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Abstract

This study examines the large-sample behavior of an ordinary least squares (OLS) estimator within a
correctly specified nonlinear autoregressive distributed lag (NARDL) model for nonstationary data. Al-
though the OLS estimator suffers from an asymptotically singular matrix problem, it remains consistent
for unknown model parameters and asymptotically follows a mixed normal distribution. We also exam-
ine the large-sample behavior of the standard Wald test, as defined by the OLS estimator, for asymmetries
in long- and short-run NARDL parameters, and enhance this analysis with a super-consistent long-run
parameter estimator. We then confirm the theory on the Wald test using Monte Carlo simulations. Finally,
using U.S. GDP and exogenous fiscal shock data, we show statistical evidence of long- and short-run
symmetries between the effects of tax increases and decreases on U.S. GDP.
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1 Introduction

The nonlinear autoregressive distributed lag (NARDL) model is widely used to estimate the asymmetric
cointegrating relationship between nonstationary variables. Since Shin, Yu, and Greenwood-Nimmo (2014)
introduced the NARDL model, researchers have revisited many long-run relationships, and modified lin-
ear ones using different slope coefficients based on the signs of the variables. For example, Borenstein,
Cameron, and Gilbert (1997) identified the so-called rockets and feathers in gasoline prices, showing that
upward cost shocks in crude oil prices pass through faster than downward shocks, thus affecting other eco-
nomic variables asymmetrically. Chesnes (2016) empirically confirms this feature using the NARDL model.

Despite its popularity, estimating the NARDL model using ordinary least squares (OLS) lacks theoretical
foundation. Cho, Greenwood-Nimmo, and Shin (2024) noted that OLS suffers from an asymptotically
singular matrix problem, and since then, no theoretical justification has emerged for estimating the NARDL
parameter using OLS. Currently, many empirical studies continue to estimate the unknown parameter using
OLS, without an established theory.

In this study, we revisit OLS and provide its large-sample theory. Although OLS suffers from the prob-
lem of an asymptotically singular matrix, we find that it consistently estimates the unknown parameter.
Furthermore, we establish a theoretical basis for applying the Wald test principle to OLS by deriving its
asymptotic distribution, which allows us to test for the NARDL hypothesis. OLS asymptotically follows a
mixed normal distribution under some mild regularity conditions. Although the long-run parameter estima-
tor is not super-consistent, as it is in the two-step NARDL (2SNARDL) estimation proposed by Cho et al.
(2024), this feature validates the use of OLS for empirical data analysis asymptotically.

This study addresses a gap in the literature concerning NARDL model estimation, although it is not
the first to address the asymptotically singular matrix problem associated with NARDL. Cho et al. (2024)
explain and resolve this problem by using a two-step procedure for estimating the NARDL parameter, termed
2SNARDL. They separately estimate the long- and short-run parameters, following the method used by
Engle and Granger (1987), which avoids the asymptotically singular matrix problem. They show that the
long-run parameter estimator in 2SNARDL is super-consistent, unlike OLS. Here, we provide theoretical
grounds to compare these two estimators and validate the use of OLS asymptotically.

Singular matrices are common in econometric asymptotics, particularly in multivariate regressions, and
do not necessarily indicate the absence of a limit theory; rather, they lead to significant changes in that theory.
In time-series analysis involving deterministic trends and nonstationary cointegrated regressors, researchers
typically resolve singularity issues by applying multiple rates of convergence in various directions (see

Phillips, 1995, and his subsequent works for early demonstrations). Similarly, the issue of singular matrices



emerges in the context of maximum-likelihood (ML) and nonlinear least squares (NLS) estimations. In these
cases, researchers find the limit distributions using higher-order approximations of the nonlinear model or
likelihood, which slows the convergence rate of the estimator compared to the standard case (e.g., Terésvirta,
1994; Cho and White, 2007, 2010; Cho and Phillips, 2018).

In the current study’s OLS analysis, applying a higher-order approximation to its limit distribution is
necessary, but challenging. Unlike ML and NLS, the model is linear, which means the higher-order expan-
sion should directly apply to OLS, rather than the model itself. This task is particularly challenging, because
it involves applying the higher-order expansion to the inverse matrix within OLS. Because the dimension of
the matrix is arbitrary, approximating it using a higher-order expansion is not straightforward.

We address this issue by indirectly obtaining the asymptotic distribution of OLS. First, we represent
OLS as a transformation of other primitive estimators that do not suffer from a singular matrix problem, and
then we derive their weak limits to achieve the desired limit distribution. Using this process, we isolate the
singular matrix problem from the transformation form and show that the convergence rate of OLS is slower
than that of 2SNARDL.

The indirectly obtained limit distribution is useful for inferring the NARDL parameter. We can develop
a test methodology using this limit distribution. In addition, using the limit distributions of the primitive
estimators, we can establish an additional Wald test to compensate for the slower convergence rate of OLS.
The primitive estimators prove to be super-consistent for the long-run parameter,

The limit theory of OLS guides proper empirical data analysis. In this demonstration, we analyze the
empirical data provided by Romer and Romer (2010) to examine the long- and short-run relationships be-
tween U.S. GDP and fiscal exogenous shocks. Romer and Romer (2010) measure legislated exogenous
tax changes related to the U.S. GDP using narrative records such as presidential speeches and Congres-
sional reports. By applying the NARDL model, we determine the long- and short-run relationships between
tax increases and decreases in relation to the U.S. GDP. This empirical project also serves to illustrate our
methodology in a standard setting.

We conduct the empirical project not only for demonstration, but also to identify how the long- and short-
run relationships between U.S. GDP and tax decreases differ from those with tax increases. According to
Romer and Romer (2010), exogenous tax changes are classified into those aimed at deficit reduction and
those intended for long-run growth. All tax changes for deficit reduction relate to tax increases, while most
changes for long-run growth involve tax decreases. The NARDL model, which we use, separates shocks
into negative and positive ones and estimates their possibly different effects on the dependent variable. By
applying the NARDL model, we can analyze the long- and short-run relationships between the tax changes

for deficit reduction and those for long-run growth in terms of U.S. GDP. Our investigation shows that the



long- and short-run parameters are indeed symmetric, meaning that the tax changes for deficit reduction
and those for long-run growth affect the U.S. GDP symmetrically. Moreover, our findings show that a
1% exogenous GDP tax decrease increases the log real GDP by about 3% in the long run, which aligns
closely with the estimates by Romer and Romer (2010) and confirms their findings. Here, we illustrate our
methodology using both OLS and 2SNARDL.

This remainder of this paper is structured as follows. Section 2 provides an overview of the NARDL
model and discusses the asymptotically singular matrix problem associated with OLS. Section 3 defines
primitive estimators and presents OLS as a bilinear transform of other primitive estimators. Section 4
discusses the limit distribution of an OLS estimator, which varies depending on parameter values and specific
conditions for limit distributions. Section 4 examines the large-sample properties of the standard Wald test
for the NARDL hypothesis, and discusses another Wald test for supplementary purposes. Section 6 presents
Monte Carlo simulations for the Wald tests, and Section 7 presents the empirical illustration. Finally, Section
8 concludes the paper. All mathematical proofs are available in the online supplement.

Before moving to the next section, we present the notation used throughout this paper. We provide
the weak limit of an estimator by a stochastic integral. Denoting the weak limit by [ % or [ d% means

fol 9% (u)du or fol d%(u), respectively, where 9B(-) is a Brownian motion.

2 Motivation and the NARDL Model in the Literature

This section briefly summarizes NARDL and motivates the current study by relating OLS to the asymptoti-
cally singular matrix problem.

We consider a NARDL(p, q) process augmented by a time drift:

P q
Yo = o + &0+ Z Pjsyt—j + Z(Gﬁw;j +0; )z, ) +er, ey
j=1 §=0
where z; € R”,
t t
x = Z Aaz;ﬂ x, = Z Am;, Az} = max[0, Axz;], Az; := min[0, Az,
j=1 j=1

{et, F} is a martingale difference array (MDA), and &, is the smallest o-algebra driven by {y;_1, slczr s Ty
Yi—2, :L'zil, X, q,...}suchthat Ax, is a stationary process. The NARDL process in (1) is more general than
those defined by Shin et al. (2014) and Cho, Greenwood-Nimmo, and Shin (2023b), because the latter do

not allow for a time trend on the right side. If £, = 0, the NARDL process in (1) reduces to their definition.



The NARDL process is closely related to an error-correction representation. We first rewrite (1) as

follows:
p—1 q—1

Ay = payp1+07 @l +07 2 & (- D)+t Y @iy i+ (wj*/Ascj_j + Trj_*’Aa:t__j> +ey,
j=1 §=0

where p,, 07,6, pjx (1 =1,2,...,p—1), 71';;, and T, (7 =0,1,...,qg—1) are defined by the parameters

in (1), as given in Cho et al. (2023b). For notational simplicity, we further rewrite this as
Ay = poyp—1 + 0.8 1 + &t — 1) + aw + @, Ay, + T, AT + ¢4 )
by letting

0.:=101,0."1, @1 :=[z, 2],

!/
Y

Go = [P1as 205 s Pp—14)s DAYy = [Ay1, A2, ., Ayr_py1]

L +7 —n/ + . +r 4 +r - - __—/ -1

= [w, w.], w5 = [WO*,Wl*,...,ﬂq_l*] . T, =Ty, T, ,ﬂq_l*] ,

~ ~1/ ~—/ ~+ . +/ +/ ! ~— —/ —1 /
Az, =A% A%, Az = [Aaf L A L), and AR = [Aay L Ax ]

Given this, if ¢, is further cointegrated with &;_1, (2) can be rewritten into the following error-correction

form:

Ays = patiz—1 + Ve + @AY, + AT + e, 3)

where Vs := a + &« + p«Vx, such that the cointegration error is defined as w1 := y;_1 — BL&r—1 — (s (t—

1) — vy, with

18* = [18:/718;,]/7 Iaj = _(ej/p*)v /6; = _(9;/10*)7 and C* = _(6*/p*)

Here, the intercept v, is introduced so that E[u;] = 0, and u; is assumed to be stationary and possibly

correlated with Ay, _; and Az;.

The NARDL process captures an asymmetric cointegrating relationship between nonstationary pro-

cesses. If we let
poo= Y, pl =E[Azf] and p=E[Az], then pf +pp =E[Az],

by construction, because Az; = Az + Az, . Therefore, if we further let s;” := Az — pf and



s; = Az, — p,, it follows that

t t
. : R N At + . + - . -
& = p,t+m; byletting my; :=[m;”",m;’]’, m; = Zsj and m,; := Zsj : 4)
Jj=1 Jj=1
From (4), &, is clearly a unit-root process with nonzero time drifts. Moreover, Ay, is not necessarily

distributed around zero, even when x; is a unit-root process without a time drift. From (3), we have

—1 p—1

1 . _
0 = E[Ay] = — |7 + Zﬂj*u* , where mj, = [w;;’,wj*’]’ and o, :=1— Zapj*,
0s = =
so that if d; := Ay — 4, then
t
ye =06+ > dj. (5)
j=1

This fact implies that y; is a unit-root process with a deterministic time drift. This cointegrating relationship
is more general than that assumed by a linear cointegration. By imposing 3] = 3, the error-correction
form in (3) reduces to the linear cointegrating relationship between ¥; and ;.

Despite the popularity in the empirical literature of estimating the unknown parameters in (2) by OLS,
there is no theoretical foundation for doing so. This is mainly because it suffers from an asymptotically

singular matrix problem. For this examination, we first let

wo= [z 2 =Ly &, (1) 1Ay, AF L.

