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Abstract

This study tests for the sandwich-form asymptotic covariance matrices entailed by conditional heteroskedastic and/or
autocorrelated regression errors or conditionally uncorrelated homoskedastic errors. In doing so, we enable the empir-
ical researcher to estimate the asymptotic covariance matrix of the quasi-maximum likelihood estimator by supposing
a possibly misspecified model for error distribution. Accordingly, we provide test methodologies by extending the
approaches in Cho and White (2014) and Cho and Phillips (2018a) to detect the influence of heteroskedastic and/or
autocorrelated regression errors on the asymptotic covariance matrix. In particular, we establish a sequential testing
procedure to achieve our goal. We affirm the theory on our test statistics through simulation and apply the test statis-
tics to energy price growth rate data for illustrative purposes; here, we also apply our test methodology to test the
fully correct model hypothesis.

Key Words: Information matrix equality; sandwich-form covariance matrix; heteroskedasticity-consistent covariance
matrix estimator; heteroskedasticity and autocorrelation-consistent covariance matrix estimator.

JEL Codes: C12, C22, 047, Q47.

Acknowledgements: The Editor-in-Chief, Jestis Lopez-Fidalgo, the associate editor, and two anonymous referees
provided very helpful comments for which we are most grateful. The authors benefitted from discussions with the
seminar participants at BIT. The responsibility for any errors and shortcomings in this work remains ours. Cho is
grateful for the research grant by the Ministry of Education in the Republic of Korea and the National Research Foun-
dation of Korea (NRF-2018S1A5A2A01035256). Huo is grateful for the research grant support by National Natural
Science Foundation of China (N0.71803009) and MOE Project of Humanities and Sciences (No. 17YJC790057).



1 Introduction

It is critical to estimate the correct form of the asymptotic covariance matrix for the least squares (LS) estimator.
For example, if the regression error exhibits conditional homoskedastic and martingale difference sequence (MDS)
properties, the information matrix (IM) equality holds so that the standard ¢-test statistic can be used to infer unknown
parameters.

Nevertheless, the asymptotic covariance matrix displays a sandwich form in a general environment, allowing the
standard ¢-ratio to be redefined by the heteroskedasticity-consistent (HC) or heteroskedasticity and autocorrelation-
consistent (HAC) covariance matrix estimator. As conditionally heteroskedastic and/or autocorrelated error properties
are only required for a sandwich-form asymptotic covariance matrix, the failure of the IM equality entails regression
errors influenced by either conditional heteroskedasticity or autocorrelation, necessitating the estimation of the co-
variance matrix by the HC or HAC estimator. Furthermore, if the empirical researcher knows how the covariance
matrix is affected by conditional heteroskedastic and/or autocorrelated errors, a more pertinent estimator can be ap-
plied to estimate the asymptotic covariance matrix. If the regression errors exhibit conditional homoskedastic and
MBDS properties, it is redundant to estimate the covariance matrix by the HC or HAC estimator.

This study primarily seeks to provide a test methodology to detect a sandwich-form asymptotic covariance matrix
directly and further identify how conditional heteroskedasticity and/or autocorrelation affect the asymptotic covari-
ance matrix. This differs from the conventional approach to testing a sandwich-form asymptotic covariance matrix
by testing conditionally heteroskedastic and/or autocorrelated errors indirectly. As they are only necessary conditions,
a sandwich-form asymptotic covariance matrix is not necessarily obtained by conditionally heteroskedastic and/or
autocorrelated errors. Another goal is to provide an empirical analysis using the proposed test methodology in clas-
sical regression and time-series data analysis settings. This serves the dual purpose of illustrating our method and
reinforcing the inferential process on regression analysis.

We apply the methodologies proposed by Cho and White (2014, CW) and Cho and Phillips (2018a, CP) to the
quasi-maximum likelihood (QML) estimator, which nests the LS estimator as a special case. CW and CP provide
simple, necessary, and sufficient conditions for the equality of two positive-definite matrices using the trace and deter-
minant of a matrix ratio and further extend them to develop test methodologies. We apply their methodologies to test
for a sandwich-form asymptotic covariance matrix entailed by conditional heteroskedastic and/or autocorrelated re-
gression errors. Specifically, we first generalize the maximum test statistic in CP in our context so that our test statistics
have greater power than the maximum test statistic in CP. Next, we separately construct two maximum test statistics
for the sandwich-form asymptotic covariance matrix entailed by conditional heteroskedastic and autocorrelated er-
rors. Specifically, the first maximum test statistic is designed to test the covariance matrix entailed by conditionally
homoskedastic MDS errors, whereas the second tests the covariance matrix affected by conditionally heteroskedastic
errors against the matrix affected by serially correlated errors. Although failure to reject the null hypotheses using the
first and second maximum tests do not necessarily imply conditionally homoskedastic MDS and uncorrelated errors,
respectively, our statistics are omnibus test statistics. Therefore, rejecting the null hypothesis implies a consistent

detection of the sandwich-form covariance matrix entailed by conditional heteroskedastic and/or autocorrelated er-



rors. The applicability of the maximum test statistic is potentially huge. As we detail below, if the QML estimator
is obtained using a probability distribution model belonging to the linear exponential family, the maximum test is
applicable, despite the fact that the error distribution is misspecified by the probability distribution model.

Furthermore, we develop a sequential testing procedure (STP) by implementing our maximum test statistics sys-
tematically. Although the two statistics are separately designed to test for the sandwich-form covariance matrices
entailed by conditional heteroskedastic and autocorrelated errors, respectively, the empirical researcher can control the
overall type-I error of the two test statistics by applying them in a proper order. Specifically, we first apply the second
maximum statistic and test for the sandwich-form covariance matrix affected by autocorrelated errors. If we cannot
reject the null, we next apply the first maximum statistic to test for the sandwich-form covariance matrix entailed
by conditionally heteroskedastic errors. As discussed below, this test plan can consistently identify how conditional
heteroskedasticity and/or autocorrelation affects the asymptotic covariance matrix.

The test methodology in this study is especially useful if the maximum test statistics defined herein are combined
with resampling bootstraps. The residual bootstrap and wild bootstrap methods of Efron and Tibsharani (1988) and
Wu (1986) are particularly useful for enhancing the utility of the maximum test statistics. Although this study provides
asymptotic null limit distributions for the maximum test statistics, they may lead to relatively large level distortions
when the sample size is relatively small. This fact is mainly due to the large degrees of freedom of the maximum
test statistics. Many components in the two matrices have to be compared to confirm IM equality, leading to large
degrees of freedom. We overcome the level distortion problem by applying the bootstrap methods to the maximum
test statistics. Indeed, the resampling methods are efficient remedies for the level distortion problem. We provide
simulation results to affirm our theory on the maximum test statistics and STP.

For the second goal of illustrating the test methodology, we revisit empirical studies on energy price growth rates.
Estimating the model using autoregressive (AR) and generalized autoregressive conditional heteroskedastic (GARCH)
models for the conditional mean and variance of the energy price growth rate, respectively, is standard. For example,
Bai and Lam (2019) estimate the growth rates of energy prices using AR and GARCH models after supposing a skewed
t-distribution for the standardized error, so that if the skewed ¢-distribution is correct for the standardized error, their
model must be entirely correct, and their QML estimator becomes a maximum likelihood (ML) estimator, leading
to IM equality for their estimator. Conversely, if only the distribution of the standardized error is misspecified, their
QML estimator consistently estimates the conditional mean and variance equations, while possessing a sandwich-form
asymptotic covariance matrix for the QML estimator.

This empirical outline implies that we can apply these test methodologies for purposes other than the goals of this
study. In addition to applying the STP to the AR and GARCH models, we can further test the fully correct model
hypothesis by testing the IM equality of the (Q)ML estimator. Although failure to reject IM equality does not mean
that the model is entirely correct, rejecting the IM equality means that the full model is indeed misspecified. Therefore,
we can associate this rejection with the maximum test results to detect how the model is misspecified. We detail our
illustration using the models and data in Bai and Lam (2019).

The empirical applicability of the test methodology is potentially huge, given that estimating a sandwich-form



asymptotic covariance matrix is necessary for many cross-sectional and time-series data analyses. Our test methodol-
ogy can be applied even when the error term is present is a multiplicative form, although we focus on an additive error
case in the current study.

