o2 n -3/2
+ E[tr[Jj,o,n +U,A0;A.-W,,A,70;B.110,-0.)+ ﬁ(an —0,)Vgdet[D.10, —0.)+O0p(n ")
under I]-ﬂfll). On the other hand, the first line of the equation is formed by det[B*,nAgl] and tr[Ly,],

and their asymptotic expansions are given in Lemmas A8(v) and A9(iii), respectively. Using these,

we obtain that

—1,% 1 —1.% = 1/(1 1,1 = 2
det[B. ,A,"]* —1+Edet[B*,nA* 1% tr[Ln]+ﬂ E_l det[B. ,A, " ]*tr[L,]

1 1 11 ~ 1 1 ~
=—tr[K, ]+ —tr[NL 1+ — [ = — 1| tr[K, 1% — tr{N. W, 1+ —[tr[C, . 110, - 0.
% r[ 0, 1+ Jnk r[ ]+2k (k ) r[ o, 1 Jnk r[ o, 1+ \/ﬁk[ r( 7, 11( )
1 1 2 1 2 -3/2
+ \/ﬁkztr[N*]tr[KO,n]JrWtr[N*] —ﬂtr[N*]+Op(n ).

We now combine them and note the definition of ﬁ(,,n to obtain the desired result.
(ii7) Using the definition of S. ni= Tn -D n, We rearrange the terms according to their convergence
rate. Using the fact that S; . := B; o B —A;10A, under ﬂ-l]f,l), we can derive the desired result. This

completes the proof. [ ]

Proof of Theorem 5: (i) From Lemma 5, we note that k\/nT, = tr[N,]+ k\/ﬁﬁ,,n +O0p(n~Y2) and
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kynD, =tr[N,1+k\/nD, , + Op(n~V?), so that

nk? o PO kn ., - _
T(Tﬁ +D2) = trINL 1% + kv/n(To n + Do p)trINL 1+ T(Tin +DZ,)+0p(n ).

Also, T, = +tr[K, 1+ Op(n 1) and D, ,, = 3tr[K, 1+ Op(n 1) by the definitions of T, , and D, , and

the given conditions. Thus, it follows that
nk” F2 | 52 2 2 -1/2
T(T” + D7) = tr[N..1° + 2v/ntr[K, , 1tr[N. 1 + ntr(K, ,1° + Op(n™ %),

and we note that B := ”TkZ(Tg +D?), implying that B = (tr[N, 1+ vntrK, , )2 +0p(n~Y2) = (tr[N, +
\/ﬁKO,n])2 +Op(n~Y2). This is the desired result.
(ii) By Lemma 5(i), v T, = 1tr[N, ]+ Y2tr{K, ,1+ Op(n~12), so that

o 1 9
nkT? = Etr[N*]z + %‘cr[KO,n]2 + %tr[N*]tr[KO,n] +0p(n~V2).

Next, Lemma 5(iii) implies that

~ 1 2
2nkS, =tr[N21+ ntr[K2 1 - Etr[N*]Z - %tr[KO,nF - T‘/ﬁtr[N*]tr[K,,,n]

+2yntr[N. M, 1+ 2V/nltrIN. A 1(9,B, — 9;,A) @, — 0.) + Op(n~2).
Thus, if we add nkT?2 to 2nkS,,

nkT2 +2nkS, =trN2]+ ntrKZ ]

+2v/n {trIN. M, ;1 + [tr[N. A1 0;B. — 9,A) @, — 0,0} + Op(n ™).

We now note that tr[N.M, ]+ [tr[N,A;1(3;B. —90;A)II@, - 0.) = tr[N.K, 1, so that B = nkT? +
2nkS,, = trIN?1+2/ntr[N. K, ,]+ntr[K2 , 1+Op(n~2), implying that B> = tr[(N. +v/nK, ,)?1+op(1),
as desired.