Here, z; € R2P+2k(149) g partitioned into two variables such that z1; € R3t2% and zy, € RPH2ka—1

collect the variables in the long- and short-run equations, respectively. Next, we let

a*::[a’l*jaé* ]/f:[P* 0, & 04*}90; L I

From this, the OLS estimator is written as

‘ T “lor
= -— ~ ~! = -~ ~/ -~/ /._ /
ar:=|[pr Op & ar' @y 7wyl = g 22y g 2zt Ay
t=1 t=1

.S P A . ~+
For later purposes, we partition 87 and 77 into [0 ,6, " and [+, 7', respectively, such that 6, and
67 € R¥, and 75 and 7, € R¥9, Even under mild regularity conditions, the OLS estimator suffers from

an asymptotically singular matrix problem. For this discussion, we impose the following conditions, which



are standard in the literature:

Assumption 1. (i) {(Ax},us,ep) € R¥2 ¢ = ... —1,0,1,...} is astrictly stationary mixing process

with ¢ of size —r/(2(r — 1)) or a of size —r/(r — 2) and r > 2;

(i) E[|Azy|") < 00 (i =1,2,...,k), E[|u]"] < oo, E[|e;|?] < oo, and §, # 0, where xy; is the i-th row

element of x;

(iii) Xy = limp_oo var[T_l/2 Zthl wy] is positive definite, where

we=[wl, wh =8 u et Cplli—1 €1z /

and St—1 = [S;rlla S;ll]/’.

(iv) for some o, with p, < 0, Ay, is generated by (2) such that |L,| > 1, where 1 — ?:1 qﬁj*Li =0,

(v)

{et, F1} is an MDA. O

Remarks. (a) Under the same assumption, we below investigate the limit behavior of the OLS estimator.

(b)

(c)

(d)

(e)

Assumptions 1 (i and if) assume mixing and moment conditions to apply the functional central limit
theorem (FCLT) to a partial-sum data process. The FCLT is popular for deriving the limit distribution
of the OLS applied to estimate a cointegrating relationship (e.g., Phillips and Hansen, 1990; Phillips,
1991; White, 2001, chapter 7).

Assumption 1 (iv) assumes p, < 0 for a cointegrating relationship between y; and &;. If no cointe-

grating relationship exists, so that if 3, = 0 and (. = 0, then from (3), it follows that

P

Y = iy + Z Gjsyi—j + TLAT + €.

j=1

Assumption 1 (iv) applied to this equation implies that y, is a stationary process, which contradicts the
assumption that y; is a unit-root process. Therefore, it is necessary to assume p, = 0 for (3, () =
0. In this study, we assume the cointegrating relationship established by (3) and examine the limit
behavior of OLS.
Although it is not our main interest, Pesaran, Shin, and Smith (2001) and Banerjee, Dolado, and
Mestre (1998) have previously examined estimating the unknown parameter by OLS under p, = 0.
They assumed a linear model and developed a testing methodology for p, = 0. Their methodology is
applicable even to the context of NARDL, because assuming no cointegration under the condition of
linearity is equivalent to assuming 3, = 0 and (, = 0.
Assumption 1 (v) is a standard condition for the error term in the autoregressive distributed lag

(ARDL) and NARDL processes (e.g., Pesaran and Shin, 1998; Pesaran et al., 2001; Shin et al., 2014;



Cho et al., 2024). O

We now show how the asymptotically singular matrix problem is associated with OLS. For this, we

provide the following lemma.

Lemma 1. Under Assumption 1,

. . _ 1 P
(i) if Dy := diag[T?*1y oy, T"?], D (Zle zltZ’u> D; ! = My, where

152 1 / 1 1
1 1 / 1 1
M, — 30sth gHat gH. ok
ls 1, 1 1|
39x 3 M 3 2
1 1,,/ 1
| 2% g 5 1

RN . _ 1 P
(ii) if Do := dlag[T1/21p+2kq_1}, D, 1 (ZtT:I Z2tzl2t) D, 1 My, = E[z2:25,];
(iii) D2_1 (Z;‘le zgtz’lt> Dl_1 LN Moy, where

152 1 / 1
50%tp—1 50elp_ 1My 50:lp-1  Oxlp_1
Mpy; = :
1 1 / 1
20xlg ® Py Lq @ Py 5lg O Py Lg D p,

(iv) if D := diag[Dy, D] and My := M, D! (Zle ztz;) D! B M, where

M1 Mo
My Moo

M =

which is singular. ]

Although the OLS estimator avp := (Ethl z112h,) 7! Z?:] z1¢ Ay, is popular for empirical analyses,
Lemma 1 and its definition now clearly show that its theoretical foundation cannot be established without
tackling the asymptotic singular matrix problem. Note that we obtain M by employing different rates of
convergence for each element, and it is singular because its first (1 + 2k) columns are proportional to the
(2 + 2k)-th column. We provide the proof of Lemma 1 in the online supplement by extending lemma 1 of
Cho et al. (2024). Their lemma demonstrates another singular matrix problem by supposing no time trend
in (1). Lemma 1 verifies that augmenting the time trend on the right side is not helpful in eliminating the
asymptotically singular matrix problem.

Singular matrices often appear in econometric asymptotics, especially in multivariate regressions. These

matrices do not necessarily indicate the absence of a limit theory; rather, they typically lead to significant



changes in that theory. In time-series analysis, when dealing with deterministic trends and nonstationary
cointegrated regressors, researchers use multiple rates of convergence in different directions to address this
issue (e.g., Phillips, 1995, and his subsequent works). In the cases of ML and NLS estimations, researchers
obtain the limit distribution by applying higher-order approximations to the nonlinear model or likelihood,
which results in a slower convergence rate compared to the standard case (e.g., Terdsvirta, 1994; Cho and
White, 2007, 2010; Cho and Phillips, 2018).

In the current context, it is not straightforward to apply a higher-order expansion to OLS. The model is
already linear, unlike ML and NLS. Thus, it is necessary to apply the higher-order expansion to OLS itself.
However, given that the dimension of (Zthl z;2,) 7! is determined by k, p, and ¢, and they can be given

arbitrarily, the task becomes challenging.

3 An Alternative Representation of the OLS Estimator

Owing to the complexity of the higher-order expansion, we use a different approach to obtain the desired
limit distribution. We represent the OLS estimator as a transformation of other primitive estimators that do
not suffer from an asymptotic singularity problem, and we express its limit distribution through those of
the primitive estimators. This method shows that the type of transformation is the source of the singularity
problem.

We achieve the alternative representation in three steps. First, we estimate the long-run parameters using
OLS. Second, we provide a short-run parameter estimator, allowing the OLS estimator ar to be expressed
as a bilinear transformation of the long- and short-run parameter estimators. Finally, we express the long-
and short-run parameter estimators as other bilinear transformations of primitive estimators that do not
suffer from a singular matrix problem, enabling cvy to be rewritten as a transformation of these primitive

estimators.
First Step We estimate the long-run parameter using OLS. That is, after specifying the long-run equation

Y1 = By 1+ Gt — 1) + v +up_1, (6)

we let the long-run parameter estimator be

T

N ~ o~ -~ ~ ~ .

or = By, (7, Ur] = ( E rt1r2_1> E T 1Yyi—1, where 71 :=[&} 1, t—1,1]',
t=1

t=1



estimating the long-run parameter v, := 3., (s, vx]'. For later purposes, we let 4y := y;_1 — 7y_, O

and B = [,@;/, B;I]’ , such that BJTr and B, € R*.
Second Step We specify the error-correction model
Ayp = patip—1 + M1+ it — 1) + 7 + 9 Ay + TLAZ; + e (N

by combining (2) and (6), where 1, := 0, + p.3, and 1, := &, + ps«(i. Then, we estimate the parameters
in (7) by

T -1 ‘ ‘
Or = ( zg;) > ZAy, where Zp=[ Gy 1T, 1 2, 1)
t=1 t=1 ‘ ‘
estimating the short-run parameter w, = [ p, 1. 1, 7. '¢. =’ |'. Note that wr is obtained by
replacing u;—1 in (7) with @;_. For later purposes, we also partition 77, into [}, n;']’, such that ;" and
ny' € R,
The long- and short-run parameter estimators have a regular relationship in terms of the OLS estimator
ap. From the definitions of the long-run and trend coefficients, 3, and (., we must have n, = 0 and

1, = 0. Even so, we estimate them through the short-run parameter estimator w7 by including &; 1 and

t — 1 as auxiliary regressors. The purpose of this inclusion is evident in the following proposition:

Proposition 1. Under Assumption I, ar = Rrwr, where

R} 0 1 0
Rr:= r ., and RY = Lx(2+2k)

0 Ipjiokg—1 —vr  Iojo
That is, we can represent the OLS estimator cp as a bilinear transformation between the long- and short-
run parameter estimators, v and wp. We obtain Proposition 1 by applying Lemma A.l in the online
supplement. By letting y;, @;, and z; of Lemma A.1 be Ay, y;—1, and [F;_,, z5,]" of (7), respectively,

Proposition 1 follows. Here, we can let v; in Lemma A.1 be ;1.

Third Step  Although Proposition 1 represents the OLS estimator aup as a bilinear transformation between
the long- and short-run parameter estimators, both ¥ and w7 suffer from an asymptotically singular matrix
problem; see Lemma A.3 in the online supplement. Therefore, we again represent both estimators using
other estimators that do not suffer from an asymptotically singular matrix problem.

We first represent the long-run parameter estimator ¥ using other estimators. Note that both (4) and



(6) imply that
ye = Bimy + 0.t + v +uy, where 0, = Blp, + G ®)

Therefore, if m; is observed, we can estimate the coefficients in (8) by regressing y; against [mj},¢,1].
However, my; is not. We instead predict m, first, so that we can use its predictor as a regressor. For this, we

estimate the unknown parameters p, in (4) by
71 \ 171
prp = <Z tQ) Z t&;, obtaining my := &y — tp.
t=1 t=1

We use my as a regressor to estimate the coefficients in (8). That is, we let 7,y := [m}_,,¢ — 1,1] and

regress ;1 against 7;_1, to obtain

T -l

~ = = . : o _

vr = By, O, vr) = ( E rt_1r21> g e 11, estimating U, := B, Vs, v4].
t=1

t=1

~ e ~+ ~—
For later purposes, we let B = [Br , 37 |, such that B, and B, € RF.
The interrelationship between the long-run parameter and primitive estimators, v and v, is stated in

the following proposition:

Proposition 2. Given Assumption 1, O = [B/T, r, Ur) = Prop = [ﬁ;, O — [y By, vr), where

Iy O — I
Pr:= and PH = . u
P I, 0152k

That is, the long-run parameter estimator v is represented as a bilinear transformation between the prim-
itive estimators, pi and Up. This representation is particularly useful, because neither i, nor v suffers
from an asymptotically singular matrix problem, as Lemma 2 verifies below. Proposition 2 is established by
applying Lemma A2 in the online supplement. If we let &, _,, (t— 1), and 1 be x, z;, and wy, respectively,
in Lemma A.2, then Proposition 2 follows.

Next, we represent the short-run parameter estimator w1 as a bilinear transformation between two other
estimators that do not suffer from an asymptotically singular matrix problem. This representation is parallel

to the one for the long-run parameter estimator. Specifically, we combine (4) and (7), obtaining

Ay = paug—1 +nmy_1 + 6t — 1) + % + QL Ay, + T AR + ey, where o= pim, e (9)

Then, we regress Ay; against 2; := [ @;_; | #,_, | 2}, |’ to estimate the unknown parameters in (9) by

10



OLS. For this, u;—1 and m;_1 in (9) need to be replaced with @;_; and m;_1, respectively. The parameter

estimator is as follows:

T -1 7
FRE I e R (ZM) >z,
‘ ‘ ‘ =1 =1

estimating 7. := [ p, ' 7, ' 7h, ' = [ pa 'm. < ' . . ]'. Here, for later purposes, we parti-

tioned the parameter 7, and its estimator 77 into the smaller sets, and we let 1, = [ﬁ%’, 1’7;’]’ , such that
7'7; and 1, € R*. We also let 7w = [7%}', 7‘1';' |’, such that v is the vector formed by the last 2kq elements
of 797, and #JTF’ and 77 € R*4. In addition, we separately estimate v, by Yy = — [T + $r using the
definition of .