The remainder of the paper is structured as follows. Section 2 discusses the motivation of this study and provides
the theories and definitions of our maximum test statistics along with their null, asymptotic, and local alternative limit
behaviors. We also develop the STP to estimate the status of the asymptotic covariance matrix. Section 3 provides the
simulation evidence of our theory, and Section 4 illustrates the use of our maximum test statistics using an empirical

example. We provide concluding remarks in Section 5 and collect the mathematical proofs in the Appendix.

2 Testing for the Influence of Conditional Heteroskedasticity and Autocor-

relation

In this section, we discuss the motivation of our study and the maximum test statistics used to achieve the goals.
We also provide the null, alternative, and local alternative limit behaviors of the test statistics, so that they can be

systematically structured to estimate the status of the asymptotic covariance matrix by an STP.

2.1 Motivation and Hypotheses

Suppose that the empirical researcher wishes to estimate a parametric model for a conditional equation. That is, for a
stationary process (V;,X;) € R'*¥, the researcher specifies a parametric model as follows: M := {m(-,0): 0 ¢ © c
R?} to estimate the conditional mean of ¥; on X, such that M satisfies the standard regularity conditions for the LS
estimation (e.g., White and Domowitz 1984). We further suppose that X; may possess lagged dependent Y; and that
M is correctly specified for E[Y;|X;], viz., for some 6, € ®, m(Xy, 0,) = E[Y;|X;] with probability 1.

The conditional mean equation can be consistently estimated using QML estimation. If the model for the condi-
tional mean equation is correct and the assumed distribution for the QML estimation belongs to the linear exponential
family, Gourieroux, Monfort, and Trognon (1984) show that the conditional mean equation can be consistently es-
timated using the QML estimator that asymptotically follows a normal distribution, and this consistency is achieved
even with incorrect assumption on the error distribution.

To motivate the main goal of this study, we consider the following model environment. If the model M is estimated
using QML estimation, we may suppose that the QML estimator denoted by 9, converges to 8, € ® by supposing
regularity conditions (e.g., White 1982). We denote the error by Uy, viz., U; := Y; — m(Xy, 0.). As established in the
literature, the asymptotic behavior of the QML estimator is critically dependent upon the properties of U; and M. For
example, if U, is conditionally heteroskedastic on X, the asymptotic variance of ,, is different from that obtained by
assuming conditional homoskedasticity (e.g., White 1980). This fact implies that the inferencing procedure on 6, has
to be differently conducted depending on the properties of U; and M. We can classify the properties into the following

two categories. First, we let F; be the smallest sigma field generated by {X;, Us—1, X¢—1, Us—o2, . ..} and suppose that



{U;, F;} forms an MDS. With conditional homoskedasticity, viz., for some finite 02 € R*, E[U?|F;] = o2, it is

straightforward to obtain that \/n(8,, - 6.) SN (0, A;1); otherwise, it generally holds that
V(0. -0.) * N(0,A'B.A"Y), )

where A, and B, are the limit of the Hessian matrix of the quasi-log-likelihood function and asymptotic covariance
matrix of the scores evaluated at 6,. More specifically, if we let £,(-) be the quasi-likelihood function of individual
observations, A, := ~E[V2/;(0.)] and B, := E[s;s}], where s; denotes the score at 0., namely s; := Vgl;(0.).
For example, if the normal distribution is assumed for the quasi-likelihood function and m (X, 0,) = X}0., A, =
0 2E[X,X!] and B, = o, *E[U?X,X!], so that the asymptotic covariance matrix of 8, is A;! = o2E[X,X}]™!
under the conditional homoskedastic error assumption. On the contrary, the asymptotic covariance matrix becomes
A'B. ALY = E[X X PE[UAX X, ]E[XX,]™! under the conditional heteroskedastic error assumption. From
this aspect, it is now clear that if the IM equality does not hold for the asymptotic covariance matrix of the QML
estimator, namely A, # B,, it must follow that U, exhibits conditional heteroskedasticity under the maintained
regularity conditions. Therefore, the inference on 6, has to be conducted using the asymptotic distribution in (1).

In the literature, a number of different test statistics are popularly used to test for conditional heteroskedastic-
ity. Among others, Godfrey (1978b), White (1980), Breusch and Pagan (1979), and Engle’s (1982) conditional het-
eroskedasticity test statistics are popularly used for empirical studies under various data assumptions. These test
statistics are obtained by assuming a particular form of conditional heteroskedasticity; however, they are defined to
have consistent power against a broad class of conditional heteroskedasticity even though they lack omnibus power
against any form of heteroskedasticity. It is also standard to estimate the asymptotic covariance matrix using the HC
covariance matrix estimator if the conditional homoskedasticity hypothesis is rejected by the test statistics.

Second, if {U;, F;} does not form an MDS, another form of IM inequality holds. If U; is autocorrelated, the

asymptotic covariance matrix B, in (1) is modified to

so that the limit distribution of the QML estimator is accordingly modified as follows:
Vn(0, -6,) % N(0,A;'C,AY). )

The second term on the right-hand side of C, vanishes to zero if U; is an MDS, which does not necessarily hold if Uy
is autocorrelated. From this aspect, we can conclude that if B, # C,, U; must be autocorrelated and the inference on
6. has to be conducted using the asymptotic distribution in (2), thus allowing a suitable test statistic to be defined by
estimating C, consistently.

In the literature, a number of test statistics are available to test for autocorrelation. For example, Durbin and Wat-

son (1950, 1951), Breusch (1978), Godfrey (1978a), and Ljung and Box (1978) are popularly used for autocorrelation



as well as developed by supposing a particular form of autocorrelation as for the test statistics for conditional het-
eroskedasticity. In addition, there are non-parametric test statistics for autocorrelation. To mention a few, Robinson
(1991), Skaug and Tjgstheim (1996), Hong and White (2005), and Cho and White (2011) provide non-parametric test
statistics for autocorrelation. When the no-autocorrelation hypothesis is rejected by these test statistics, it is standard
to estimate the asymptotic covariance matrix using the HAC covariance matrix estimator.

As we see from the test statistics in the literature, testing procedures are developed to indirectly test for conditional
heteroskedasticity and/or autocorrelation in U;. Nevertheless, any form of conditional heteroskedasticity or autocor-
relation does not necessarily lead to the sandwich-form asymptotic covariance matrix. Conditional heteroskedasticity
and autocorrelation are just two of the necessary conditions for the sandwich-form asymptotic covariance matrix.
That is, the presence of conditional heteroskedasticity and/or autocorrelation in U; does not necessarily lead to the
sandwich-form asymptotic covariance matrix, so that the empirical researcher may not have to estimate the asymptotic
covariance matrix using the HC or HAC covariance matrix estimator if the IM equality holds even with conditionally
heteroskedastic and autocorrelated regression errors.

This aspect motivates to directly test for the sandwich-form asymptotic covariance matrix hypothesis instead of
indirectly testing for conditional heteroskedastic and/or autocorrelated regression errors. For this goal, we view the

following as the main hypotheses of interest in the current study:
Ho:A, =B, vs. Hi:A, # B.; and Ho:B, =C, versus H;: B, # C,.

Ho and H; are provided to test for the sandwich-form asymptotic covariance matrix entailed by conditional het-
eroskedastic errors, whereas Ho and H; are investigated to test for the sandwich-form covariance matrix entailed by
autocorrelated errors. Each hypothesis characterizes the status of the asymptotic covariance matrix, and a suitable test
statistic can be applied according to the status. For example, if H, turns out to be a suitable status for the asymptotic

covariance matrix, we can estimate the asymptotic covariance matrix using the HC covariance matrix estimator.

2.2 Maximum Test Statistics

The test statistics we examine in this study are developed from the methodologies presented by CW and CP. They
provide simple necessary and sufficient conditions for the equality of two symmetric positive-definite matrices. For
example, when we test Ho against H, any two of the following conditions hold:

tr[D,]=d; det[D,]=1; and tr[D;']=4d,

*

if and only if A, = B, where D, := A,B}!. It is also possible to reverse the role of A, with that of B, to define

D., so that the same equality holds between A, and B, if and only if any two of the following conditions hold:

tr[D.]=d; det[D;']=1; and tr[D;']=d,

*



where D, = B,AL Using these equivalent conditions, these authors define a number of auxiliary omnibus test
statistics to test the equality of two symmetric positive-definite matrices, recommending the most powerful test statistic
as the maximum of the auxiliary test statistics.