(iii) By Lemma 5(ii), v/nD, = %tr[N*] + ‘/Tﬁtr[Ko’n] +O0p(n~12), and this expansion is the same
as that of /nT,. We can thus conclude that @23) has the same asymptotic expansion as 9?3;2). This

completes the proof. [ ]

Proof of Lemma 6: () We note that En = ln[ﬁn +1] and ﬁn = Op(n~"2), We now approximate En
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around 1 by using Taylor’s expansion, which yields that

o 1,
L,=D, 5D +op(n™h). (43)

Given this, Lemma 5(ii) provides the asymptotic expansion of D,,, so that it follows that

1 1 1 _
—D2 S trIN I+ s trlK, 17+ g TIN-1er{Ko 0 + 0p(n ). (44)
We now combine the results in Lemma 5(ii) and Eq. (44) with Eq. (43), and this yields the desired
result.

(i1) We note that Qn =In[T,+1] and T), = Op(n~Y2). We now approximate Qn around 1 by Taylor’s

expansion, and we obtain that

1. ~
Qn="Th- §T,2, +op(nh). (45)
We further note that
~o_ 1 2 9, 2 1
T: = ?tr[N 7+ 2tr[KO,n] + \/ﬁthr[N*]tr[Ko,n] +op(n™") (46)

and combine this with Lemma 5(i) according to Eq. (45). This gives the desired result.
(iii) We simply combine the results in Lemmas 5(i) and 6(ii) by using the definition of M,. This
shows that

— 1 1
M, = o trl(N, + VKo )1+ 5 trlK ——tr[K2 w1+ 8o, +op(n 1),

We next substitute S, o,n in this equation with its definition. Most terms are canceled by others, and
the only surviving term is tr[(N. + /2K, ,)21/(2kn) + op(n~1).

(iv) We combine the results in Lemma 6(i and ii) by using the definition of W,,. Then, it follows

that
W\n = Qn - En
1 2 1 2, 1 2 -1
=ﬂtr[(N +vnK, 1)1 tr[N +vnK, 1% + 5 UKo, 212 —ﬁtr[K ]+Son+o|p>(n ).
We now use the definition of S o,n to obtain the desired result. This completes the proof. [ ]

Proof of Theorem 6: (i) We note that %Y = 2{In[L,@,,B,)]1-In[L,@,,A)l} = nk(T, -L,) =
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nkM, = 2trl(N, + vnK, »)?] + op(n 1) by Lemma 6(ii).

(i1 and i17) The desired results follow from Theorem 6(;) and Theorem 5@ and iii). [ |

Proof of Theorem 7: (i) We note that £%'2 = —nIn[det(B,)] + nk In[tr[A 1B, k] + nIn[det(A,)] =
n(kIn[tr[A; B, /k] - In[det(A, 'B,)]) = n(kQ, — kL,) = nkW,. Given this, the desired result holds by
Lemma 6(v).

(it and iii) We can combine Theorem 7(i) with Theorem 5 to complete the proof. [ ]

B.2 Additional Assumptions for Theorem 2
Assumption A 1. (Q,%,P) is a complete probability space. a

Assumption A 2. (i) For k € N, the symmetric matrix A, := E[a(Y;,X)a(Y;,X;)' 1- Ela(Y;, X)]E[a(Yy,
X;)'1is positive definite; and

(i) the symmetric matrix B, := E[b(Y;,X;)b(Y;,X;)'1—- E[b(Y;,X;)IE[b(Y;,X;)'] is positive definite.

O

Assumption A 3. (i) The estimators A,, and B,, are consistent for A, and B., respectively; and
(ii) vnlvechl(Sapn — Za )1, vechl(Ep n — Zp, )V, (fg p, — Ha ) (B — p )T A N(0,Y,), where Y. is
a (B2 +3k) x (k2 + 3k) positive semi-definite matrix. O

Assumption A 4. (i) The estimators A, and B,, are consistent for A, and B., respectively; and

(i7) \/ﬁ[vech[(ia,n —Za,*)]',vech[(ib’n ~Zp,n)] s (g —Ha . ), (B _I‘lb,*,n),]/ 4 N(0,Y.), where Y,

is a (k% + 3k) x (k2 + 3k) positive semi-definite matrix. a
Assumption A 5. The symmetric mapping B, is positive definite. a
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Conditions for (T'«,D ) Relationships