The interrelationship between the short-run parameter and primitive estimators, wp and 7, is stated in

the following proposition:

Proposition 3. Given Assumption 1, wp = QpTr, where

I 0 0 —[
Qr = 1+2k and Q2T1 — Ky . 0
Q7  ILypgtr Opi2kq)x1 Opr2kg)x2k

Therefore, the short-run parameter estimator w7 becomes a bilinear transformation between the primitive
estimators, fi7 and 77, neither of which suffers from an asymptotically singular matrix problem, as Lemma
2 shows. Proposition 3 is again established by Lemma A.2 in the online supplement. By letting &;_1, (t—1),
and [u;—1, 1, z’Qt]’ be xy, z4, and wy, respectively, of Lemma A.2, Proposition 3 follows. Here, Q777 and
7 are almost identical, from the definition of Q. The only difference is in their (2 + 2k)-th rows. The
(2 + 2k)-th row element of Q7 is equal to o = — [Ny + $r, whereas the corresponding element of
77 is ¢p. Furthermore, if we let JT denote the (2 + 2k)-th row of the short-run parameter estimator wr, it
follows from Proposition 3 that 1’/;T = 1/}T.

Using these alternative forms for the long- and short-run parameter estimators, v7 and w7, we now

represent the OLS estimator arp as a transform of the primitive estimators: fip, O, and 7.

Proposition 4. Given Assumption I, oo = Tp77, where T := Ry Qr such that

TH 0 1 0
RrQr =Tr = 2Tl , T%wl = N 12k and
T7  Ipiokg+1 —Br I

11



. .,
—(r —Ur
T2l .— ~ O
T = —Ur 0152k .

O(pt2kg—1)x1  O(prokg—1)x2k

Proposition 4 follows simply by combining Propositions 1 and 3. The individual elements of the OLS

estimator cxr can be rewritten as follows:

o~ . . A, . . o —~ . . . ~ . . /
ar = |pr, —prBr + iy, —prlr — Brfp + v, —prvr + A1, T/QT} : (10)

Remarks. (a) If the long-run parameter estimator v7 and the primitive estimator 77 are consistent for

(b)

(c)

their target parameters, v, and T, respectively, then

~ P
a1 = [P —puBl + Moy —puCe — WL + G, —Pulsc + Ve, Tha ||

= [p*a_P*/Bia_P*C* T Sxy — PV +'7*a7'/2*]/> (1)

because 17, = 0. In addition, the final limit is identical to [px, 0, &, ., @, 7', by the definitions
of 0., &, au, and To,. From this, the OLS estimator is consistent for its target parameter cx..

By Proposition 4, the weak limit of the OLS estimator ap can also be represented using the weak
limits of the primitive estimators: gip, U, and 77; see Theorem 1.

The convergence rate of the OLS estimator cup is slower than D in Lemma 1. For example, for the
long-run OLS estimator ET, we have ET = — p'TBT + M from (10), and the convergence rates of pr
and (BT, 7)) are T'/2 and T, respectively, by Lemmas 3 and 4. From this, the convergence rate of
the long-run OLS estimator 67 is determined as 7/2, which is slower than 73/ given by D. Similar
arguments apply to the other elements of the OLS estimator vy, making its convergence rate slower

than D. O

We now show that the primitive estimators 77 and v do not suffer from an asymptotically singular

matrix problem. First, we let

B() = [Bin(), Bul-), Be(-), Buc(), B ()] = S W (),

where % () is a vector of (2+ p+ 2k(1 + ¢)) independent standard Wiener processes, and X, is the global

covariance matrix given in Assumption 1. Here, 9 (-) is the Brownian motion obtained by applying FCLT to

Br(:) = T-1/2 Ztt(:)lTJ w;; see Lemma B.1 in the online supplement. For later purposes, we also partition
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Br(-) in parallel to SB(-):

LT
1
Br() := Bur(), Bur(-); Ber(+), Buer (-); Bzer (1) := T Z [8)—15 ut—1, €r, ur—1€1, 4]
t—

N

by noting that w; := | Sy w—1'er wp—iep zhey i
The following lemma shows that neither 77 nor v suffers from an asymptotically singular matrix prob-
lem. As such, the long- and short-run parameter estimators, 7 and w7, become bilinear transformations of

the primitive estimators that do not suffer from this problem.

Lemma 2. Given Assumption I,
(i) if Dy = diag[Top, T2, T2, T-Y2 (L1 Gyt 1) DT = My = 02yt
(ii) Dl_1 (Zle 7.“t—17"271> Dl_1 = M1, where

f'@mglﬂl Ok;xl f'@m
My, = O1xk
| %,

and *@m() = ‘%m() - 3() fr‘%m;
(iii) if Dy = Y21, opg—1, T2 <ZtT:1 at—lz2t> D! 5 My, = Elui—122:];
(iv) I')Q_1 (Zle Z2t7'“2_1> Dl_l = My, where

. 5*LP—1f‘%;n %5*Lp_1 (5*Lp_1
Mo = o ;
L@ py, [ B, L@ P, LD,

W W P .
(v) Dy (Zle Z2tz/2t) Dy = My := My,
(i) if D := diag[T"/?, D1, Dy, D! (Zle Zt,é;) D! = J, where

0'73 Mul Mu2
Moo= | My, My My |
My, My My
My = My, M1 =M, Myy := M}, and 02 := E[u}]; and
(vii) Dl_l (ZZ:I f“t_17."271> Dl_l = ﬂu. ]

Both weak limits % and 1, given in Lemmas 2 (vi and vii) are nonsingular almost surely, mean-
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ing that the weak limits of (37, 2,2,)~" and (3., #_17_,)~" are obtained as ' and M}, re-
spectively, where the inverse matrices are those in the short- and long-run parameter estimators, 77 :=
(L 2:2) PSS 2 Ay and D = (O e ) S 7 1y:—1. From this, neither +7 nor

v suffers from an asymptotically singular matrix problem.

4 Limit Distribution of the OLS Estimator

In this section, we derive the limit distribution of the OLS estimator a7 using the weak limits of the primitive
estimators. In addition, we establish the consistency of the long-run parameter and primitive estimators
(O, 77) for their target parameters (v, ), from which the consistency of & follows.

We proceed in three steps. First, we derive the weak limit of the long-run parameter estimator v and
show its consistency. Second, we conduct the same procedure for the primitive estimator 7. Finally, we

derive the weak limit of the OLS estimator avr using the first two results.

First Step We derive the weak limit of the long-run parameter estimator v7. For this, note that vp =
P07, from Proposition 2. The weak limit of the long-run parameter estimator U is then determined by

each element on the right side. If we let P be the limit of P, that is,

Le 0 i
p.—| % with P2.=| M |,

P2l I, 0152k

its consistency follows from the consistency of iy for p,. Next, we obtain the limit distribution of the

primitive estimator v by noting that m; = m; + (fup — p,)t. If we rewrite (8) as
Yt = /6;ﬁ1t+79T*t+V*+ut = 7"2@T*+ut> where vy = [/BfmﬁT*a V*]/ with dp, := ﬂ;(ﬁT_“*)“‘ﬁm

(12)

it follows that

T -1 7 T -1 7

~ . ./ . _ . ./ .

U = g P17y g T Y1 = Ox + g T 1T g Tro1U 1. (13)
=1 t—1 =1 =1

Using this arrangement, we provide the weak limit of the primitive estimator ¥ in the following lemma:

Lemma 3. Let g,,, := limy_,oo T7! Zthl Zt;:ll E[s;ut). Given Assumption 1,

14



(i)

(ii)

D (01 — O1s) = (L), Lo, L) := & := M, where
& [ Bd By, —3 [ 1B [ 1dBy + 0
S = So = fT’d%u
S3 J d%.

such that & 1 and S 1 € R%: and
D; (D1 — vs) = (L' — . L, L)', where D; := diag[TTa, T, T1/?).

Lemma 3 (i) also provides the weak limit of the long-run parameter estimator .

Remarks.

(b)

(c)

Second Step

(a) In the online supplement, we note that Dl(ﬁT — Opy) = (I.)f1 Zthl %t,lﬂ_lDfl)_l

Dfl ZtT:1 7¢—1u¢—1 and prove Lemma 3 (i). We focus on deriving the weak limit of Dfl Z?zl

T4_1us—1, because Lemma 2 (vii) already provides the weak limit of (Dl_1 Zthl Tt_lﬂfll‘)l_l)_l.

We next note that vy — v, = (Pr — P)(Ur — O14) + P(Ur — O714) + (P — P) (0714 — 04) +

P(vr« — 04) + (Pr — P)v,, and prove Lemma 3 (ii) by deriving the weak limit of each component

on the right side.

. . ~ _ P ~ P
The consistency of the estimators follows from Lemma 3: v — v, — 0 and U — v,. We also

have U7, X &.. because Iy = B (i — @) + Vs 5 9,, from fip = p, + Op(T~Y/2). This also

implies that Py LA P, so that v = Ppop — P, = v,, by the definition of ¥, in (8).

Lemma 3 (ii) implies that the weak limits of ,@T and ET are linearly correlated, because they are

obtained as & and —u’*fZ , respectively. This feature explains how the long parameter estimator Up

suffers from the asymptotically singular matrix problem, although ©7 does not.

T/, 2t + er, Where

O

We derive the weak limit of the primitive estimator 7p. We first rewrite (9) as Ay, =

TTx = [p*’TllT’T/Q*]/ and 77 = [(77*+P*(BT_,B*))/a¢*+n;ﬁT+P*('§T_'l9T*)77*+P*(§T_V*)],‘

This equality is established by noting that u; = @y + (B — 3,) @y + (I — (B.hip + Gt + (Tr — 1),

which follows from (12) by noting that % := y; — 7,07 = y; — 7,0. Using this representation for Ay;,

we decompose the primitive estimator 77 into 77, and a remainder:

T -1 7 T -1 7

. ._ . . . A _ Y .

T = ZtZy ZtAYr = Ty + ZtZy Zi€t.
t=1 t=1 t=1 t=1

We now provide the weak limit of the primitive estimator 77 in the following lemma:

15
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Lemma 4. Given Assumption I,

()

(ii)

D(7"T — TT*) = [.921, 9’2,93, @4, 9{5], = 9 = ﬂflf, where

!/

F=|dd i h F| = | [dBu [ BB [riB. [iB. [dB., |,

such that D and f2 € R%*, and D and f5 € Rr+2ka=1. gnd
D(+T_T*) :>9+p*[07‘.$/173273370/]/‘ D

Remarks. (a) From the definition of 9, the primitive estimator 77 asymptotically follows a mixed nor-

(b)

(c)

(d)

mal distribution.

In the online supplement, we prove Lemma 4 by examining the limit behavior of each component on
the right side of (14). Because Lemma 2 (vi) already shows that D~ (3.7, 2,2))D~! = J, we
focus on showing that D! Zle zier = f . In addition, we note that D(%T — Trs) = D(%T —
)+ [0, = T(By — B,), —p T32(91 — 1), —ps TV/2(r — 1), 0], and exploit Lemmas 3 (ii)
and 4 (i) to prove Lemma 4 (if).

Unlike the weak limit of the long-run parameter estimator v given in Lemma 3 (ii), the weak limit
of the primitive estimator 77 cannot be written as a linear combination of other weak limits. This
confirms that the primitive estimator 77 does not suffer from an asymptotic singular matrix problem.
Because Lemma 4 assumes that p, < 0, the weak limit in Lemma 4 (ii) cannot be used to derive the

null limit distribution of the ¢-statistic testing p, = 0. (|

Third Step We derive the weak limit of the OLS estimator v For this derivation, we first note that

(aT — a*) = (TT — T)T* +T(+T — T*) + (TT — T)(‘i’T — ‘T*), (15)

by (10) and (11), where T is the probability limit of Tr. That is,

Here,

—Cx —

Tl 0 1 01«92k
= > T21 = —Vx 012k

T21 Ip+2k;q+1 _ﬂ* ng
O(pi2kg—1)x1  O(prakg—1)x2k

the weak limits of T and 77 are already provided in Lemmas 3 and 4, respectively. Using these

weak limits, we can derive the weak limit of the OLS estimator cvy.

Before providing the weak limit, we note that different weak limits are obtained under different parame-

ter value conditions. For example, if ﬁ;; #0, /Bj_* # 0,and {, # 0, foreach j = 1,2,..., k, we can rewrite
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(15) as
VT(ar — a,) = e.NT(pr — ps) + VTdr + op(1), (16)

where ¢, := [1,—0,, —Cs, =14, 0" and dp := [0,04,..1,0,{(37 — 1) — p«(Vp — vs)}, (Far — T24)']".
This representation implies that the weak limit of the OLS estimator aup is determined by the weak limits of
pr and dr. As another example, if 3, or (, is zero, we cannot use (16) to find the weak limit, because the
estimator corresponding to (3, or (, is asymptotically negligible by (16). That is, ﬁ(@T —0,) = op(1)
or VT (ET — &) = op(1). For such a case, the next-order terms have to be used to derive the weak limit of
(ar — a.). These examples show that the weak limit of the OLS estimator a7 depends on the parameter
value condition on 3, and (.