We apply their test methodology to our testing problem. For this purpose, we define & := (8’,02)" and suppose
that £, := (6,,02)’ is consistently estimated using the QML estimator €, := (8.,,52)": €, = arg maxe.z Ln(£),
where L,,(-) =n"t ¥}, 4:(-), and £;(-) is the individual quasi-log-likelihood function defined on E := © x [¢,d] (c
and d € R ). Here, n denotes the sample size. A particular form of quasi-log-likelihood function is assumed, so that it
can consistently estimate 6, and the unconditional variance of U; denoted by 2. For example, the normal likelihood
function belongs to this case. We further suppose that A, and the associated covariance matrices can be consistently
estimated using Kn, E‘n, and Cn, respectively, viz., Kn 5 A, ]’?;n 5 B., and (A:n 5 C.. For example, we can let

A, = Y0 VEL(E,), By =0T O, 83, and

where 5; := Vg/l; (En) and wyy, and ¢ are the kernel and bandwidth used to estimate C, consistently; moreover, En is
White’s (1980) HC covariance matrix estimator, and a number of different kernels and bandwidths can be employed
for C,,. For example, we can let wyy := 1 — k/(1 + ¢) and £ = O(n'/?) to employ Newey and West’s (1987) HAC
covariance matrix estimator. As another example, Andrews (1991) recommends using the quadratic spectral kernel
with ¢ = O(nl/ 5). Indeed, there are many other kernels and bandwidths for the HAC estimation of C, (e.g., Gallant
1987, Ng and Perron 1996).

Using these estimators, we define the auxiliary test statistics as in CW and CP. For example, if H, is tested against

7-.11, we let ﬁn = KnB;ll and define the following statistics:

1 = d - _ - _ _
Fai= Dol =1 fu= — -1 o, i=det[Dn]7 =1, Fni=0y, -, and G, =T — Oon.

These statistics are introduced to consistently estimate

1 d . . . .
Ty 1= gtr[D*] -1, fe=———m-1, 4.:= det[D*]é -1, Ax:=0.-7, and (,:=T.—0s,

respectively.

The motivations of these statistics stem from the fact that d~'tr[D], det[D]%, and dtr[D;']™" estimate the
arithmetic, geometric, and harmonic means of the eigenvalues of D,. If any two of these are equal to unity, D,
must be I;, and its converse is also true because any two of the means are equal to each other if and only if all the
eigenvalues are identical. Therefore, if any two of the above five auxiliary statistics estimate zero consistently, this
implies that D, =1,.

In addition to these auxiliary test statistics, we let ]5n = P\’n;&;l to test 7—10 against ?—ll and define the following



test statistics:

1 = d - ~ 1 ~ ~ ~
Tp = —tr[D,] -1, 7,=———-1, ,:=det[D,]|4 -1, F,:=0,—7,, and (, =T, — On,
D] T = B [D,] gl g ¢

n

where the roles of A, and B, are reversed from those used to define D.. As before, these additional statistics are

introduced to estimate
—— =1, 4,:= det[DZl]i 1, Hui=0y—iix, and C, =7 — 0y,

consistently, respectively.

In a different environment, D,, and D,, can be redefined to test the hypotheses. If the researcher wishes to test Ho
against #1, we can let ﬁn = En@;f and ﬁn = @nﬁ;f and obtain the statistics accordingly using the new ﬁn and
D,.

The maximum test statistic in this study is defined using the auxiliary statistics. Specifically, we let our test statistic
be defined as follows:

M, 3= max (80650 €0 B0, 650, €]
J=4,

where B ,, := (nd/2)(F2 + 20,), B, = (nd/2) (52 +2,), &1,y = (nd[2) (32 + 27,), G2,y = (nd/2) (T2 + 27,),
€., = (ndf2)(72 + 27,), and €, := (nd/2)(72 + 2(,). For j = 1 and 2, we also let B;,,, &;,,, and &;,, be
similarly defined using 75,, 7y, gn, Yn, and Zn

The auxiliary test statistics constituting M, are defined by applying Wald’s (1943) test principle, and M, is
designed to have the maximum power out of the 12 auxiliary test statistics. For example, 7;, estimates the distance
between the arithmetic average of the eigenvalues of D,, and unity, and fn estimates the distance between 7, and 9,
that estimates the distance between the geometric average of the eigenvalues of D,, and unity, so that %lm now tests
whether the arithmetic average of the eigenvalues of D, is unity and also equal to the geometric average of the same
eigenvalues. Likewise, for j = 1 and 2, the auxiliary test statistics %ng S Cjns %j,n, éj,n, and €; , test whether
any two of the arithmetic, geometric, and harmonic averages of D, and D}! are equal to unity using Wald’s (1943)
test principle. Furthermore, CP show that the null limit behaviors of the auxiliary statistics are equivalent, so that the
null limit behavior of 9t,, turns out to be identical to that of each auxiliary test statistic.

The maximum test statistic 90t,, is different from that in CP. Although our test statistic is constructed by following
their approach, their maximum test statistic is defined as the maximum of only B §,n S j,n» and /Q\Ejm, with j =1 and 2.
They do not explicitly examine the role of D,, when defining their maximum test statistic. Accommodating the roles
of both ﬁn and ]5,“ we define 93?” and expect more powerful behavior from 9’5% than that in CP in addition to being
an omnibus test statistic.

When defining the maximum test statistic M, not every auxiliary test statistic is used to define the maximum test
statistic. For example, the researcher may define another auxiliary test statistic by applying Wald’s test principle to 7,

and the distance between 7,, and 7),,, so that it can contribute to 9,,. Nevertheless, CP show that the other auxiliary



test statistics not considered here have asymptotic power inferior to the auxiliary test statistics contributing to M,,. We
therefore focus only on B, ,,, &, ., €; 1, B n, &, and €; ,, to define the maximum test statistics.

Hereafter, we denote the maximum test statistics and their auxiliary test statistics using a superscript to represent
the hypothesis tested by the maximum test statistics and avoid any confusion. That is, 9’3\7511) and 55?512) denote the
maximum test statistics designed to test Ho against H, and H, against H, respectively.

Before examining the limit behaviors of the maximum test statistics, we formally state the regularity conditions
for the maximum test statistics by applying those in CP. For an efficient provision of the regularity conditions, for each
i =1and 2, we let PO (.), PO(.), and P )(~) denote the functions corresponding to the left-hand side matrix in
Ho or Ho. For example, we let P (¢,) = A, and PP (£,) = B, under H, and H,, respectively, which are the
left-hand side matrices in Ho and #, respectively. Likewise, for i = 1 and 2, we let Q()(-), Q())(-), and ng)()
denote the functions corresponding to the right-hand side matrices in Ho and Ho, respectively. For each ¢ = 1 and 2,

we further let ﬁg) = Pn(En) and ng) = Qn(Z‘n), so that, for example, ?5,,1) = A, and QSLD = B,, under H,.

Assumption 1. (i) {Z, := (Y;, X)) € RO*®) 2t = 1,2, .} is a strictly stationary process defined on a complete
probability space (2, F,P) with k € N;

(ii) E := © x [b, c] is a non-empty compact and convex set with © c R%;

(iii) The sequence of {€,, = (5;/,372,, "1 Q — E} converges to £, = (0',,02)" € E in probability, where &, is
unique and interior to E, €,, := arg maxgez Ln (&) with L, (€) = n~t Y1, €.(€), and 0y(+) := £(Zy,") is the quasi-
log-likelihood function assuming a correctly specified model M = {m(-,0) : @ € ® c R?} for E[Y;|X;] and a
constant conditional variance such that {;(-) is continuous on E almost surely —P;

(iv) For each i = 1 and 2, there are P%i)(-) 12 R gnd QS)() : B v R consistent for P (-) and Q¥ (-)
uniformly on =;

(v) For each i = 1 and 2 and for some positive-definite £V, /n[(€, - €.), (?ff) - Pgi)), (Q,(f) - fo))] =
(Ze, P + Zpw, QY + Zqw) such that [Z},vech(Zp ), vech(Zgm)'] ~ N(0,59), where (vi) P =
P,(f)(/fn) and Qﬁf) = ,(j)('én) (v.ii) Pgi) = PO(E,) and Qs,i) = QW (¢,) are symmetric and positive definite
such that PO : 2 » R™ gnd QW) : 2 » R gre in C?) (), and (v.iii) P .= P (&,) and fo) = QU(¢,)
are symmetric and positive semi-definite such that ?Sf’ * fo) and P : 2 » R™ gnd QW) : 2 » R gre in
C(l)(E);

(vi) For eachi=1,2and j =1,2,...,d, (8/89j)P$f)(-) and ([“)/&QJ-)Q,EP() are consistent for (9/96,;)P™ (.
and (0/00;)Q (-) uniformly on = in probability; and

(vii) For eachi=1,2 and j =1,2,....d, (P")7(9/00;) (P (€,) - P)) and (Q1V)71(9/00;) (QS(€,) -
ngyz) are Op(n~1?). O

Here, Assumption 1(v) is imposed to apply a multivariate central limit theorem to En, ?S), and fo), where the
last two statistics are involved in the local-to-zero parameters 139 and Qﬁi), respectively. As we show in the next
subsection, these local-to-zero parameters are used to examine the limit behaviors of the maximum test statistics under
the local alternative. If both f_’ff) and QY) are zero, Assumption 1(vii) can be used to derive the limit behaviors of the

maximum test statistics under the null and alternative hypotheses.