@1(22) Z @;1) Z 92,(23)
g’égll) Z (@’(13) Z Q;Z)
@22) Z @;3) Z QZ’S)
t@gs) Z (@,(12) z :@S)
@;3) Z '@511) Z @;2)
l@ﬁll) Z (@;2) z 3’?’(13)

HEHO QW >

Table 1: GLOBAL POWER RELATIONSHIPS. This table shows the power orders of @fll), 3?;2), and @,(13)
under Conditions A to F. These orders are obtained by the divergence rates of the test statistics given
by Eqgs. (6), (7), and (8). This implies that if the sample size is fairly large and (T'«,D.) belongs to the
region indexed by F, say, then 9?21) is more powerful than e@,(lz), and 9?;2) is more powerful than @23).

Statistics  Levels \ n 50 100 200 400 600 800 1,000 2,000
1% 1.07  1.02  1.03 1.05 121 118  1.06  1.01

B 5% 5.32 542 499  5.12 5.25 533  4.98 5.01
10% 1048 1023  9.82  10.06  10.06 1044  9.86  10.14

1% 102 112 113 112 108 113 107  1.06

ZEP) 5% 500 510 495 529 528 522 486 520
10% 981 1023 1016 10.19 1046 1030  9.83  10.23

1% 1.06  1.08 114 115  1.01 1.14 104  1.02

B3P 5% 502 515 484 525 533 521 489 509
10% 990 1010 997 1030 1051 1024  9.85  10.17

1% 36.93 2591 1668 1040 798 651 573 343

IM, 5% 53.28  40.14 2845 2022 1645 1415 1322  9.60
10% 62.79 49.01 3645 27.38 2351 2086 19.61  15.56

1% 162 190 176 178 137 154 133 1.13

JB, 5% 351 421 448 487 504 496 492 488
10% 522 670 761 858 915 940 928 968

1% 111 1.05 097 108 111 1.03 108  1.01

IM?P 5% 514 515 497 485 506 515 527 503
10% 10.37  10.00 9.86  9.80 1016 998  10.35  9.89

1% 109 115  1.06 121 1.05 125  1.03  0.98

JBE 5% 473 509 498 530 535 524 505 496
10% 991 1016 994 998 1023 1045 10.12  10.06

Table 2: LEVELS OF THE TEST STATISTICS. Number of Repetitions: 20,000. Number of Bootstrap
Repetitions: 1,000. MODEL: Y; =X+ U; and U; ~ N(0,02). DGP: Y; =X/, + U; and U; ~ N(0,02),
X, =(1,X,), and X; ~ N(0,1).
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Statistics \ n 50 100 200 400 600 800 1,000 2,000
UX; ~ N(0,expX;.,))