In the following theorem, we provide the weak limits of the OLS estimator &7 under various parameter
value conditions. For notational simplicity, we let @y = [D3”, D], such that @ and D, € RF. Recall

that D5 is the weak limit of 7 — (17, + p«(By — B.)).

Theorem 1. Given Assumption I,
(i) if for each j = 1,2,...,k, B}; # 0, B, # 0, and (. # 0, then VT(ar — o) = .9 +

[0, Oy, 0, L, D5';

(ii) if BF = 0, but for each j = 1,2,...,k, Bi. # 0, and (. # 0, then D, (ar — o) = [91,9;’,
—B'D1, — D1, Dy — 1, D1, 9'5]’, where D := diag[T"/? T}, T'/?T;, 9, Ds];

(iii) if B, = 0, but foreach j = 1,2,...,k, ﬁ;; #£0, and ¢, # 0, then D_(ar — o) = (D1, —B' D1,
92_/, —CD1, Dy — 1. Dy, Qg]’, where D_ := diag[Tl/QIkH, T, TY/21,, Dg]; and

(iv) if for each j = 1,2,....k B, # 0, 8;, # 0, but {x = 0, De(ar — o) = (D1, -B.D,
— 1. Do, Dy — v, D, DL, where Do, := diag[T"/* 1oy, T, T2, Dy)]. O

Remarks. (a) Although the time trend and nonstationary regressors are included as regressors, the con-
vergence rate of the OLS estimator & in Theorem 1 (i) is slower than D in Lemma 1. Thus, the
2SNARDL estimator must be asymptotically more efficient than the OLS estimator. The long-run
parameter estimator has a convergence rate of 7" for 2SNARDL.

(b) In the online supplement, we prove Theorem 1 (i) by deriving the weak limit of each component on

the right side of (15). For example, we first derive the following for the long-run OLS estimator ET:

(01 — 6.) = =B.(pr — p.) + (ip =) = p(Br — B.). (a7

Lemmas 3 and 4 verify that (o7 — p,) = Op(T~Y2) and () — 1) — p«(By — B,) = Op(T™Y),
respectively. Using these, we derive that /T (ET -0, = —-B,.9.
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(c) By Theorem 1 (i), the weak limit of (pr, §/T, §AT)’ is (1, 8., —C,)'D, indicating that the estimates are
linearly correlated at the limit. This result highlights how the asymptotically singular matrix problem
arises and affects the convergence rate of the OLS estimator ap. Although P, is not associated
with an asymptotically singular matrix problem, the form of the transformation means that the OLS
estimator a suffers from the singularity problem.

(d) Despite the asymptotic singularity problem associated with the OLS estimator ar, its weak limit
given in Theorem 1 (i) is determined by @, 94, and Ds. This implies the following. First, the
OLS estimator a follows a mixed normal distribution, by Lemma 4. Therefore, if the standard ¢-test
applies to the OLS estimator aup, it follows a mixed normal distribution under the null hypothesis and
the condition in Theorem 1 (i). Second, both 91 and 95 are the weak limits of the last two OLS
estimators obtained by regressing Ay, against (1, u;—1, 25;)" or (1,U;—1, 25;)". Thus, the null weak
limit of the t-statistic testing p.(< 0) is equivalent to those of the ¢-statistics testing the long-run
parameters 3, and &,.

(e) If the zero coefficient conditions in Theorem 1 (ii, iii, and iv) hold, the limit distribution of the OLS
estimator restricted by the zero condition is determined by the next-order term in (15). For instance,
if B+ = 0, (17) implies that (8. — 0F) = T{(1 —n?) — p.(Br — BF)} = D by Lemma 4 (i).
In parallel, if 8] = 0, then T'(6; — 6 ) = T{(ny —m;) — p«(Br — B1)} = Dy andif ¢, =0,
then T(&r — &) = —plT{(r — m.) — p«(Br — B.)} + Op(T /%) = — i, B, meaning that the
weak limits of 5T and ET are determined by @2. Given that 92 follows a mixed normal distribution,
if the standard ¢-test applies to §T or é\T, its null weak limit follows a mixed normal distribution.

(f) There is a caveat to Theorems 1 (ii, iii, and iv). If 8, = 0 and {, = 0, then p, = 0, by the remark
assume an environment in which none of 3, and (, are zero.

(g) As aremark relevant to (f), Pesaran et al. (2001) and Banerjee et al. (1998) provide the asymptotic
critical values of the F'- and ¢-statistics testing p, = 0, showing that their null limit distributions
cannot be approximated by a mixed normal distribution. This also implies that the limit distributions
of the OLS estimator ary- under the conditions in Theorem 1 are different from that under 3, = 0 and

C« = 0. n

S Hypotheses Testing

In this section, we develop a testing methodology by applying the Wald test principle to NARDL. In particu-

lar, we suppose that a cointegrating relationship holds between y; and &+, under Assumption 1, by supposing
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that 8 # 0 and/or @, # 0, and develop the testing methodology.

Our main interest is in testing the symmetry conditions. The NARDL process reduces to the ARDL
process if @7 = 6, and ] = w,. Under the ARDL process condition, it is inefficient to estimate the
parameters using NARDL, making it necessary to test the parameter symmetry conditions. We specify the

following three hypothesis systems:
Xy 05 =0, vs. I 0} +0,;

X wl=m, vs. ] wl A7
%" .05 =0, and ] =7, vs. "0 #£60, or 7] £7,.

Here, 7 and %' are provided to test the long- and short-run symmetries, respectively, and %" hypothe-

sizes both symmetries simultaneously.

Testing 7 versus %] We first apply the Wald test principle to test 7. The standard Wald test applied to
OLS is defined as follows:

: : -1 . : r -
Wj(}) = arR) (W(Tl)) Riar, where Wg}) = dg}TRl (Z 22} -
t=1

625 =TT (Mg, — 2#7)% and Ry = [01, Iy, —T1, O (14 piang))- Note that Ri&r = (87 —
5;), so that \/T(é; - 5;) = (87 — B1)P,. Thus, the weak limit in Theorem 1 (i) does not help
us to obtain the null limit distribution of the Wald test, because 3] = B, under the null, meaning that
\/T(@JTr - 5;) is asymptotically negligible. The null limit behavior has to be obtained by the next-order
term of (5; - 5;) Specifically, (10) implies that

(01 — 67) = (0} —iry) — pr(Br — Br) (18)
(i — 7)) — (nF —m5) — pe(Br — Br) — (pr — p2)(Br — Br)

= ("7’}_ - "7;) - (77;* - 77;*) + O]P’(T_l)

under ], where we let np, := 1, + p. (,BT — B,) denote the vector formed by the first 2k-row elements
of 717, and (18) is established by letting np, = [nJTr;, n;i]’ and noting that BT = BT. Therefore, the
null limit distribution of the Wald test W:(Fl) is determined not by Theorem 1 (i), but by Lemma 4. All these

imply (5; - 5;) = Op(T~"). However, its alternative behavior is different. From Riar = (5; - 5;),
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its divergence rate is determined by Theorem 1 (i), meaning that RlaT = Op(T -1/ 2). Therefore, the
convergence and divergence rates of the test basis are unbalanced between #{j and %], respectively.

We supplement the unbalanced convergence and divergence rates by applying the Wald test principle to
the primitive estimator v. This is mainly because the primitive estimator v enables us to define another

Wald test using the next-order terms. Because testing % is equivalent to testing

we apply the Wald test principle to the primitive estimator BT. If welet Ry := Tk, — I, Ok x2l, Ri07, =
BF — B3, , which we can estimate by B}L — B; = R,o7. Using this feature, we define the following
supplementary Wald test:

T -1
ngl) = 6’TD1R/1(W§}))71R1D1’I~JT, where Wg}) = EMTRIDI (Z f“t_17."21> DlRll
t=1

and Efw =771 Zthl u?. Here, (,5; — B7) is not the same as (5; — 5;) Their difference is caused by
(M4 —n7) and pr, as implied by (18) and the fact that (,B; - 3;) = (ﬁ; — B7). Here, the Wald test ‘WT(I)
is defined only by the test basis with power. Neither (n% — 7)) nor pr is capable of contributing to the
power of the test. Furthermore, (,@; — B7) = Op(T~") under both hypotheses. From this, the convergence

and divergence rates of the Wald test are the same under both ;] and % .

Testing 7' versus %/ We next apply the Wald test principle to test %’. The Wald test principle applied

to the OLS estimator axy delivers the following test:

T -1
Wi = a4 Ry (W) " Rodip, where W = 62, Ry (Z ztz;> R
t=1
and R2 = [qux(2+p+2k)7 Ik?qa _qu]'
We define another supplementary Wald test using the primitive estimator, as in the earlier case. From
Proposition 4, it follows that (@7, 74, 77" ) = (@}, 74/, ;') := For. That is, the short-run OLS and

primitive estimators are the same, implying that we can test %’ by using 7. Lemma 2 (vi) implies that

the primitive estimator 77 is not associated with an asymptotically singular matrix problem. From this, we
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define the following Wald test:

T 1
WP = DRy W) RoD 77, where W = 62, RoD (Z zg;) DR/,
t=1
and Ry := Ry. That is, WT(2) is defined by applying the Wald test principle to the primitive estimator 77,
estimating the parameters in (9) by noting that RyD77 = VT (‘71'; — 7). Although the test basis of the
Wald test ‘%/T@) is the same as that for the Wald test W}Q), from 7'1'} — Ty = 7?JTF — 7?;, they are different.
The Wald test WT@) is defined using the weight matrix Wg? ) defined by 2;. This weight matrix is more

relevant to the test basis, because 77 is obtained by regressing 2; against Ay;.

"

Testing 7" versus %" Finally, we apply the Wald test principle to test #;;". For this, we apply the Wald

test principle to the OLS estimator ar and define the following test:

T -1
W:(F3) = aTRg(Wg?))—leaT, where Wg,io’) =62 Rs (Z ztz2> R}
t=1
and Rg = Rg = diag[Rl, RQ]

We also define another supplementary Wald test. For this, we first reformulate ;" against %" into
Hy' :Bf =By and =l =n_ vs. H{:B#B, or =l #m,
and define the following supplementary Wald test:

7" = 8 DR (W) RsDSr,
where 07 := (0, 74)/, D := diag[D1, D], R3 := diag[Ry, Ro], and V'Vg) = diag[Wg}),Wg)]. Note
that the Wald test ‘WT(?’) is defined by applying the Wald test principle to both primitive estimators, v and
#7, and by noting that RsDdr = (T(BJTr - B, VT (#wh — #7)'). 1t straightforwardly follows that
Wj@ = ‘WT(U + %/T(z) from the fact that Wg? ) is block-diagonal.