2.3 Limit Behaviors of the Test Statistics

In this section, we examine the limit distributions of the maximum test statistics discussed in the previous sections
under the null hypotheses (’}-.[0 and 7;20), alternative hypotheses (7—[1 and H, ), and following local alternative hypothe-

SeSs:
. Hél) tA, =B, withA,, = A, +n Y?A, +o(n""?) and B,,, = B, + n"'/?’B, + o(n’l/z);
« #?:B, = C, with B, =B, +n"?B, + o(n""/2) and C,,, = C, + n"/2C, + o(n"'/?),

where A, B,, and C, are positive semi-definite matrices. ’Hél) and ’Héz) capture the local alternative hypotheses
to their corresponding null hypotheses. For example, A ,,, differs from B,,, under 7—[;1), but their limits are identical
at the convergence rate n 2 IfA, =B, =C, =0, ’HEI) and ’Hf) reduce to the null hypotheses Ho and Ho,
respectively.

We first obtain the local alternative limit distributions of the maximum test statistics. If we let the local-to-zero
parameters be zero, the local alternative limit distributions of the maximum test statistics become the null limit distri-
butions of the same test statistic. We therefore first obtain the local limit distributions of the maximum test statistics.

We now formally provide the local alternative limit distributions of the maximum test statistics in the following

theorem:

Theorem 1. Fori =1 and 2, if Assumption 1 holds, m = AR \"fi“)'ngi)(z(i) + Vgl)) under 1", where

20) . VeC(ZQ(i) -Zpw») ’ st_) _ (Pgl))—l ® (.sz) )4—1 (sz))—lRiz)/ ® (ngl) )il
vec(Zp ®14) P 1eRPE)T (PO)IRY 9RO (PP)

with R = [ve(QY - POy ), V) = @012y i v = (Q)1QY - @) 1PY, and Z, :=
(2, Z,2]. O

The local alternative limit distribution in Theorem 1 is obtained by deriving the local alternative weak limit of each
maximand as in CP. More specifically, we show that for each j = 1 and 2, all %j’n, @j,n, ’Q\?jyn, %j’n, éj,n, and
€., weakly converge to the same weak limit given as AR V,(f))’ﬂii)(z(i) + Vgi)) for i = 1 and 2, so that their
maximum also weakly converges to (2 + v ) (z® 4 Vii)) under the local alternative Héi).

We next derive the null limit distributions of the maximum test statistics by letting the local-to-zero parameters be

zero, as mentioned above. The following corollary formally states the null limit distributions.
Corollary 1. Fori =1 and 2, if Assumption I holds, 5)}%) = Z(i)’ﬂf)z(i) under H(()i). |

Corollary 1 simply follows by letting Vii) = 0 in Theorem 1. This fact implies that the null limit distributions of the
maximum test statistics are obtained as non-central chi-squared distributions with a zero non-centrality parameter.
If the sample size n is relatively small, the null distributions of the maximum test statistics can be better approxi-

mated by applying the residual and wild bootstraps to 9’5121) and 971%2), respectively. The finite sample level distortion



can be substantially large if the asymptotic critical values apply, because the degrees of freedom in the null limit dis-
tribution can be large. Note that Z () is obtained by vectorizing Zq) — Zp) and Zy, ® 14, so that relatively large
degrees of freedom are obtained from the vectorization, leading to finite sample null distributions that can substan-
tially differ from the null limit distributions. Instead, the finite sample null distributions can be easily generated using
the resampling methods. In Section 3, we present the results of Monte Carlo simulations conducted to examine the
performance of the maximum test statistics implemented using the resampling methods.

We next provide the power properties of the maximum test statistics in the following theorem.

Theorem 2. For i = 1 and 2, if Assumption 1 holds, 9/5?,(11 ) = n{,ugi) + Op(1)} under the fixed alternative hypothesis
HD, where pl = (d/2) max[B{, €, &) B, € €] B = (717)2 + 20, &) = (7)) + 24,
&) = ()2 + 20, B = (1) 4200, €[ o= (57)? + 24, and €)= (i1)? + 2€.. D

That is, the limit distribution of the maximum test statistics diverges to positive infinity at the rate of n. Here, the first
term uii) denotes the location parameter leading to the divergence of the maximum test statistics. On the contrary, the
remaining term Op(n) determines the dispersion scale of the maximum test statistics under the alternative.

The asymptotic power of the maximum test statistics is expected to be greater than that in CP if the power direction
of their maximum test statistic differs from u,f). For each 7 = 1 and 2, applying their maximum test statistic yields
the leading term /i{") := Inan=1’2[‘B§2, 6512, Qfﬁzy)r] where Gﬁ) = (551))2 +25% and Gé? = (7'75“)2 +2¢ . Here,
5 e [ﬁii),i’fi)], so that (‘5?1 < (’Egl)* Furthermore, Gézi < max[@ili,%gl)*] by the definitions of eﬁ‘i and %?1,
implying that ,zj) < uff). From this feature, for each ¢ = 1 and 2, the leading term of ifﬁ,(f) becomes greater than that
in CP. From this fact, greater power is expected from the maximum test statistics.

The applicability of this test methodology is substantially huge. Note that the QML estimator can consistently
estimate the conditional mean equation if the error distribution is specified by a distribution belonging to the linear
exponential family (e.g., Gourieroux, Monfort, and Trognon, 1984), implying that our methodology can be applied to

possibly misspecified models for error distribution.

2.4 Plan to Test for the Influence of Conditional Heteroskedasticity and Autocorrelation

When testing for the sandwich-form asymptotic covariance matrix entailed by both conditional heteroskedastic and/or
autocorrelated errors, we recommend testing autocorrelation first and then conditional heteroskedasticity. One of the
assumptions retained to test Ho against H, is that {U, F:} is an MDS. If {Uy, F;} is not an MDS, it is difficult to
detect how the asymptotic covariance matrix is formed by conditionally heteroskedastic and autocorrelated errors. We
therefore recommend testing for the sandwich-form asymptotic covariance matrix sequentially, viz., first testing for
the asymptotic covariance matrix influenced by autocorrelated errors and then testing for the asymptotic covariance
matrix influenced by heteroskedastic regression errors. Specifically, we provide the following STP by applying that in

Cho and Phillips (2018b):

o Step 1: Test Ho against H, using 9/5122). If H is rejected, stop the STP. Otherwise, move to the next step.
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o Step 2: Test Ho against Hy using Efft,(il). If H is rejected, conclude that U, is conditionally heteroskedastic.

Otherwise, conclude that A, = B,.

Using the provided STP, the given hypotheses (i.e., the statuses of the asymptotic covariance matrix) are selected
with different asymptotic probabilities. Under #{;, the empirical researcher can detect the correct hypothesis with an
asymptotic probability converging to 100% using the STP from the fact that 93253) is a consistent test statistic. On
the contrary, under 1 that also belongs to Ho, the empirical researcher can detect the correct hypothesis with an
asymptotic probability converging to (1 — ) x 100% using the STP, where « denotes the level of significance selected
by the researcher. In the first step, the empirical researcher can commit to an o x 100% type-I error while testing for the
sandwich-form asymptotic covariance matrix entailed by autocorrelated errors. On the contrary, the sandwich-form
asymptotic covariance matrix entailed by conditional heteroskedastic errors can be consistently detected by 9’57511) with
an asymptotic probability converging to 100%. In total, the researcher therefore commits to an asymptotic probability
converging to (1 — a) x 100%. Finally, under Ho, the empirical researcher can detect the correct hypothesis with an
asymptotic probability converging to (1 -2«) x 100%. H, can be selected only when neither Ho nor H is rejected by
the STP. As the testing procedure is conducted at o x 100% in each step, the overall asymptotic type-I error becomes

2a x 100%. In the next section, we show the Monte Carlo simulations and affirm this feature.