Z0P) 53.68  80.76 9748 1000  100.0  100.0  100.0  100.0
ZP) 87.62  99.64  100.0  100.0  100.0  100.0  100.0  100.0
2P 89.29  99.74  100.0  100.0  100.0  100.0  100.0  100.0
IM? 2222 8864 1000 1000  100.0  100.0  100.0  100.0
JBP 50.82 7894 9698  99.98  100.0  100.0  100.0  100.0
U;IX; ~ N(0,exp(2X;B,))
Z0P) 96.18  99.96  100.0 1000  100.0  100.0  100.0  100.0
ZEP) 99.94  100.0  100.0 1000  100.0  100.0  100.0  100.0
2P 99.98  100.0  100.0  100.0  100.0  100.0  100.0  100.0
IM? 80.72  100.0  100.0  100.0  100.0  100.0  100.0  100.0
JB? 9444 9992  100.0 1000  100.0  100.0  100.0  100.0
U, X;~05-N(-1,1)+0.5-N(1,1)
207 9.42 1490 2532 4492 6318 76,76  85.14  99.32
2P 1.04 1.32 3.98 23.78  48.18 7044 8476  99.70
BEP 1.60 2.64 8.94 32.16 5524 7556  87.38  99.76
IM? 16.10 2590  43.72  67.08  81.20  90.20 9520  99.86
JBP 0.88 1.04 7.80 3684 6528 8328  92.80  99.94
U;X;~05-N(-15,1)+0.5-N(1.5,1)
Z0P) 3346  59.90 8834 9962 9998  100.0  100.0  100.0
ZP) 1.84 1516  74.88  99.76  100.0  100.0  100.0  100.0
BEP 7.40 3486  85.60  99.88 100.0 100.0 100.0 100.0
IM? 51.86 8242 9742  99.98  100.0  100.0  100.0  100.0
JB? 0.58 20.40 8690  99.96  100.0 1000  100.0  100.0
UsIX; ~ t30
Z0P) 5.40 7.40 8.94 11.96 1644  18.00  20.86  34.70
ZP) 8.14 10.08 1224 1554 2058 2226 2490  39.98
2P 8.18 9.50 11.66  14.80  19.44  21.34 2392  38.86
IMP 414 3.32 2.72 2.28 1.86 2.24 2.84 5.78
JBP 8.68 10.76  14.02  18.04  23.14 2534 2846  45.82
Ui X ~ tag
Z0P) 2.32 6.40 9.14 13.80  17.70 2292  26.66  48.82
2P 0.08 0.20 1.04 4.20 8.80 1470 2044  45.00
2P 0.06 0.16 0.56 2.66 6.30 11.86  17.24  42.10
IM? 4.00 2.76 2.12 1.62 1.70 2.58 3.46 14.86
JBP 10.68 1534  19.90  29.78  37.64  44.18 5184  74.14

Table 3: POWERS OF THE TEST STATISTICS (LEVEL OF SIGNIFICANCE: 5%). NUMBER OF REP-
ETITIONS: 5,000. NUMBER OF BOOTSTRAP REPETITIONS: 1,000. MODEL: Y; = X} + U, and
U, ~N(0,0%). DGP: Y, =X, + Uy, X; = (1,X;), and X; ~ N(0,1).
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Table 4: PREDICTION OF THE MOST POWERFUL TEST. MODEL: Y; = X;ﬁ+ U, and U; ~ N(0,02).
This table shows the results of the most powerful tests predicted by Table 1. “O” and “@®” indicate
that the prediction is correct and wrong, respectively. “A” indicates that the prediction of the most
powerful test cannot be properly made because @f}’p ), @,(zz’p ), and 92;3"’ ) all reject the null.

Statistics  Levels \ n 50 100 200 400 600 800 1,000 2,000
1% 1.15 1.02 1.01 0.90 1.10 1.15 1.05 1.21

Zp) 5% 5.12 5.00 4.89 5.45 5.16 5.38 4.99 5.35
10% 1053  10.25 9.77 10.30 1050  10.67 9.97 10.25

1% 1.13 1.05 1.04 0.90 1.13 1.11 1.05 1.17

BEP 5% 5.15 492 488 540 5.11 544  4.96 5.17
10% 10.20 9.93 9.96 10.00 1035 10.74 10.25  10.24

1% 1.11 1.05 1.06 0.95 1.17 1.09 1.05 1.15

2B 5% 5.20 5.03 4.82 5.45 5.19 5.53 4.93 5.20
10% 10.20  10.12 9.89 9.75 10.30  10.84  10.12  10.27

1% 1647 16.08 12.76 10.90 10.16 8.94 8.30 5.89

IM, 5% 33.79 3129 2667 2255 2009 1805 17.01  13.26
10% 4536 4141 3553 3030 27.28 2545  23.77  19.49

1% 30.65  19.77 12.14 7.98 5.70 4.96 3.92 2.79

LM, 5% 3554 2499 1724 12.64 9.84 9.24 8.08 7.01
10% 39.01 2826 2090 1622 1361 13.12 1202 11.11

1% 1.09 1.11 1.09 1.05 1.16 1.18 1.16 1.12

IM? 5% 5.04 4.96 4.95 4.95 5.11 5.37 5.33 5.33
10% 9.96 10.12 9.83 9.05 10.26  10.26  10.52  10.31

1% 1.03 1.06 1.11 1.11 1.03 1.20 1.02 1.04

LM? 5% 5.38 4.91 5.09 5.53 5.17 5.21 4.98 5.33
10% 10.34 9.92 9.81 10.41 9.74 10.38 9.95 10.48

Table 5: LEVELS OF THE TEST STATISTICS. NUMBER OF REPETITIONS: 20,000. NUM-
BER OF BOOTSTRAP REPETITIONS: 1,000. MODEL: Y;/X; ~ Exp(aexpX}p)). DGP: Y;X; ~