We now provide the limit behaviors of the Wald tests under the null and alternative using the weak limits
of the primitive estimators, U7 and 7. For notational simplicity, we partition H{j into H; : B8 = 3 and
Hf, : wF = m,. In parallel, we also partition HY” into H{} : B8 = B, and HY} : m # m,. We create
this partition because the power behavior of the Wald test %/T@ depends on the sub-hypotheses. We also let

o2 := E[e?]. We report their limit behaviors in the following theorem:
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Theorem 2. Given Assumption 1, if 07 # 0 and/or 8, # 0,

()

(ii)

(iii)

(iv)

(@) Wi = DR} (02Ry M R,) "' R1 D under ), where Ry = [0p1, Ty —Ti, Opse (14 pt 20 )5
(b) W = DRy (02 Ryl ~"RY) "RoD under 7)';

(c) W(3) = D'R/, (J?Rg.ﬂ RS~ 1R D under ", where Ry := diag[Rl,Rg];

(a) forany i = o(T), limp_,oo P (Wg) > cp) = 0 under #;

(b) forany cp = o(T), limp_,oo P (Wj(wz) > ) = 0 under Z/';

(c) forany cfn = o(T), hmTHOO (W(g) > ) = 0 under /",

(@) W = LR (2R M7 R)) " RS under H);

(b) WP = DR (02 Roll ' RY) 'Ry D under I';

(¢) WP = LR (02R M R)) RS + DR (02Roull ' RY) " RoD under HY'; and

) S cr) = 0 under HY;

(@) for any ez = o(T?), linyo0 B(H;
), limy o0 ]P’(WT(Q) > ) = 0 under #{';
(c) forany e = o(T?) and ¢y = o(T),
(1) g oo (7Y > e1) = 0 under HY, (\HLL;
(2) limp_00 P( W( ) > cr) = 0 under Hjjy (HY5, and
PWY > er) = 0 under HY, (HY). O

(b) forany . = o(T
T

(3) limpo0

Remarks. (a) The asymptotic behaviors of the Wald tests W(l), W}Q), and W:(Fg) are determined by the

(b)

weak limit of the primitive estimator (77 — 77, ). For example, it follows from (18) that (5; - 5;) =
(81 —67)—(pr—p-) (B —B7)+(inf —nf,) — (g —nip,)+os(T~). Therefore, if we impose %,
(0,—07) = (nF—nF)— (7 —n7,)+op(T1). In other words, Ryair = Ry (77— 77.)+op(T1).
This fact implies that the null weak limit of the Wald test Wq(}) is determined by that of (77 — T74).
Theorem 2 (i.a) reports the weak limit obtained in this way. Here, we note that the test basis has a
different weak limit under %. From (18), it follows that (6, — 8,) = (0F —67) — (pr — p.) (BT —
B7) + op(T~Y?) and (pr — p«) = Op(T~'/2). Theorem 2 (ii.a) reports the power behavior of
the test implied by this representation. By applying similar arguments to the other Wald tests, W:(p2)
and W:(F3), we provide their limit behaviors in Theorem 2 (i.b, i.c, ii.b, and ii.c). Consequently, the
Wald tests W%l), W}Q), and W}?’) asymptotically follow mixed chi-squared distributions under the
null hypotheses.

If we let &1 = (Qf’,.gl_')’, such that EZ’T and 31_ € RF, R1&Z = Ef — 31_, so that the
null weak limit in Theorem 2 (iii.a) is given as (£ — Z7) (2R M R})" 1L — Z7). In
parallel, if we assume that D5 = [DI, D}, D), such that D} € RP—1, BT € RM, and D €
R¥4, then Rg@ = 9; — 95_, and so the weak the limit in Theorem 2 (iii.b) can be rewritten as

(DF — D5 (2Rl T'RY) (DT — D7),
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(¢) The testing methodology of using the supplementary tests depends on the hypotheses. We can rewrite
the null weak limit of the Wald test WT(U as &' MR, (02R1 M R)) 'R M S using the def-
inition of &, meaning that the Wald test WT(D does not follow a mixed chi-squared distribution,
because the weak limit & does not follow a mixed normal distribution. The same result holds for the
Wald test WT(S) from ‘WT(?’) = ‘WT(I) + “WT(Q). On the other hand, the null weak limit of the Wald test
7/T(2) is £' MR (2R M RY) TR ML F, meaning that its null weak limit follows a mixed
chi-squared distribution, because the weak limit f follows a mixed normal distribution. Therefore,
tabulated asymptotic critical values are available only for the Wald test ‘7/T(2). For both Wald tests,
‘WT(D and WQEB), we can apply a resampling method; see Section 6.

(d) The divergence speed of the Wald test WT(?’) depends on the alternative hypothesis. If H{’ is negated
only because of the asymmetric long-run parameters: 3] # 3., the divergence speed is 72. In
contrast, if only the short-run parameters are asymmetric: 7, # 7., its divergence speed is T'. If
both the long- and short-run parameters are asymmetric, the divergence speed is determined by 7°2.

Theorem 2 (iv.c) summarizes these results. ]

6 Monte Carlo Simulations

In this section, we conduct simulations and examine the finite-sample properties of the Wald tests.

For our simulation, we assume the following data-generating process (DGP) condition:
Y1 =vi + B85+ B+ G(t—1) + w1 and

Ay = iy + prtip—1 + O Ay + WjA:z:;r + 7, Az, + ey,

where Azy = vy, and (e, v)" ~IIDN (02, I2). We also set (v, Cx, i,y pi, 05) = (0,0,0, —1/2,0) through-
out the simulation, but adjust the value of (8,7, 3, , m;, 7, ), depending on the hypotheses of interest. Ac-
cording to the NARDL condition, it must hold that 8;" = —p, 3 and 0, = —p. ;.

The next procedure applies to define the Wald tests. First, we estimate the unknown parameters using
the primitive parameter estimators. Specifically, we estimate U7, and 77, separately by specifying the
following models:

y = BTm; + B m; +9t+v+u, and
Ay = plg—y +ntm;  +n M +s(t—1) +v+ @Ay + 77 Ax) + 77 Az, + ey,

where we set i, 1= x) —tfif, M, = x; —tfip, and Uy := y—7, O, with fi = ( Z;l t2)~1 tT;f tr),
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~ T— 1=T-1, — ~ T ~ ~ 1T =~ ~ -
Hp = (Zt:ll tg) ! Zt:ll tr, , U = (Do rt—lrifl) ! D=1 Tt—1Y—1, and 7y 1= [95;1’9%71’ (t—

1), 1]". Second, we specify the following hypothesis systems:
Hy 05 =0, vs. 05 #0,;

"o+ _ - A —.
Hy Tl =m, ovs. Hy m FE

T 0 =6,

+_ - " . g+ - + -.
L oand 7w =7 vs. | 07 #60, or w Fw

Hy:B.=0vs. H : 3. #0; and H{ : 8, =0 and 7 =7, vs. H{": 8. #0 or 7 # 7} .
Note that these hypotheses correspond to those in Section 5. Finally, we compute the Wald tests %/(1),
WT@), WT(S) , W}l), W}Q), and W}g), as stated in Section 5.

We conduct simulations under the following two DGP conditions. First, we set 57 = 5, = 1 and
w5 = m, = 1/2 to generate data. This parameter condition satisfies the ARDL condition. From this,
we examine the finite-sample properties of the Wald tests under the null. Second, we set 57 = 1/4,
By =—1/4,mf =1/8, and m; = —1/8, and use this to examine the power of the tests.

A bootstrap method is used for the testing. Theorem 2 shows that the null limit distributions of the Wald
tests ‘ijgl) and WT(?’) are not mixed chi-squared. We apply the following residual bootstrap procedure.

S1: After computing the Wald tests, we estimate the ARDL model by regressing Ay; against y;—1, T¢—1,
(t—1), 1, Ay—1, and Az,. We let the estimated linear coefficient be (pr, §T, ET, ar, pr,mr). We
also let the residual be ¢; := Ay, — prys—1 — 67T:vt_1 — ET(t —1)—ap — prAy—1 — TrAxy.

S2: We construct a resampled series as follows. First, we resample ¢; with replacement and denote it as

el. Next, we let
Ay} = pryp_y + O0rxeq + Ep(t — 1) + Qr + PrAyl_, + Tz, + €,

where yfg is the cumulative sum of Ay?. Note that we do not resample Ax; here. Using the resampled
series, we compute the Wald tests and denote them using the superscript b. For example, we let %/T(l)’b
denote the bootstrapped WT(D.

S3: We iterate the second step B times in total and compute the empirical p-value of the test. For example,
we let the empirical p-value be pg}) = B 17 H{WT(l)’b > ngl)} for WT(U. If pg}) is less than
the significance level, we reject the null hypothesis. ([l

This bootstrap procedure applies even when the null weak limit of the Wald test follows a mixed chi-squared

distribution.
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We conduct our simulation following the above residual bootstrap procedure. Assuming that B = 500,

we independently iterate the above experiment 5,000 times for " = 100, 200, 300, 400, and 500. The

simulation results are reported in Tables 1 and 2. We also evaluate the Wald tests by mixed chi-squared

distributions and report the empirical rejection rates. The simulation results are summarized as follows:

(a)

(b)

Table 1 shows the empirical Wald test rejection rates using the null DGP condition allowing 5 =
By = land 7} = m, = 1/2. The left side panel shows the empirical rejection rates obtained
by the residual bootstrap method. The rejection rates on the right side are based on the mixed chi-
squared distributions. In summary, first, when using the bootstrap method, for each 7', the empirical
rejection rates are very close to the nominal significance levels. This implies that the bootstrap method
effectively controls the test levels. Second, when considering the asymptotic critical values from the
mixed chi-squared distribution, we find no significant level distortion for the Wald test ‘WT(Q), but
both Wald tests “WT(I) and WT(S) do experience level distortions. For the current DGP, the Wald tests
WT(I) and ‘WT(?)) reject HY, and H’ more often than the significance levels. This confirms that the
Wald tests "WT(U and "WT(B) do not follow mixed chi-squared distributions under the null. However, the
Wald test ‘%/T(Z) does not suffer from level distortions, indicating that 7'7; and 7 follow mixed normal
distributions, as Lemma 4 (i) establishes. Finally, the Wald tests W}l), Wj(?), and W}g) suffer no level
distortions when using the critical values from the mixed chi-squared distributions.

Table 2 shows the empirical Wald test rejection rates under the alternative DGP. The summary results
are as follows. First, with the bootstrap method, the empirical rejection rates of the Wald tests “W(l),
7/T(2), and 7/T(3) tend toward 100% as T increases, implying their consistency against H/, %", and
HY’, respectively. Second, when applying the critical values obtained from the mixed chi-squared
distribution, the empirical rejection rates of the Wald tests WT(U, WT@), and %/T(S) also converge
toward 100% as T increases. However, it is difficult to control their sizes, as shown in Table 1. Third,
the standard Wald tests are consistently powerful. Fourth, as in the case of the bootstrap method, the

Wald tests WT(I) and WT@ are more powerful than the Wald tests W:(rl) and W:(FS), respectively, for

small 7". In contrast, both Wald tests ‘WT(Q) and Wj(?) show similar power patterns. U

We conduct another simulation assuming that Az, is serially correlated. Instead of Ax; = v, we set

Az = ke Azy_1 + vy and apply the same residual bootstrap method. Then, assuming x, = 1/2, we conduct

simulations by setting B = 500 and independently iterating the experiment 5,000 times for 7' = 100, 200,

300, 400, and 500. The simulation results are presented in Tables 3 and 4 in the same format as in Tables 1

and 2, respectively. The simulation results are summarized as follows:

(a)

Table 3 presents the empirical Wald test rejection rates obtained using the null DGP condition. For

each value of T', the empirical rejection rates are very close to the nominal significance levels when
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using the residual bootstrap method. In contrast, the asymptotic critical values introduce level dis-
tortions for the Wald tests ‘W/T(l) and ‘WT(?’), as observed earlier. Overall, these simulation results are
similar to those shown in Table 1.

(b) Table 4 presents the empirical Wald test rejection rates obtained using the alternative DGP condition.
The results are as follows. First, when the residual bootstrap method is used, the empirical rejection
rates of the Wald tests WT(I), %/T(,Z), and ‘WT(?’) tend toward 100% as T' increases, implying their
consistency against H’, #7’, and HY, respectively. Second, when the asymptotic critical values are
used, the empirical rejection rates also converge toward 100% as T’ increases, although the level
distortions are difficult to control for the Wald tests stl) and ‘W/T(g) under the null. Third, the standard
Wald tests exhibit consistent power. As T increases, the Wald tests W(l), W:(FQ), and W%S) reject the
null with rejection rates tending toward 100%. Finally, the Wald tests ‘WT(I) and WT(S) are more
powerful than the Wald tests W:(Fl) and Wﬁ)’), respectively, for small 7. However, both Wald tests
7/T(2) and Wéz) exhibit similar power patterns.

(c) These simulation results are qualitatively the same as those for the serially uncorrelated Ax;. U

7 Empirical Application

This section examines the empirical data provided by Romer and Romer (2010) to measure the fiscal policy
impact on the U.S. GDP. We review the literature and apply the NARDL model to examine the long- and

short-run symmetries in the data.