3 Simulations

In this section, we present the results of the Monte Carlo simulations conducted to affirm the theory in Section 2.
Given that the test statistics can be sequentially applied, we first discuss testing Ho against H1 and H, against #, and
then discuss the STP.

For the goal of this section, we consider the following simulation setup. We first suppose that time-series observa-

tions are generated according to the following formula:
Yi = Box + B14Yi-1 + B2 Yo + Uy and Uy = \/ hyey,

such that hy = Ky + Phi—1 + Vs UE,I and g, ~ IID N(0,1). Different time-series observations can be generated by
letting the parameters in the data generating process (DGP) be specified differently. We consider the following three

parameter specifications:

e DGP1: (Bos, Bixs Bax, Fixs bus ) = (0.0,0.5,0.0,1.0,0.0,0.0);
e DGP2: (Box, Biss Bax, Fixs e, 7<) = (0.0,0.5,0.0,1.0,0.2,0.2); and
e DGP3: (Box, B1xs Bax, Fixs a7 ) = (0.0,0.5,-0.2,1.0,0.2,0.2).

DGP1 generates serially uncorrelated errors with conditionally homoskedastic variance from the fact that h; = 1, so
that we can use DGP1 to examine the level property of 9" under #,. That is, if we let 02 := E[U2], 02E[X,X}]

becomes identical to the probability limit of the HC covariance matrix estimator for E[U?X;X}]. On the contrary,
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DGP2 generates conditionally heteroskedastic errors, although the errors form an MDS. Therefore, we can use DGP2
to examine the performance of zﬁtSf’ under ’}:Lo. In addition to this feature, the probability limit of the HC covari-
ance matrix estimator becomes identical to the probability limit of the HAC covariance matrix estimator, whereas
o2E[X,;X}] becomes different from the probability limit of the HC covariance matrix estimator. Therefore, DGP2
can be used to investigate the performance of 53\?53) under H;. Finally, DGP3 generates autocorrelated and condi-
tionally heteroskedastic errors from the fact that M is dynamically misspecified for E[Y;|Y;—1,Y;—o,...], so that the
probability limits of the HC and HAC covariance matrix estimators differ. From this fact, DGP3 can be used to
examine the power performance of 93?%2 ) under 7—[1

Given these DGP conditions, we further suppose that the researcher specifies the following model: M := {6y +
01Y;_1 ¢ (60,01)" € R?} and estimates the unknown coefficients in M using the LS estimator. This estimation
procedure is equivalent to estimating the linear model by supposing that the error is normally distributed. For notational
simplicity, we let X; := (1,Y;-1)".

It is useful to apply resampling methods to test for the sandwich-form asymptotic covariance matrices, as slightly
mentioned above. For our simulations, we apply the residual bootstrap in Efron and Tibsharani (1988) and the wild
bootstrap in Wu (1986). Specifically, residual bootstrap resampling is useful for testing Ho against Hy by 55?511),
whereas wild bootstrap resampling is useful for testing Ho against Ty by 971%2). The residual bootstrap method is

applied in the following plan:

e Step 1: Estimate 5,, using the LS method and obtain {Ut =Y; - X;@n :t=1,2,...,n} to estimate Efbf&n and

En. From these matrix estimators, compute 9’3\19), where

1 & - 12 = 1&
G2i=—Y U2, A,=->XX}, and B,:=-> UX;X}; 3)
nia i nia

» Step 2: Resample {[7? :t=1,2,...,n} and obtain ’a‘beKn and ]/?;2 to compute 9/3\?511% by 72 =7l Y7, UtbQ
and BY :=n' Y7, UP2X, X!

* Step 3: Iterate Step 2 for b = 1,2, ..., B and estimate the bootstrapped p-value by f)‘sll) = B! ZbB;l 1{93?2” <

j)/\tgll)b}.
e Step 4: If @(11) < a, reject 7{0; otherwise, do not reject ”HO.
On the contrary, the wild bootstrap method is implemented in the following plan to test Ho against Hy:

* Step 1: Estimate 0, using the LS estimation and obtain {Ut =Y, - X,’ﬁn 1t =1,2,...,n} to estimate B,
and én. From these matrix estimators, compute 55?%2), where En is the same estimator as En in the residual

bootstrap, and

~ =~ 1< noo_ ~
Cn = Bn + — Z Wek Z (Ut—kUtXt—kXQ + UtUt—kXtX;_k)- (4)
L s

Here, wyy, and ¢ are the HAC kernel and bandwidth, respectively used to estimate C, consistently;
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+ Step 2: Resample V; ~ IID (0, 1) and define {W} := ViU, :t=1,2,... ,n} to compute B,, and C,, and obtain

5)\17(12)(’, where

. 12 .. .. 1 n
B,:==-YW2X,X, and C,, =B, + = > > wi (Wi WX X} + W, Wi, X X))
N T k=1 t=k+1

e Step 3: Iterate Step 2 for b = 1,2,..., B and estimate bootstrapped p-value by 1’)‘£L2) = B! Zfil 1{9’5?512) <

e Step 4: If ;753) < a, reject Ho; otherwise, do not reject Ho.

Wild bootstrap resampling has many variations, as V; can be drawn differently from the standard normal and many
alternative estimators exist for C,. For example, the Rademacher distribution is also popularly used for V; in the
literature. For our simulations, we let V; ~ IID N (0, 1) and wyy be the quadratic kernel in Andrews (1991). We further
let /= |n'/®| - 1.

We conduct Monte Carlo simulations using DGP1, 2, and 3 according to the above two methods with B = 1, 000.
Table 1 reports the simulation results.' Figures in parentheses are the empirical rejection rates obtained by the maxi-
mum test statistics in CP that are computed by letting K,‘Llﬁn and @,‘llﬁn be D,, in CP to test Ho and H, respectively.

We summarize the simulation results as follows:

(a) The first panel of Table 1 reports the empirical rejection rates of 97121) under Ho. We applied the residual
bootstrap to evaluate 9'5?;1), which is computed using data observations following DGP1. As the sample size n
increases, the empirical rejection rates approach nominal levels, implying that the resampling method enables

us to control the type-I error successfully.

(b) The first two panels of Table 1 report the empirical rejection rates of 97?%2 ) under Ho. Both DGP1 and DGP2 can
be used to generate observations belonging to #o. Hence, we applied the wild bootstrap method to 5)\1512). As
the sample size n increases, the empirical rejection rates approach nominal levels, implying that the resampling
method also enables us to control the type-I error successfully under Ho. In particular, when the error term
exhibits conditional homoskedasticity (i.e., under DGP1), the empirical rejection rates of EﬁISLQ) are closer to
nominal levels than those under DGP2. Furthermore, the empirical rejection rates are closer to nominal levels
when the level of significance « is small. Although we do not report these here, our simulations show that a
rather larger sample size n is required for a successful application of the wild bootstrap method when the level

of significance « is relatively large.

(c) The second and third panels of Table 1 report the empirical rejection rates of 5)\1511) under ;. Both DGP2 and
DGP3 can be used to generate observations belonging to #1. The two panels of Table 1 show that the empirical
rejection rates converge to unity as the sample size n increases. The empirical rejection rates are more or less

similar between the two panels.

I'The following URL provides the GAUSS, MATLAB, and R codes to compute the maximum test statistics and their p-values for linear models:
http://web.yonsei.ac.kr/jinseocho/cospimt.htm.
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(d) The third panel of Table 1 reports the empirical rejection rates of 971512) under ;. As the sample size n increases,
the empirical rejection rates converge to unity, whereas the rejection rates are lower than those of 55?511) under
Hy.

(e) Finally, when comparing the empirical rejection rates of the maximum test statistics of here with those in CP, the
empirical powers of our test statistics are always greater than those in CP under DGPs 2 and 3. This is mainly
because our maximum test statistics are defined by including the test bases whose power directions produce
higher powers than those in CP. If their maximum test statistics are also defined by the same test bases with the

greatest power direction, the power properties of their maximum tests are expected more or less similar to ours.

These simulation results show that the theories on 9’5?21) and 97?512) are affirmed when testing ”Ho and ’};lo against 7—11
and H,, respectively, implying that we can consistently distinguish the statuses of the asymptotic covariance matrices
generated by homoskedastic, heteroskedastic, and autocorrelated errors.