Exp(a.expX;}B,)), X; = X;, and X; ~N(0,1).
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Statistics \ n 50 100 200 400 600 800 1,000 2,000
6; ~ DM(0.7370, 1.9296; 0.5)

Z0P) 1552 2812 4846 7444 8894 9572  98.16  99.98
ZP) 20.84  30.38  47.60 7160  86.86 9440 9756  100.0
2P 1772 28.00 4588 7648  86.34 9420 9752  100.0
IM? 0.92 0.54 0.72 6.44 2498 5344 7584  99.96
LM? 0.80 0.20 0.02 0.02 1.24 1742 6020  100.0
6 ~ Gamma(5,5)
Z0P) 21.14  37.32  62.04 87.14 9642 9864 9948  100.0
ZP) 27.10 4238  63.82  86.72 9594 9872 9958  100.0
2P 2444 3980 6220 8620 9576  98.62 9954  100.0
IM? 1.74 1.32 1.80 8.88 2656 5154  73.38  99.20
LME 0.68 0.26 0.02 0.00 0.08 2.44 16.22  87.58
5, ~ LN(-In(1.2)/2,In(1.2))
Z0P 14.06  14.06 4168  67.20 8446 9058 9572  99.98
2P 1946 1946 4382 6654  83.12  89.62 9490  99.90
BEP 17.08  17.08 4236 6510 8244 8926 9472  99.90
IM? 1.68 1.68 0.94 2.66 10.80  24.68 4464  96.73
LM?P 0.96 0.42 0.18 0.00 0.08 1.98 1624  98.68
5, ~ U(0.30053,2.3661)
Z0P) 32.96  53.62 8244  97.34 9950  99.96  99.98  100.0
ZP) 40.72  57.30  82.76  97.38  99.60  99.98  100.0  100.0
BEP 36.08 5470 8154  97.14 9958  99.98  100.0  100.0
IM? 1.12 1.94 5.72 3298  71.00 91.02 9790  100.0
LM?P 0.02 0.06 0.00 0.00 0.38 6.68 31.44  97.76
5, ~U(1,5/3)
Z0P) 4.78 5.54 6.36 7.56 8.44 10.00  9.62 13.90
ZP) 5.62 7.06 7.52 8.20 8.74 1020  10.02  12.84
2P 5.32 6.68 7.20 7.92 8.52 9.88 9.68 12.50
IMP 4.32 3.76 3.34 3.44 2.84 2.78 3.00 2.58
LM? 4.10 4.00 2.84 2.20 1.82 1.48 1.08 2.54

Table 6: POWERS OF THE TEST STATISTICS (LEVEL OF SIGNIFICANCE: 5%). NUMBER OF REPE-
TITIONS: 5,000. NUMBER OF BOOTSTRAP REPETITIONS: 1,000. MODEL: Y;X; ~ Exp(aexp(X]p)).
DGP: Y;((6:,X;) ~ Exp(§;exp(X; 8,)), X; = X;, and X; ~N(0,1).
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X; Alternatives \ n 50 100 200 400 600 800 1,000 2,000
ALT1 O O [ ] o L [ ] ([ ] O
ALT 2 O [ O o L ©) O A
(1,X:) ALT 3 O O O [ ] ] [ ] [ O
ALT 4 O O O O O O O A
ALT 5 [ ] o O O O O O [ ]

Table 7: PREDICTION OF THE MOST POWERFUL TEST. MODEL: Y;|X; ~ Exp(aexp(X}p)). This table
shows the results of the most powerful tests predicted by Table 1. “O” and “@®” indicate that the
prediction is correct and wrong, respectively. “A” indicates that the prediction of the most powerful
test cannot be properly made because ,@f}’p ), f@f’p ), and @S”p ) all reject the null.