7.1 Literature Review and Empirical Motivation

Estimating the effects of fiscal policy on output is challenging, because many fiscal factors that lead to tax
changes are correlated with output, causing the OLS estimator to suffer from endogenous bias. Although
not all fiscal factors are endogenous in terms of output growth, using all tax changes to analyze GDP growth
can result in biased OLS estimates. Blanchard and Perotti (2002) address this by using structural vector au-
toregression (SVAR). They solve the bias problem by assuming that policymakers do not respond to shocks
contemporaneously, and by using information on the elasticity of revenue to create cyclically adjusted rev-
enues. From this, they estimate that the effect of a tax cut on U.S. GDP is around 1%. However, Romer
and Romer (2010) and Cloyne (2013) argue that the structural assumptions used in the SVAR model may be
unrealistic in estimating the effect of fiscal policy on output.

Romer and Romer (2010) analyze the effects of tax changes correlated with GDP differently by per-

forming a narrative analysis. They examine the motivations behind each tax change from 1945 to 2007
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using sources such as the Economic Report of the President and the Congressional Record. They catego-
rize legislated tax changes that altered tax liabilities from one quarter to the next into four categories: (i)
tax changes to counteract changes in government spending, (ii) tax changes to offset other factors affect-
ing near-term output, (iii) tax changes to address inherited budget deficits, and (iv) tax changes to promote
long-term growth. The first two categories, considered countercyclical, are motivated by restoring output
growth reduced by other factors, making it difficult to classify these tax changes as purely exogenous. In
contrast, the last two categories, based on policymakers’ perceptions of prudent fiscal policies or focus on
increasing long-term growth, may be classified as exogenous. Consequently, they identified 54 exogenous
tax changes through narrative analysis during the same period. Using these exogenous fiscal shocks, they
develop a time-series model and estimate that GDP would increase by approximately 3% over three years
following a tax cut of 1% of GDP. This estimate differs significantly from that of Blanchard and Perotti
(2002).

Narrative analysis is widely used to examine the effects of fiscal shocks on GDP. For example, Cloyne
(2013) applies this approach to UK legislation and estimates that a 1% tax cut, as a percentage of GDP,
increases output by nearly 2.5% over the following three years, similar to findings in the United States.
Mertens and Olea (2018) use narrative analysis to determine that the short-run tax elasticity of income
is approximately 1.2% in the United States by analyzing exogenous variations in the marginal tax rate.
Additionally, Gunter, Riera-Crichton, Vegh, and Vuletin (2021) expand the use of narrative analysis to
estimate the value-added-tax multipliers for 51 countries, showing that the effect of tax changes on output
is highly nonlinear.

Narrative analysis is also used to specialize the time-series model in Romer and Romer (2010) for spe-
cific models under various economic environments. For example, Mertens and Ravn (2012) differentiate
between surprise and anticipated tax changes to analyze the dynamic effects of tax changes on GDP, find-
ing that anticipated tax cuts lead to a contraction in GDP. Demirel (2021) and Ghassibe and Zanetti (2021)
examine the state-dependent effects of exogenous tax changes on GDP, allowing for varying tax multiplier
estimations during recessions and expansions. Researchers widely apply narrative analysis to examine the
effect of tax changes on GDP in other fields, enabling comparisons with outcomes from conventional anal-
yses.

The current study extends its focus beyond short-run relationships to estimate the long-run relationship

between GDP and fiscal shocks. Previous studies have primarily concentrated on the short-term effects of
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fiscal policy. For example, one benchmark model specified by Romer and Romer (2010) is given as

q—1 p—1
Ay = 74 + Z T ATy + Z ©ix Ay + € (19)
j=0 j=1

to examine how GDP responds to exogenous tax changes, where y; is the logarithm of real GDP and At
is the logarithm of an exogenous tax change. Note that all variables in (19) are differenced. Thus, it
characterizes the short-run relationship between Ay, and Ary.

Because y; and 7; are both observable, we can estimate their long-run relationship by applying cointe-

gration analysis. To this end, we augment the cointegration error on the right side of (19) as follows:

q—1 p—1
Ay = Ve + prtlp—1 + Z T AT + Z ©ixAys—j + e, (20)
j=0 j=1
where u; := y; — B« — («t — v,. Note that the long-run relationship between y; and 7 can be found

by estimating the long-run coefficient (., and the short-run relationship can be found by estimating the

coefficients of 7, and ¢j.. To estimate the unknown parameters in (21) by OLS, we can also convert (20)

as follows:
q—1 p—1
Ayp = a4 put—1 + 0Ty + &t + Y TRAT Y 0Dy + e @1
§=0 J=1

For this estimation, we first examine the partial sum processes of the exogenous tax changes used in
our empirical analysis. Figure | illustrates the partial sum processes due to the exogenous tax changes.!
The solid and dashed lines represent the partial sum processes of tax changes for deficit reduction (71;) and
long-run growth (7), respectively, and the dotted line represents the partial sum process of their sum (7).’

The exogenous tax changes exhibit characteristics suitable for NARDL analysis, which we discuss one
by one. First, tax changes for budget deficits always result in tax increases, so A7y, is always positive.
Second, most tax changes aimed at long-run economic growth involve tax decreases; out of 31 legislated tax
changes for long-run growth, only six of them result in tax increases. Consequently, overall, the partial sum
processes for deficit reduction and long-run growth remain in positive and negative regions, respectively.

Although the NARDL model assumptions do not perfectly align with the characteristics of the exogenous

"Data are obtained from https://eml.berkeley.edu/~cromer/ (Accessed: Feb. 10, 2023).

2We obtain the partial sum processes by first converting the nominal tax changes into consistent values over the period
1947Q1 to 2007Q4. To this end, we first discount the nominal values using the price index implied by the nominal GDP
and the quantity index for GDP in the data set, and then apply a log transformation. We find that A, = A7y + A7oy,
A1y = sgn(ATh) log(|ATve|/pe), ATor = sgn(ATs) log(|ATo|/pt), and py := NY;/Yy, where ATy, and AT, repre-
sent the nominal tax changes for budget deficit and long-run growth, respectively, and NY; and Y; represent the nominal GDP
and quantity GDP index, respectively. If ATi; = 0 or ATy = 0, we let A1y = 0 or A1o; = 0, respectively. The partial sum
processes in Figure 1 represent 7¢, 71+, and 7o¢.
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fiscal shocks, we use the approximation of A7;" := max[0, A7] for tax changes due to budget deficit and
A7, :=min[0, Ar] for tax changes due to long-run growth.

Next, we specify the following NARDL model and estimate the long- and short-run parameters:

q—1 p—1
Aye = Yot poti1 + D (TRATE + TR AT ) + 3 winby + e, (22)
j=0 J=1
where u; 1=y, — B Tj — By 7, — C«t — v This can be rewritten as
q—1 p—1
Ay = e + palp—1 + HjTttl +0, 7, + &+ (ﬂﬁATtti + W;kATt__i> + Z 0« Ays_j + e, (23)
j=0 J=1

which we estimate by OLS. If 37 = . (or 0 = 6,) and 77; = T (22) reduces to (20). Economically,
this implies that the relationship between tax changes aimed at deficit reduction and long-run growth in real
GDP is roughly symmetric in both the long and short run. We can use the Wald tests defined in Section 5

for this inference.

7.2 Empirical Results

This section presents the estimation and inference results, divided into two parts. The first part presents the
estimation results using the tax change data outlined in the previous section. The second part measures the
fiscal policy effect using the tax ratio data, as used by Romer and Romer (2010). We have limited the sample

period to 1947Q1-2007Q4 by excluding periods with missing observations.

7.2.1 Tax Changes Measured by Log Transformation of Tax

Before presenting the estimation and inference results, we provide the basic statistical characteristics of the
data. The logarithm of the GDP quantity index, multiplied by 100, is represented by y;, and 74, 71 ¢, and 724
are defined as in footnote 2. The descriptive statistics of Ay, A7, ATor, and A7y can be found in Table
A.1 in the online supplement. Furthermore, our unit-root test on y;, T, 7, and 7, follows the method of
Phillips and Perron (1988), including or excluding the time trend. The test results indicate that we cannot
reject the unit-root hypothesis for the series.

We report the estimation results in Table 5. The columns marked “Exo” give the parameter estimates
obtained by OLS for the NARDL and ARDL models. In other words, the unknown parameters in (23) and
(21) are estimated by OLS. Orders for the NARDL model are based on the Akaike information criterion
(AIC), with p = 3 and ¢ = 1 for both the NARDL and the ARDL models. Standard errors are listed in

29



parentheses below the parameter estimates. Except for the coefficient of y;_1, we use the asymptotic critical

values from the mixed normal distribution. For the ¢-test on the coefficient of y;_1, we use the asymptotic

critical values provided by Banerjee et al. (1998). Furthermore, we test whether all coefficients of 41, Tttl,

and 7,_, are equal to zero by applying the F'-test of Pesaran et al. (2001). Finally, we test the hypotheses

of symmetry between long-run parameters, short-run parameters, or both by using the Wald tests given in

Section 5. The results are presented in the two bottom panels. We summarize the results in Table 5 as

follows:

(a)

(b)

(c)

(d)

(e)

The coefficient of y;_1 is significant at the 10% and 5% levels for the NARDL and ARDL models,
respectively by the ¢-test. Although we cannot reject the hypothesis of no cointegration by the F'-test
for the NARDL model, it is significant at the 10% level for the ARDL model. Our analysis using the
2SNARDL model also suggests a cointegrating relationship between the log real GDP and the log of
an exogenous log tax shock.

The NARDL model estimation indicates that an increase in an exogenous tax shock measured by
Tttl reduces the log real GDP. In contrast, a decrease in an exogenous tax shock measured by 7,_;
increases the log of real GDP. The ARDL model shows the same relationship between the log of an
exogenous tax shock and the log real GDP, aligning with standard economic theory.

The estimated coefficients of Tttl and 7,_, are almost equal in magnitude, suggesting no long-run
asymmetry between the log real GDP and the log of an exogenous tax shock. We confirm this using
the Wald tests. Both Wald tests 7/7(,1) and W:(Fl) provide p-values that make it difficult to reject the
symmetry hypothesis.

Short-run symmetry is confirmed by the Wald tests ‘7/T(2) and WT(,Q), because they do not reject the
symmetry hypothesis. Moreover, neither the long-run nor the short-run symmetry hypothesis is chal-
lenged by the Wald test ngg) or W}g). As such, we conclude that the ARDL model is appropriate for
studying the relationship between the log real GDP and the log of an exogenous tax shock.

We present the estimation results for the log of an endogenous tax shock, calculated in the same way
as for the log of an exogenous tax shock. Columns labeled “Endo” give the estimation and inference
results obtained using the log of the endogenous tax shock data. Similarly, the columns labeled “Sum”
show the estimation and inference results obtained using the logs of both exogenous and endogenous
tax shocks. The estimated signs of Tt—tl, T,_1, and 7;_1 are inconsistent with the parameter values
posited by standard economic theory. When using the logs of both exogenous and endogenous tax
shocks jointly, there is little evidence of cointegration. These estimation results indicate that only the
log of an exogenous tax shock can be used to estimate the coefficients having signs consistent with

standard economic theory. O
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Next, we estimate the NARDL and ARDL models using the 2SNARDL method proposed by Cho,
Greenwood-Nimmo, and Shin (2023a). For the ARDL model, we apply 2SNARDL estimation by imposing
the short- and long-run parameter symmetry conditions. The results are presented in Table 6, which is
structured similarly to Table 5. This separate investigation is conducted to validate the inference results
presented in Table 5. We summarize the results in Table 6.

(a) The NARDL and ARDL models estimated by 2SNARDL show that the coefficient of u;_; for the ex-
ogenous tax shock is statistically significant. The significance levels are 10% and 5% for the NARDL
and ARDL models, respectively. Moreover, we apply the unit-root test of Phillips and Perron (1988)
to the cointegration residuals obtained from both models. The results reject the unit-root hypothesis.
The p-values are 10.19% and 2.58% for the NARDL and ARDL models, respectively. This confirms
the cointegrating relationship between the log real GDP and the log of an exogenous tax shock.