We next examine the performance of the STP using Monte Carlo simulations. Using DGP1, 2, and 3, we examine
the asymptotic portion of the hypotheses selected by the STP. As discussed in Section 2.4, if the STP is successfully
implemented, H, should be selected with an asymptotic probability converging to (1 — 2«) x 100% under DGPI.
On the contrary, H, should be selected with an asymptotic probability converging to (1 — ) x 100% under DGP2.
Finally, 7, should be selected with an asymptotic probability converging to 100% under DGP3. We let the level
of significance a be 0.05 to conduct the simulations. Table 2 reports the simulation results using the maximum test
statistics of here and CP. We denote the precision rates obtained by CP in parentheses. We summarize the simulation

results as follows:

(a) Under DGP1, H, is estimated with a proportion close to 90% as the sample size n increases. This aspect affirms
that the STP estimates H with an asymptotic probability converging to (1 - 2«) x 100%. On the contrary, both

Ho and H; are selected with asymptotic probabilities converging to & x 100%. This feature is caused by the

a x 100% type-I error, so that if a small « is selected, the researcher can estimate Ho with a high precision rate.

(b) Under DGP2, H, is estimated with a proportion close to 95% as the sample size n increases. This aspect affirms
that the STP estimates Ho with an asymptotic probability converging to (1 — «) x 100%. On the contrary, Ho
and H, are selected with probabilities converging to 0% and « x 100%, respectively. The portion of H, is
determined by the type-I error. As for DGP1, if the researcher selects « to be close to zero, (s)he can estimate

Ho with a high precision rate.

(¢) Under DGP3, #; is estimated with a proportion close to 100% as the sample size n increases. Under the first
step of the STP, the researcher can reject H with an asymptotic probability converging to unity, so that #, can
be consistently selected. When n = 2,000, 721 is selected with 86.10%, whereas if the sample size n further

increases, 1 must be selected with a probability converging to 100%.

(d) When comparing with STP implemented by the maximum test statistics in CP, we observe that the finite sample

precision rates of the STP using our maximum test statistics are closer to the hypothetical rates than their tests.
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This feature is well expected from the fact that our maximum tests display higher powers than theirs under DGPs

2 an 3.

Our Monte Carlo simulations affirm the theories in Section 2.3, validating the use of the matrix equality testing.
Before moving to the next section, we note that further extension of the current research can be made to have a
better powered maximum test statistic. Li, Yu, and Zeng (2018) provide a Bayesian perspective to test the equality
of two matrices using the power enhancement test statistic in Fan, Liao, and Yao (2015). Although our test statistic
is not built on the Bayesian principle, it may be feasible to combine the power enhancing component to enable the
maximum test statistics to have greater powers than those obtained here. For this goal, it is necessary to remedy the
level distortions of the maximum test statistics other than bootstrapping, because bootstrapping can nullify the use of
the power enhancement component. As this remedy is beyond scope of the current study, we leave it as our future

research.

4 Empirical Applications

In this section, we apply the matrix equality testing to empirical data. We examine how a typical time-series data
analysis can be combined with the matrix equality testing. For this purpose, we use the energy data provided by Bai
and Lam (2019).

Classical time-series analysis attempts to specify a model without autocorrelation in the prediction errors and
estimate a model with a high precision rate for the parameter estimates. For this purpose, the empirical researcher
popularly estimates the conditional mean and variance models specified as AR and GARCH models, respectively.

In this section, we conduct an empirical practice using energy price growth rates. The typical model assumption
for the energy price growth rate is an AR-GARCH(1,1) model, and it has been empirically reported that the growth
rates of energy prices such as the liquefied petroleum gas (LPG) freight rate and growth rate of Brent crude oil price are
well estimated using the AR-GARCH(1,1) model. The AR order is typically selected using the Bayesian information
criterion and the autocorrelation in the residuals is tested using Ljung—-Box’s (1978) @-test statistic. If the autocorre-
lation cannot be detected, the researcher estimates the conditional heteroskedastic behavior based on a GARCH(1,1)
model and attempts to estimate the parameters using ML estimation after supposing a particular distribution for the
standardized error.

Specifying a correct model without autocorrelation in the prediction error and for conditional variance is important
for further examining the growth rates of energy prices. For example, Bai and Lam (2019) analyze the conditional
dependence structure among the LPG freight rate, product price arbitrage, and crude oil price by analyzing them using
a copula model estimation. Without having the correct models for the individual variables, estimating the next-stage
models using copula estimation can lead to the failure to infer the economic variables correctly. This is mainly because
the dependence structure between the individual variables cannot be correctly inferred without estimating the marginal
distribution of each variable.

In this section, we revisit the data analysis to estimate the marginal distributions of the energy price growth rates
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in Bai and Lam (2019) by testing the conditional heteroskedasticity and autocorrelation assumption in the prediction
error. Seven marginal distributions of energy variables are examined in Bai and Lam (2019): the growth rates of the
Baltic LPG (BLPG) price, Brent crude oil price (BRENT), propane Mt Belvieu price (MB), propane Argus Far East
index (PAFEI), propane CP swap month 1 price (CPS), AFEI-US price index (AFEIUS), and AFEI-CP swap price
index (AFEICPS). They are weekly observed data from the second week of 2005 to the 35th week of 2016, and the
total number of observations is 601. Table 1 in Bai and Lam (2019) provides the descriptive statistics of the variables.

Using the data sets provided by Bai and Lam (2019), we verify whether their model analysis is affirmed by the
maximum test statistics. Bai and Lam (2019) employ Ljung—-Box’s (1978) Q-test statistic and specify an AR(2) model
for BLPG, whereas they select an AR(1) for the others. In addition, they adopt a GARCH(1,1) model based on ML
estimation by assuming the skewed ¢-distribution for the standardized error distribution. Table 3 in Bai and Lam
(2019) presents Engle’s (1982) ARCH-LM test statistic to show that the standardized errors are homoskedastic.

We conduct our empirical analysis for the same data sets using 9’5{%1) and 55?%2) assisted by the residual and wild

bootstraps, respectively with B = 100, 000. We summarize our empirical inference results as follows:

(a) We first test for the sandwich-form asymptotic covariance matrix entailed by autocorrelated errors using 9'3\17(12).
Specifically, for p = 1,2, ..., 10, we estimate the AR(p) model using the LS estimation and test 7:[0 :B, =C,
using B, and C, in (3) and (4), respectively by applying the wild bootstrap method. Here, we let X; :=
(1,Y4-1,Yi2,...,Y,_,)". When applying the wild bootstrap method, we use the HAC estimation with the
quadratic kernel and bandwidth £ = [nl/ 5|~ 1 in Andrews (1991). Table 3 reports the p-values estimated using
the wild bootstrap method. According to the maximum test statistics, the AR(1) model is correctly specified
for BLPG, BRENT, PAFEI, CPS, and AFEIUS. For these variables, if ﬁo cannot be rejected at the 5% level of
significance, most AR models with lags greater than unity turn out not to reject Ho. This aspect implies that
the AR(2) model may not be the most parsimonious model for BLPG, although AR(2) is also correct for the

conditional mean.

(b) Nevertheless, the AR(1) model is not correctly specified for MB and AFEICPS, although Bai and Lam (2019)
select the AR(1) model using the Bayesian information criterion. For every p = 2,3,...,10, AR(p) is not
correctly specified for MB as implied by 9/5?%2). Although not reported, we increased the order of AR(p) to 15
in a further empirical analysis for MB and also found that the regression errors are still autocorrelated. On the
contrary, if p > 3, the AR(p) model is correctly specified for AFEICPS. Although the AR(9) model yields a
p-value less than 5% for Ei)\?,(f), it does not show a consistent test result as the p-value rises above 5% again for
p = 10. These investigations allow us to conclude that the AR(1) model is dynamically misspecified for MB and
AFEICPS, which could not be detected using Ljung—Box’s (1978) (-test statistic.

(c) We next test for conditional heteroskedasticity using 9’51,21). As shown in Table 3, the p-values of the 9’5?,21)
test statistics are less than 5% for BLPG, BRENT, MB, PAFEI, CPS, and AFEICPS, implying that conditional

heteroskedastic aspects are persistently observed from these variables.

(d) We also computed the maximum test statistics in CP and contained their p-values in the parentheses next to the
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(e)

p-values of the maximum tests. As a result, we could see that the inferential results are more or less similar to

each other.