Statistics  Levels \ n 50 100 200 300 400 500 600 700
1% 0.99 1.00 1.26 1.29 1.20 1.09 1.16 1.38

‘@;1”’) 5% 2.95 4.20 5.07 4.98 5.20 5.13 4.87 5.11
10% 6.85 8.61 9.98 9.80 10.40 9.64 9.79 10.20

1% 0.96 1.07 1.20 1.14 1.28 1.18 1.08 1.27

,@;2,11) 5% 3.89 4.36 4.96 4.87 5.10 5.01 4.82 5.11
10% 7.21 8.67 9.62 9.66 10.41 9.52 9.42 10.10

1% 0.79 0.92 1.19 1.16 1.31 1.14 1.10 1.25

@;3,17) 5% 3.04 4.20 5.02 4.74 5.11 4.84 4.76 5.06
10% 6.51 8.47 9.49 9.53 10.38 9.68 9.36 10.06
1% 35.98  28.89  21.72 1.68 1.52 12.13 11.34 10.51
IM, 5% 53.38 4248 3194 27.03 25.30 20.87 19.50 18.51
10% 61.85 49.87  39.17 33.91 31.63 26.94 25.66  25.12

1% 0.58 0.80 1.10 1.10 1.06 1.01 1.26 1.14

IMP 5% 3.54 4.52 5.00 5.19 5.37 4.89 5.35 5.27
10% 8.01 9.40 9.96 9.88 10.60 9.50 9.94 10.41

Table 8: LEVELS OF THE TEST STATISTICS.

NUMBER OF REPETITIONS: 10,000. NUMBER OF
BOOTSTRAP REPETITIONS: 500. MODEL: Y;X; ~ Probit(X}f). DGP: Y;[X; ~ Probit(X;g,), X; =
(1,X;), and X; ~ N(0,1).
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Statistics \ n 50 100 200 300 400 500 600 700
Y;IX; ~ Probit(X,§,/exp(0.5X,6,))

Z0P) 9.03 15.40 22.13 27.10 34.93 38.83 43.93 47.73
2P 15.86 38.90 71.23 89.86 97.06 99.16 99.90 99.96
P 14.03 37.93 71.16 90.06 97.10 99.30 99.90 99.96
IM? 6.93 27.80 67.93 90.00 97.40 99.63 99.93 100.0
Y:IX; ~ Probit((X},)?)
Z0P) 25.56 70.00 92.83 97.96 99.40 99.70 99.93 99.96
2P 36.46 93.50 100.0 100.0 100.0 100.0 100.0 100.0
2P 45.53 95.43 100.0 100.0 100.0 100.0 100.0 100.0
IM? 63.96 97.96 100.0 100.0 100.0 100.0 100.0 100.0
Y;IX; ~ Logit(Xf,)
Z0P) 3.36 4.40 5.20 6.03 7.13 7.70 7.80 7.60
2P 3.70 4.30 5.20 6.50 6.93 7.20 7.73 8.26
2P 2.96 3.93 4.90 6.56 6.90 7.06 7.63 7.90
IM? 1.53 3.43 3.60 4.33 3.73 3.33 4.13 3.80

Table 9: POWERS OF THE TEST STATISTICS (LEVEL OF SIGNIFICANCE: 5%). NUMBER OF REPE-
TITIONS: 3,000. NUMBER OF BOOTSTRAP REPETITIONS: 500. MODEL: Y;|X; ~Probit(X;ﬁ). DGP:
X; =(1,X;) and X; ~N(0,1).