(b) For the log of an exogenous tax shock, the NARDL model indicates that the long-run coefficient of the
log tax increase is -0.4329, whereas that of the log tax decrease is -0.3202. These signs are consistent
with standard economic theory, and are statistically significant at the 1% and 10% levels, respectively.
For the ARDL model, the long-run coefficient of the log tax change is -0.2328. This sign is also
consistent with standard economic theory, and the estimated coefficient is statistically significant at
the 1% level. Given that 2SNARDL is super-consistent, these estimates are likely to be more precise
than those estimated by OLS.

(¢) Our findings for the endogenous and aggregate log tax shocks align with the results presented in
Table 5. The coefficients of Tt+_1, T,_1, and 7y for the log of endogenous tax shocks are statistically
significant, but their signs are inconsistent with standard economic theory. However, for the log of the
aggregate tax shock, none of these coefficients are statistically significant. Moreover, the coefficient
of u;—1 is nonsignificant. We believe these inconsistent results are due to the correlation between an
endogenous shock and a structural error. O

The results in Tables 5 and 6 suggest that by using the log of exogenous tax shocks, we can properly
identify the relationship between the log real GDP and a fiscal shock. The findings indicate limited statistical
support for the asymmetry between tax shocks for deficit reduction and those for long-run growth. Moreover,

the OLS and 2SNARDL estimations produce qualitatively similar results.

7.2.2 Tax Changes Measured by Tax-to-GDP Ratio

This section extends the work of Romer and Romer (2010) to investigate the long- and short-run rela-
tionships between fiscal shocks and real GDP. Rather than using the tax change logarithm 7;, we use

Ary = (ATy + ATy)/NY;, which represents the tax change-to-nominal GDP ratio, to measure the effect
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of fiscal policy and to specify the models corresponding to (20), (21), (22), and (23). As with Tables 5 and

6, we estimate the models using OLS and 2SNARDL. The estimation and inference results are presented in

Tables 7 and 8, respectively. We summarize the results as follows:

(a)

(b)

(c)

(d)

For the exogenous tax change, the coefficient of y,_; in Table 7 is statistically significant at the 25%
level for the NARDL and ARDL models, by the ¢-test. The F'-test does not reject the hypothesis of
no cointegration. However, the coefficient of u;_; in the ¢-test of Table 8 is statistically significant
at the 25% and 10% levels for the NARDL and ARDL models, respectively. We give more weight
to the inference results in Table 8 than to those in Table 7, because 2SNARDL is more efficient than
OLS. In addition, neither %731) nor Wj(}) rejects the symmetry hypothesis in the long-run parameters,
indicating that the ARDL model can estimate a cointegrating relationship between y; and r; more
efficiently than 2SNARDL can.

The ARDL model estimation indicates that an increase in an exogenous tax shock measured by r;_1
reduces the long-run log real GDP by about 3%. This is close to the result of Romer and Romer
(2010), estimating that GDP will increase by approximately 3% over three years following a tax cut
of 1% of GDP.

The Wald tests ‘W/T(Q) and Wj(?) do not reject the hypothesis of symmetric short-run parameters. Fur-

% nor W}S) rejects the hypothesis of long- and short-run symmetry. This con-

thermore, neither %/T(
firms that ARDL is appropriate for the long- and short-run relationships between y; and r;.

For endogenous and aggregate tax changes, there is negligible evidence of cointegration between
real GDP and the tax change. None of the ¢{- or F-tests in Table 7 rejects the hypothesis of no
cointegration. Furthermore, none of the coefficients of w;_; in Table 8 is statistically significant.
Specifically, for the aggregate tax change, the unit-root test cannot confirm that r; is nonstationary;

see the online supplement. Therefore, we conclude that the long- and short-run relationships can be

properly estimated only by the exogenous tax change. O

In summary, our empirical results obtained using the specification in Romer and Romer (2010) provide

qualitatively the same results as those in Section 7.2.1. In particular, the long-run relationship between y;,

and r; captured by the cointegration coefficient is close to their estimate.

8 Conclusion

OLS has an asymptotically singular matrix when used with the NARDL model. However, despite the

absence of established limit theory for OLS, it remains popular in empirical literature.

This study investigates the large-sample behavior of OLS by addressing the problem of an asymptotically
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singular matrix. Specifically, we find that OLS is consistent for the unknown NARDL parameters and
follows a mixed normal distribution asymptotically under some mild regularity conditions. This implies that
the standard principles of the ¢- and Wald tests apply, despite the asymptotically singular matrix problem.
To derive the asymptotic distribution, we first represent the OLS as a transformation of other primitive
estimators that are not affected by an asymptotically singular matrix, and derive their weak limits. This
representation and the weak limits allow us to derive the weak limit of the OLS.

In addition, we examine the large-sample behavior of the Wald tests for the NARDL hypothesis. Beyond
the standard Wald tests defined by the OLS, we develop supplementary Wald tests using primitive estima-
tors to examine asymmetric long- and/or short-run parameters. The null limit distributions of the standard
Wald tests are mixed chi-squared, whereas those of the supplementary Wald tests differ when testing for
long-run asymmetry. By applying the residual bootstrap method, Monte Carlo simulations show that the
supplementary Wald tests generally perform better than the standard Wald tests.

Lastly, we illustrate the proper use of the NARDL model by estimating the long- and short-run rela-
tionships between GDP and exogenous fiscal shocks due to deficit reduction and long-run growth, using
empirical data from Romer and Romer (2010). Because all tax changes for deficit reduction are increases,
and most changes for long-run growth are decreases, the NARDL model approximates the relationship be-
tween GDP and the exogenous fiscal shocks. We estimate the model and examine whether the relationships
between tax increases and decreases are symmetric in both the long and short run. We find no evidence
of asymmetric relationships between them. We also find that a 1% exogenous increase in the tax-to-GDP
ratio reduces the log real GDP by about 3% in the long run, confirming the estimation results of Romer and

Romer (2010).
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Wald test Method Bootstrap Method Mixed Chi-squared Distribution

a\T 100 200 300 400 500 100 200 300 400 500

10% 10.70  10.78 10.80 9.58 10.54 | 38.16 40.26 4048 40.24 41.02

WT(I) 5% 5.52 5.48 538 4.68 5.12 | 30.38 3130 3250 31.52 3246
1% 1.28 1.00 094 1.12 098 | 1746 1838 1948 1834 19.24

10% 946 10.26 994 946 1026 | 11.12 11.24 10.58 9.96 10.52

WT(2) 5% 4.74 5.10 5.00 490 4.94 5.80 5.68 5.38 5.20 5.36
1% 1.00 1.02 1.06 098 1.04 1.44 1.28 1.26 0.94 1.02

10% 1026 11.02 1054 9.84 10.80 | 33.96 35.14 36.18 35.62 36.64

WT(S) 5% 5.40 5.62 498 4.62 544 | 2632 27.08 2790 2674 2794
1% 1.24 1.04 1.00  1.00 1.04 | 1428 1492 1584 1428 15.70

10% 10.94 990 10.18 9.74 1044 | 1498 12.14 1148 10.68 11.36

W}l) 5% 5.18 4.84 498 4.86 4.96 8.70 6.24 5.92 5.46 5.68
1% 0.88 0.82 1.14 0.84 0.86 2.18 1.42 1.44 1.16 1.04

10% 10.74 9.16 9.58 922 10.02 | 12.68 10.04 10.10 9.60 10.62

WT(?) 5% 5.06 4.62 502 458 5.14 6.86 5.20 5.28 4.96 5.28
1% 1.06 0.96 1.20  1.08 1.14 1.80 1.24 1.30 1.12 1.22

10% 10.78 8.92 9.80 942 10.06 | 1492 1146 11.04 10.52 10.90

W}g) 5% 4.98 4.46 482 492 4.94 8.36 5.82 5.64 5.48 5.44
1% 0.98 0.90 1.16  0.90 1.20 242 1.52 1.42 1.24 1.46

Table 1: EMPIRICAL REJECTION RATES OF THE WALD TESTS (IN PERCENT). This table shows the
empirical rejection rates of the Wald statistics testing Hjy : 8, = 0, ZJ : 7f = 7, and HY : 8, = 0
and w;- = 7, . The total number of repetitions is 5,000, and the bootstrap iteration is 500. DGP: Ay; =
psti—1 + T Az + w1 Axy ey, up =y — Bl — Brxy, Ary = vy, and (eg, v;) ~ 1ID N(09,15)
with (ps, 75, 7, B, Br) = (—1/2,1/2,1/2,1,1). Here, %/T(l), "WT(Q), and "WT(B’) denote the Wald tests in

Section 5, and WC(FI), Wi(pg), and W:(F3) are the standard Wald tests.
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Wald test Method Bootstrap Method Mixed Chi-squared Distribution

a\T 100 200 300 400 500 100 200 300 400 500

10% 49.52 88.04 9798 99.88 99.96 | 70.78 9620 9948 99.96 100.0

WT(I) 5% 37.34  81.12  96.62 99.60 99.92 | 65.14 9450 9930 9996 99.98
1% 1554 6122 9030 98.22 99.64 | 5250 90.24 98.64 99.88 99.98

10% 17.62 2596 33.14 4040 4824 | 20.18 27.28 3470 4124 4894

WT(Q) 5% 10.58 1732 2198 2890 36.24 | 12.70 18.60 23.42 30.02 37.34
1% 2.96 6.00 8.44 11.88 16.30 4.60 6.98 944 1296 17.54

10% 4782 8670 97.84 99.84 99.96 | 67.46 9486 99.22 9996 99.98

WT(?’) 5% 3550 80.26 9638 99.54 9992 | 60.74 9278 99.00 9996 99.98
1% 1522 5992 89.70 9798 99.62 | 4880 87.72 97.88 99.86 99.96

10% 4488 86.62 98.28 99.62 9998 | 53.84 89.18 9854 99.68 99.98

W}l) 5% 33.16  79.72  96.54 9942 9994 | 4376 83.78 9732 99.56 99.98
1% 1412 59.88 90.36 98.16 99.76 | 2530 68.94 92.64 98.56 99.80

10% 17.06 24.66 33.86 40.02 4820 | 19.80 26.00 34.62 41.44 48.92

W:(Fz) 5% 9.66 15.64 2294 2838 3582 | 11.72 1724 2426 2934 37.16
1% 2.90 4.74 890 11.78 16.50 4.18 6.04 10.06 13.12 17.64

10% 39.80 82.48 97.08 99.42 9998 | 48.72 8530 97.70 99.50 99.98

W}S) 5% 28.60 7436 9476  99.02 9994 | 3842 7844 9574 99.08 99.94
1% 11.76  53.86 86.66 97.42 99.52 | 20.60 6192 89.80 97.94 99.66

Table 2: EMPIRICAL REJECTION RATES OF THE WALD TESTS (IN PERCENT). This table shows the

empirical rejection rates of the Wald statistics testing Hf, : 5, = 0, #{’ :
and ;7 = 7, . The total number of repetitions is 5,000, and the bootstrap iteration is 500. DGP: Ay,

ar

*

=m,,and Hy : B, =0

psti—1 + T Az + o Any e up =y — Bl — Bray, Ay = vy, and (e, v;)' ~ 1ID N (02, I) with
o, B, B) = (—1/2,1/8,—1/8,1/4, —1/4). Here, 2V, Y and 72 denote the Wald tests

p * * * * T T T
in Section 5, and Wf(pl), W:(F2), and Wf(pg) are the standard Wald tests.
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Wald test Method Bootstrap Method Mixed Chi-squared Distribution

a\T 100 200 300 400 500 100 200 300 400 500

10% 10.72 1098 1044 10.24 9.58 | 50.64 5324 5244 5216 51.76

‘WT(I) 5% 5.72 6.04 5.20 5.16 480 | 42.80 45.64 4482 4554 4454
1% 1.00 1.14 0.90 0.86 1.16 | 29.24 3236 3220 3272 31.04

10% 10.18 1030 10.04 990 1038 | 1270 11.16 10.86 10.62 10.90

WT(Q) 5% 4.84 5.36 4.88 4.76 5.12 6.78 6.22 542 5.26 5.48
1% 0.84 1.08 0.92 0.84 1.04 1.70 1.44 1.12 0.98 1.10

10% 1026  11.12 9.98 10.12 9.20 | 47.14 4932 4842 4874 47.70

WT(?’) 5% 5.40 5.78 5.28 5.28 4.62 | 3856 41.22 40.00 41.20 39.10
1% 0.94 1.00 0.86 0.80 1.26 | 2536 2838 27.32 27.82 26.70