Finally, we test the correct model assumption using the IM equality. White (1982) provides the IM test for the
model specification of ML estimation. Given that the AR-GARCH(1,1) model specified by Bai and Lam (2019)
is estimated using ML estimation assuming a skewed ¢-distribution for the standardized error, we apply White’s
(1982) IM equality testing to Bai and Lam’s (2019) models. Specifically, if we let A, be the limit matrix of the
negative Hessian matrix and B, be the asymptotic covariance matrix of the scores for ML estimation, we can
also test A, = B, using the maximum test statistic of the current study to test distributional misspecification for
standardized errors. This test motivation is also addressed by Golden, Henley, White, and Kashner (2013, 2016)
by generalizing the IM test in White (1980). We obtain the p-values of the maximum test statistic using the
parametric bootstrap method and report them in Table 4, which is obtained by letting B = 3,000. The desired
IM equality is not sufficient but is necessary for the correct distributional specification. Hence, we cannot say
whether the AR-GARCH(1,1) model with a skewed ¢-distribution is the correct assumption for the DGP, even
if we cannot reject A, = B,. Nevertheless, we can be assured that the model is misspecified if the hypothesis
A, = B, is rejected. As shown in Table 4, the IM equality for the correct distributional assumption cannot
be rejected for BLPG, BRENT, PAFEI, and CPS, implying that the skewed ¢-distribution fits the standardized
error distribution sufficiently well. On the contrary, the skewed ¢-distribution is misspecified for AFEIUS. The
p-value for AFEIUS is 0.25%. Although the AR-GARCH(1,1) model is correct for AFEIUS, the low p-value
shows that the skewed t-distribution is misspecified for the standardized error distribution. Likewise, the skewed
t-distribution is also misspecified for the standardized error distribution of AFEICPS. The AR-GARCH(1,1)
model with an AR lag equal to unity is dynamically misspecified, as already seen in Table 3, implying that
the IM equality is unlikely to hold for ML estimation for AFEICPS. Finally, the IM equality test statistic does
not reject the hypothesis that A, = B, for MB, whereas it does not imply that the skewed t-distribution is
correctly specified for the standardized error distribution of MB. Table 3 already showed that AR-GARCH(1,1)
is dynamically misspecified, implying that the model is misspecified. Given that the IM equality is a necessary
condition for the correct model specification, this result does not necessarily imply that the AR-GARCH(1,1)

model with a skewed t-distribution is the correct model for MB.

5 Concluding Remarks

The current study tests for the sandwich-form covariance matrix entailed by conditional heteroskedasticity and/or

autocorrelation in the regression error. Given that conditional heteroskedastic and/or autocorrelated errors produce

different sandwich forms for the covariance matrix of the LS estimator, if the precise form is known for the covariance

matrix, the empirical researcher can estimate it by a pertinent estimator to the covariance matrix. Accordingly, we

extend the test methodologies in CW and CP to construct maximum test statistics via the standard, HC, and HAC

covariance matrix estimators of the QML estimator, which nests the LS estimator as a special case and allows for a
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possibly misspecified model for error distribution. Furthermore, we provide the STP to identify how the sandwich-
form covariance matrix is affected by the conditionally heteroskedastic and/or autocorrelated regression errors. The
null, alternative, and local alternative limit distributions of the maximum test statistics are provided, and we affirm
the theories on the maximum test statistics through a simulation. We also apply our test principle to test the correct
model hypothesis of the empirical models for many growth rates of energy prices provided by Bai and Lam (2019); we

cannot find evidence that their model assumptions are incorrect for most growth rates, although some are misspecified.

Appendix: Proofs

Proof of Theorem 1: For each ¢ = 1 and 2, theorem 2 of CP implies that for j = 1 and 2, the local alternative approxi-
mations of ‘BYZL, @517)1 and @52 are equivalent and obtained as %tr[(Vgi) +ﬁK£fZl )2]+op(1), where Kfle = MgZZL +
S (05.0-0;08). ME), = (Q) QP (£.)-P (£.)-QL +PL), and 81 = ()1 [9/(96,)Q (€.) -
a/ (89j)P>(f)(£*)]. Furthermore, the symmetry between P and Qii) implies that for j = 1,2, the local alter-
native approximations of %5237,’ éjzr)w and @52 are equivalently obtained as %tr[(vgi) + \/HK((,Z%)Q] + op(1), where
VIV = (P PO (Q) QY K = M+ 2L, (B0 6,08, M, = (PL)) (P2 (6,) - Q1P (€0) -
P{) + Q). and 81 = (Q1)1[0/(90;)PL(&,) - 0/(96,)QV(€.,)]. Thatis, VI = -V and K}, = -K S0,
so that for j = 1 and 2, the local alternative approximations of %EZT)L, @;ZZL, and @;Z,)l are equivalent to the local

alternative approximations of %52 észzb, and @;2 Therefore, it now follows that

T = m

s [B9), 8080 B0 80 E0 ] = Sl (VE) 4 VKD + 0n 1),
In addition, Corollary 1 of CP implies that %tr[(\/ﬁKfle)z] = 2000z gyggesting that

%tr[(Vgi) + \/ﬁng;Zly] = (20 4 Vgi)rﬂii)—l/z)nii)(z(i) + ﬂgi)—l/zvgi)).
Note that V{7 := Q)712Vv ) 50 that M = (2@ + VYD (2 + V), as desired. n

Proof of Corollary 1: For each ¢ = 1 and 2, given the null hypothesis ’H(()i), Pfﬁ - QE}) _ 0. Therefore, Theorem 1
implies that M) = 2’ Z(), .

Proof of Theorem 2: For i = 1 and 2, we first note that 5)\?%) = max[imgf) , 9')'15})], where E)'Itgf) ‘= mMax;-1 9 [%(-i) gWw

imr Sime
@;2] and S)'j?ff) = MaX;-1,2 [%527)1, é%, @52] Here, the leading term of S)ﬁff) is determined by gii) ‘= max;-12 [%gzi,

652’ 035’3] where %g? = (6&1))2 + Qéii), 6%) = (552))2 + 2%@, and 6&? = (7'7591‘))2 + 269. Here, (552))2 is dom-
inated by (7.157:))2 or (1'7514))2 from the fact that 6 e [7'75“,@(“ ] and nff) > —1. Therefore, it now follows that
i = max[ B, 647 &), &)

Likewise, if we let jjff) be the leading term of i)ﬁtgf), uff) = max[‘%ﬁi, 6&11, (‘Egli, Cig)*], where 6&11 = (nff))Q +

25" Therefore, it now follows that ;") = max[%(i) Gg‘i, & QEQL‘B(L) Géli, ¢l @gi], and further Ggl <

1,%? 1,%2 1,%0 1,%°
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max[("fgfi, %EZ)*] and Ggl)* < max[égfi, %EZ)*] Therefore, we can further simplify 1u{”: ;{" = max[‘Bﬁi, Q‘EEZ)*, Ggll,
B, &)

1,%°

(’Egli] This completes the proof. [ ]
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Table 1: Empirical rejection rates of the maximum test statistics (in percent)