X, Alternatives \ n 50 100 200 300 400 500 600 700
ALT1 O @) O o L [ ] O O
(1,X:) ALT 2 O O O O O O O O
ALT 3 O O O [ J [ J (] o O

Table 10: PREDICTION OF THE MOST POWERFUL TEST. MODEL: Y;|X; ~ Probit(X}f). This table
shows the results of the most powerful tests predicted by Table 1. “O” and “@” indicate that the
prediction is correct and wrong, respectively.
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Statistics Levels \ n 50 100 200 300 400
1% 0.92 1.32 1.15 1.20 1.04

BLP) 5% 4.90 5.25 4.99 5.45 4.97
10% 10.07 10.49 10.18 10.32 10.05

1% 0.99 1.17 1.03 1.22 0.98

BEP 5% 4.79 4.93 4.87 4.68 5.06
10% 9.31 9.57 9.75 9.62 10.37

1% 0.95 1.27 1.07 1.18 1.03

BEP 5% 4.79 4.84 4.92 4.83 5.10
10% 9.31 9.73 9.65 9.80 10.30
1% 52.43 41.72 30.54 24.60 20.66
IM, 5% 69.66 56.86 44.81 37.67 32.94
10% 77.01 65.59 52.92 45.76 41.25

1% 1.09 1.16 1.21 1.39 1.20

IMP 5% 4.65 5.84 6.00 5.88 5.21
10% 10.15 11.86 11.35 11.29 9.53

Table 11: LEVELS OF THE TEST STATISTICS.

Y, =max[0,X}p, + U], X; =(1,X,), and (X;,U;) ~N(0,I).

NUMBER OF REPETITIONS: 10,000. NUMBER
OF BOOTSTRAP REPETITIONS: 500. MODEL: Y; = max[O,X;ﬁ+Ut] and U, ~ N(0,0%). DGP:
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Statistics \ n 50 100 200 300 400
Y; =max[0,X, B, + U, and U,[X; ~ N(0,exp(0.5X,B,))

B 32.30 50.63 75.26 88.73 94.46
BEP 62.96 89.66 99.73 99.93 100.0
BB 64.80 91.43 99.73 100.0 100.0
IMP 8.33 24.00 92.76 99.90 100.0
Y; = max[0,(X,$,)% + U;] and U;[X; ~ N(0,1)
BLP 81.76 98.36 99.96 100.0 100.0
B 80.03 98.56 99.96 100.0 100.0
BB 76.13 97.90 99.96 100.0 100.0
IMP 37.43 62.23 87.63 96.10 98.53
Y, =max[0,X;, + U] and U;|X; ~ t30
2P 5.00 6.33 7.76 8.63 9.63
BEP 7.26 8.16 9.86 10.70 13.20
360 6.96 7.73 9.26 10.56 12.63
IMP 4.36 4.80 4.30 4.20 2.66

Table 12: POWERS OF THE TEST STATISTICS (LEVEL OF SIGNIFICANCE: 5%). NUMBER OF REPE-
TITIONS: 3,000. NUMBER OF BOOTSTRAP REPETITIONS: 500. MODEL: Y; = max[0,X}p + U,] and
U; ~N(0,02). DGP: X; =(1,X;) and X; ~ N(0,1).

X, Alternatives \ n 50 100 200 300 400
ALT 1 [ ® ] ] @)
1,x,) ALT 2 [ @) O A A
ALT 3 [ o O O O

Table 13: PREDICTION OF THE MOST POWERFUL TEST. MODEL: Y; = max[O,X;ﬁ+ U;] and U; ~
N(0,02). This table shows the results of the most powerful tests predicted by Table 1. “O” and “@”
indicate that the prediction is correct and wrong, respectively. “A” indicates that the prediction of
the most powerful test cannot be properly made because @S’p ), @;2’]’ ), and @,(13”’ ) all reject the null.
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Figure 1: PARTITIONED SPACE OF (T.,D.) . For k =2, 3, 4, 10, 20, and 50, this figure shows the
space of (T.,D.) partitioned by the conditions A to F. For example, if (T'.,D.) belongs to the region
indexed by A, we have that 9?;2) > é?ﬁ,l) pe 9?;3) in probability by Table 1. As another case, if (T«,D.)
belongs to the region indexed by B, we have that 93’;1) e @23) 2 3?512) in probability by Table 1. We also
observe that the number of parameters (k) matters in partitioning the space of (T'.,D.). As k tends
to infinity, most space of (T'x,D.) is indexed by A and F.
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