DGP1: ?—.lo or ?:lo

test statistics levels\n 200 400 600 800 1,000 1,200
1% 0.93 (0.83) 0.90 (1.00) 0.70 (1.30) 1.17 (1.13) 0.77 (1.23) 1.03 (1.03)
5)77(11) 5% 4.70 (4.33) 4.63 (4.97) 4.77 (5.57) 4.47 (5.40) 4.30 (5.20) 4.80 (4.57)
10% 9.23 (9.30) 8.83(9.63) 9.73(10.63) 9.53(10.17) 9.23 (9.13) 9.97 (9.57)
1% 0.27 (0.10) 0.60 (0.17) 0.87 (0.27) 0.67 (0.43) 0.60 (0.33) 1.23 (0.73)
55?22) 5% 2.83 (0.93) 4.07 (2.23) 3.97 (3.07) 3.83 (3.33) 4.10 (3.90) 6.00 (4.60)
10% 6.10 (4.03) 8.83 (8.03) 8.60 (7.83) 8.37 (7.13) 7.63 (8.47) 11.40(9.70)
DGP2: H; or H
test statistics levels\n 200 400 600 800 1,000 1,500
1% 13.00 (7.20) 35.93 (27.43) 57.00 (50.43) 73.97 (67.37) 84.93 (80.13) 96.83 (96.00)
9/5?511) 5% 28.63 (21.20) 56.33 (48.90) 76.13 (71.77) 87.03 (85.20) 94.43 (92.27) 98.97 (99.13)
10%  39.33 (33.13) 66.30 (61.07) 83.10(80.80) 91.93 (91.27) 96.70 (95.73) 99.43 (99.60)
1% 0.33 (0.00) 0.57 (0.17) 0.97 (0.10) 0.87 (0.27) 0.67 (0.30) 1.20 (0.50)
97(22) 5% 3.20 (1.00) 5.20 (2.13) 5.03 (3.23) 5.23 (3.57) 5.00 (4.40) 5.63 (4.83)
10% 8.07 (5.10) 11.37(7.87) 11.03(8.67) 11.20(10.40) 11.57 (10.37) 11.73 (11.37)
DGP3: H; or Hy
test statistics levels\n 200 400 600 800 1,000 2,000
1% 14.70 (7.27) 38.90 (28.43) 58.87 (50.73) 75.70 (70.23) 84.80 (82.03) 99.33 (99.17)
9'51511) 5% 29.10 (22.57) 59.27 (52.10) 77.57 (72.97) 88.87 (86.60) 93.93 (93.00) 99.87 (99.90)
10%  39.80 (33.13) 68.10(64.70) 84.13 (81.57) 93.33(91.70) 96.33 (95.87) 100.0 (100.0)
1% 5.17 (0.53) 18.70 (2.57) 24.53 (7.40) 30.07 (13.20) 37.27 (18.13) 67.73 (45.63)
97?%2) 5% 18.13 (10.07) 40.27 (22.03) 48.63 (31.93) 54.07 (41.87) 60.87 (49.13) 86.10 (76.90)
10%  28.83(23.20) 51.97 (42.43) 59.17 (49.00) 65.53 (56.87) 70.27 (65.03) 91.43 (87.30)
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Table 2: Empirical precision rates using the STP (in percent)

DGP1: ’Flo or 7:io

hypotheses \n 200 400 600 800 1,000 1,200
Ho 92.57 (94.80) 91.40(92.90) 91.40(91.60) 91.93(91.43) 91.80(91.10) 89.57 (91.13)
Ho 4.60 (4.27) 4.53 (4.87) 4.63 (5.33) 4.23(5.23) 4.10 (5.00) 4.43 (4.27)
H1 2.83 (0.93) 4.07 (2.23) 3.97 (3.07) 3.83 (3.33) 4.10 (3.90) 6.00 (4.60)
Sum 100.0 (100.0) 100.0 (100.0) 100.0 (100.0) 100.0 (100.0) 100.0 (100.0) 100.0 (100.0)
DGP2: H; or H,
hypotheses \n 200 400 600 800 1,000 1,500
7i[0 69.17 (77.90) 41.67 (49.83) 23.00 (27.20) 12.37 (14.33) 5.30 (7.37) 0.97 (0.83)
7:[0 27.63 (21.10) 53.13(48.03) 71.97 (69.57) 82.40(82.10) 89.70 (88.23) 93.40 (94.33)
Hq 3.20 (1.00) 5.20 (2.13) 5.03 (3.23) 5.23 (3.57) 5.00 (4.40) 5.63 (4.83)
Sum 100.0 (100.0)  100.0 (100.0) 100.0 (100.0) 100.0 (100.0) 100.0 (100.0) 100.0 (100.0)
DGP3: 7-.11 or 7:11
hypotheses \n 200 400 600 800 1,000 2,000
7%0 57.80 (68.97) 24.87 (35.53) 10.60 (17.00) 4.83 (6.67) 1.87 (3.10) 0.00 (0.00)
Ho 24.07 (20.97) 34.87 (42.43) 40.77 (51.07) 41.10(51.47) 37.27 (42.77) 13.90 (23.10)
Hi 18.13 (10.07) 40.27 (22.03) 48.63 (31.93) 54.07 (41.87) 60.87 (49.13) 86.10 (76.90)
Sum 100.0 (100.0) 100.0 (100.0) 100.0 (100.0) 100.0 (100.0) 100.0 (100.0) 100.0 (100.0)
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Table 3: p-values of testing for the influence of conditional heteroskedasticity and autocorrelation (in percent)

BLPG BRENT MB PAFEI
lags H() VS 7‘[1 H() VS 7‘[1 H() VS Hl 7‘[0 VS 7‘[1 7‘[() \A] H1 H() VS 7‘[1 7‘[() \A) Hl H() VS ’H1
1 10.00(0.19) {26.67 (30.55)| 0.03 (0.32) {96.67 (96.59)| 0.01 (0.42) | 6.31 (11.14) [0.86 (2.34)|68.25 (66.08)
2 1 0.01 (0.38) [81.82(83.09)| 0.11 (0.54) [40.23 (48.04)| 0.04 (1.40) | 4.49 (10.61) |0.59 (2.83)|80.64 (85.51)
3 1 0.00 (0.30) [86.05(89.05)| 0.10(0.89) [30.20(53.27)| 0.07 (2.09) | 4.18 (8.62) |0.09 (2.42)|91.11 (92.59)
4 10.01(0.96) |94.97 (95.72)| 0.02 (1.03) | 6.06 (14.08) | 0.13 (3.20) | 2.51 (3.57) [0.02 (1.72)|98.84 (99.15)
5 10.03(2.02) [96.62 (97.29)| 0.05 (1.76) [11.88 (23.73)| 0.01 (1.80) | 1.85 (3.15) |0.10 (3.00)|96.76 (98.48)
6 | 0.04 (1.99) [99.55(99.70)| 0.02 (2.07) [12.89 (27.93)| 0.04 (2.74) | 4.15 (6.75) |0.10 (4.10)|94.15 (97.08)
7 10.09 (2.71) |80.45 (85.07)| 0.01 (1.99) |{10.60 (20.02)| 0.03 (3.32) | 3.26 (5.78) [0.05 (3.58)|71.65 (87.16)
8 |0.38(5.72) |43.99 (47.65)| 0.01 (3.09) |12.80(21.59)| 0.04 (3.21) | 2.37 (5.73) |0.01 (2.52)[80.64 (93.64)
9 | 1.13(9.78) |43.57 (51.13)| 0.01 (3.32) |17.04 (25.86)| 0.08 (5.19) | 2.88 (6.45) [0.03 (4.91)|71.58 (85.69)
10 | 1.49 (9.12) {44.59 (53.04)| 0.03 (4.30) [16.40 (24.28)| 0.18 (7.54) | 3.95 (7.04) |0.06 (6.13)|66.72 (80.25)
CPS AFEIUS AFEICPS
lags| HovsHi | Hovs Ha Ho vs Hi HovsH1 | HovsHi | Hovs Hy
1 | 1.48 (3.17) {57.92 (63.10)| 2.50 (3.75) | 6.51 (12.71) | 0.03 (3.49) | 0.15(1.13)
2 | 1.41 (4.56) [10.47 (26.05)| 4.06 (8.17) [15.34 (11.39)[0.06 (10.69)| 1.06 (0.83)
3 | 1.47(6.29) [23.08 (52.21)| 2.91 (10.14) | 15.47 (7.95) [0.06 (14.17)| 5.01 (4.19)
4 |2.79(9.53) |29.61 (45.07)| 3.32 (18.41) | 14.77 (8.82) |0.22 (24.46)| 9.37 (10.22)
5 14.64 (15.00)[16.01 (30.49)| 4.38 (21.28) | 13.72 (8.37) [0.28 (29.46)| 8.91 (10.95)
6 |4.59 (18.38)[31.65 (46.15)| 8.55(37.94) [13.65 (10.79)[0.37 (36.90)| 6.09 (8.72)
7 |1.74 (14.00)|21.51 (39.63)|12.34 (44.86)|13.24 (11.74)|0.40 (43.58) | 8.92 (13.42)
8 10.30(9.74) |30.13 (45.37)|21.39 (62.33)|27.07 (21.71)|0.81 (51.53)|14.74 (22.99)
9 10.26 (11.15)|39.55 (55.95)|29.71 (76.30)|43.42 (34.91)|1.11 (54.03)| 4.19 (6.53)
10 {0.54 (11.50)(42.43 (55.26) [41.11 (76.14)(39.27 (20.86)[1.30 (56.68)| 8.90 (15.06)
Table 4: p-value of the information matrix equality test (in percent)
BLPG BRENT MB PAFEI CPS AFEIUS AFEICPS
information matrix test statistic 31.80 22.90 63.05 83.55 56.90 0.25 0.35
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