10% 9.76 9.70 9.48 9.62 9.78 | 14.04 1192 10.68 10.82 10.46

W}l) 5% 4.82 5.02 4.78 4.60 5.14 8.08 6.66 5.46 5.50 5.90
1% 1.08 0.98 0.74 1.08 0.98 2.36 1.54 1.20 1.32 1.20

10% 10.14  10.04 9.96 10.26 9.80 | 12.80 11.56 10.76 10.82 10.12

W:(Fz) 5% 5.36 5.08 4.88 5.12 5.14 7.14 6.04 5.78 5.54 5.34
1% 1.20 1.00 0.92 0.88 0.86 1.96 1.30 1.18 1.16 1.12

10% 1048 10.14 9.92 9.64 996 | 15.02 1258 11.18 10.72 11.12

W}S) 5% 5.10 4.72 4.90 5.04 4.82 9.14 6.48 6.00 5.98 5.58
1% 0.90 0.96 0.84 0.92 0.84 2.44 1.46 1.34 1.24 1.00

Table 3: EMPIRICAL REJECTION RATES OF THE WALD TESTS (IN PERCENT). This table shows the
empirical rejection rates of the Wald statistics testing Hjy : 8, = 0, ZJ : 7f = 7, and HY : 8, = 0
and w;- = 7, . The total number of repetitions is 5,000, and the bootstrap iteration is 500. DGP: Ay; =
psti—1 + T AT + mo Az e wp = yo — Br — Bray s Ary = koAxi_1 + vy, and (eg, vp) ~
1ID N(0,Iy) with (K, ps, 75, 70, 85, 87) = (1/2,-1/2,1/2,1/2,1,1). Here, 7", w;?), and w;*)

denote the Wald tests in Section 5, and Wz(}), W:(FQ), and W:(F?’) are the standard Wald tests.
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Wald test Method Bootstrap Method Mixed Chi-squared Distribution

a\T 100 200 300 400 500 100 200 300 400 500

10% 70.42  98.08 99.96 100.0 100.0 | 86.72 99.54 100.0 100.0 100.0

‘WT(I) 5% 58.52 9624 9994 9996 100.0 | 83.04 99.36 100.0 100.0 100.0
1% 31.88 8828 9936 99.92 9998 | 7430 98.56 99.98 100.0 100.0

10% 19.34 3156 42.16 5148 6040 | 23.44 3430 4390 53.00 62.24

WT(Q) 5% 11.94 21.60 30.82 38.88 48.20 | 1534 24.10 3322 41.02 49.90
1% 4.06 7.56 1220 18.60 25.84 6.20 9.86 1474 2134 28.06

10% 68.38 97.80 99.96 9998 100.0 | 83.84 99.40 100.0 100.0 100.0

WT(?’) 5% 56.20 9596 9994 9996 100.0 | 79.80 99.00 100.0 100.0 100.0
1% 3042  87.80 9934 9990 9998 | 70.72 9796 99.98 9996 100.0

10% 68.52 9796 99.92 100.0 100.0 | 76.54 98.62 99.94 100.0 100.0

W}l) 5% 5632 9598 99.80 100.0 100.0 | 68.12 9734 9990 100.0 100.0
1% 3250 89.18 99.38 100.0 9998 | 4898 9280 99.62 100.0 100.0

10% 1996 3152 41.64 5120 60.28 | 23.56 33.88 4352 52.62 61.46

W:(Fz) 5% 12.58 21.60 30.30 39.14 48.26 | 1588 2422 3242 4120 49.70
1% 3.98 830 13.18 1826 25.12 6.28 10.00 1590 21.02 27.66

10% 61.92 9650 99.86 100.0 100.0 | 70.90 97.36 9990 100.0 100.0

W}S) 5% 49.76 9432 99.74 100.0 100.0 | 62.10 9548 99.82 100.0 100.0
1% 27.10 85.10 99.14 100.0 9996 | 4290 89.64 99.44 100.0 99.98

Table 4: EMPIRICAL REJECTION RATES OF THE WALD TESTS (IN PERCENT). This table shows the

empirical rejection rates of the Wald statistics testing Hf, : 5, = 0, #{’ :
and w;- = 7, . The total number of repetitions is 5,000, and the bootstrap iteration is 500. DGP: Ay,

ar

*

=m,,and Hy : B, =0

psti—1 + T AT + m Ay e up =y — Bl — Brxy, Ay = ke Awy_q + vy, and (eg, v) ~ 1D
N(0y,Ty) with (s, ps, 7,70, B, B7) = (1/2,-1/2,1/8, —1/8,1/4, —1/4). Here, W;", 7,*), and
‘WT(S) denote the Wald tests in Section 5, and WC(FI), W(Q), and W:(F3) are the standard Wald tests.
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NARDL Model ARDL Model
Variables \ Tax Exo. Endo. Sum. Variables \ Tax Exo. Endo. Sum.
Y1 -0.0683*  -0.0817  -0.0497 | g1 -0.070% 00755  -0.0404
0.0191)  (0.0223)  (0.0158) (0.0185)  (0.0220)  (0.0148)
iy -0.0123 00158  0.0016 | 7, 00139 00142 -0.0053
(0.0078)  (0.0078)  (0.0093) (0.0060)  (0.0077)  (0.0074)
T -0.0123 00149 -0.0093
(0.0083)  (0.0176)  (0.0090)
Trend 0.0549***  0.0631***  0.0324** | Trend 0.0570***  0.0584***  0.0333***
0.0177)  (0.0176)  (0.0127) 0.0151)  (0.0169)  (0.0120)
Constant 0.7588***  0.6974*** 0.8357*** | Constant 0.7826***  0.7542***  0.8543***
(0.1874)  (0.1644)  (0.1744) (0.1539)  (0.1604)  (0.1561)
Ay 03129 03118 03135 | Ay, 0.3091%**  0.3035***  0.3031***
(0.0633)  (0.0658)  (0.0646) (0.0630)  (0.0657)  (0.0648)
Ay 0.1265*  0.1446**  0.1190* | Ay_s 0.1304*  0.1331**  0.1091*
0.0646)  (0.0658)  (0.0645) 0.0643)  (0.0653)  (0.0647)
At -0.0029  0.0890*  0.03984 | Ar, -0.0444 00434 -0.0122
(0.0435)  (0.0465)  (0.0341) 0.0272)  (0.0362)  (0.0226)
At -0.0780*  -0.0302  -0.0683*
0.0391)  (0.0598)  (0.0347)
AIC 65459 65372 65332 | AIC 65561  -6.5434  -6.5284
BIC 64225  -6.4099  -6.5332 | BIC 64602 -6.4475  -6.4378
t-test -3.5680*  -3.6519*  -3.13087 | t-test -3.82207F  -34319* 27229
F-test 45387 49164 38509 | F-test 73222 65583 47046
;Y 9.8862  0.0048  9.8910
(0.4344)  (0.9696)  (0.5000)
W, 14822 3.8085 5.2908
(0.7472)  (0.1902)  (0.6567)
w, ¥ 30.9528 14114 32.3642
02737)  (0.2659)  (0.2718)
Wi 0.0000  0.0039  1.0285
(0.9982)  (0.9604)  (0.4485)
w2 1.5426 2.5180 4.4950
(02265  (0.1259)  (0.0398)
W 15527 25326 5.2070
(0.5474)  (0.3706)  (0.1525)

Table 5: OLS ESTIMATION OF THE NARDL AND ARDL MODELS. This table presents the OLS esti-
mation using quarterly data from Romer and Romer (2010). The left and right panels display estimated
parameters for (23) and (21), respectively. Figures in parentheses indicate standard errors of the OLS esti-
mates. At the bottom of the top panels, AIC, BIC, t-test, and Pesaran et al.’s (2001) F'-test are reported. f,
*,**, and *** indicate significance at 25%, 10%, 5%, and 1% levels, respectively. Wald tests in the last two
bottom panels show the Wald tests in Section 5 and the standard Wald tests. Figures in parentheses below

the Wald tests show p-values. They are obtained from 100,000 bootstrap iterations.

40



NARDL Model ARDL Model
Variables \ Tax  Exo. Endo. Sum. |Variables \ Tax  Exo. Endo. Sum.
Long-Run| Constant 4.2360 3.7413*** 4.9730** Constant  6.0785"** 4.8528*** 5.8407**
(2.5919) (1.2787) (2.3861) (0.0709) (1.3852) (2.8526)
(A -0.4329*** 0.2715***  0.2759 Ti—1 -0.2328"** 0.2523***  0.1564
(0.13189) (0.0546) (0.1723) (0.0709) (0.0591) (0.1716)
T 1 -0.3202%  0.3276"  0.2598
(0.1722) (0.1757) (0.1826)
Trend 0.8340"** 0.8461*** 0.8436™** Trend 0.8261"** 0.8367*** 0.8287***
(0.0184) (0.0090) (0.0169) (0.0127) (0.0098) (0.0202)
Short-Run Ug—1 -0.0683* -0.0817* -0.04977 Ug—1 -0.0708** -0.0755* -0.0404
(0.0191) (0.0223) (0.0158) (0.0185) (0.0220) (0.0148)
Constant  0.6734*** 0.6918*** 0.5683***|  Constant  0.5752*** 0.6590"** 0.6295***
(0.1424) (0.1458) (0.1472) (0.5752) (0.1392) (0.1404)
Ayt 0.3129*** 0.3118*** 0.3135*** Ay 0.3091*** 0.3035*** 0.3031***
(0.0633) (0.0658) (0.0646) (0.0630) (0.0657) (0.0648)
Ay—s 0.1265* 0.1446** 0.1190* Ayi—o 0.1304** 0.1331** 0.1091*
(0.0646) (0.0658) (0.0645) (0.0643) (0.0653) (0.0647)
Ar,t -0.0029  0.0890*  0.0398 ATy -0.0444  0.0434 -0.0122
(0.0435) (0.0465) (0.0341) (0.0272) (0.0362) (0.0226)
AT, -0.0780** -0.0302 -0.0683*
(0.0391) (0.0598) (0.0347)

Table 6: 2SNARDL ESTIMATION OF THE NARDL AND ARDL MODELS. This table presents the
2SNARDL estimation using the quarterly data from Romer and Romer (2010). The left and right pan-
els display estimated parameters for (22) and (20), respectively. T, *, **, and *** imply that the tests are
significant at 25%, 10%, 5%, and 1%, respectively.
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NARDL Model ARDL Model
Variables \ Tax Exo. ratio Endo. ratio Sum. ratio | Variables \ Tax Exo. ratio Endo. ratio Sum. ratio
Y1 -0.0609T  -0.0633  -0.0460 | y;_1 -0.0552T 00658 -0.0400
0.0184)  (0.0251)  (0.0177) 0.0163)  (0.0247)  (0.0160)
oy -0.1992  0.0850 0.0037 | r_1 -0.1125  0.1003 -0.0351
(0.1349)  (0.0954)  (0.0789) 0.0743)  (0.0925)  (0.0618)
o -0.0970  0.0401 -0.0566
(0.0801)  (0.1345)  (0.0645)
Trend 0.0499***  0.0488"*  0.0324** | Trend 0.0419***  0.0520***  0.0317***
0.0173)  (0.0200)  (0.0136) 0.0127)  (0.0194)  (0.0135)
Constant 0.2683 0.3673 0.3685* Constant 0.4054**  0.4700***  0.5261***
(0.2363)  (0.2380)  (0.2047) 0.1787)  (0.1663)  (0.1543)
Ay 03095 0.3144** 03049 | Ay,_, 0.3042°**  0.3115"**  0.2921***
0.0639)  (0.0672)  (0.0657) (0.0636)  (0.0660)  (0.0650)
Ay 0.1223* 01265  0.1139* | Ay,_o 0.1168*  0.1242*  0.1073*
0.0652)  (0.0660)  (0.0651) 0.0644)  (0.0657)  (0.0648)
Art 0.1638 0.2465 0.1778 | Ar, 0.1725 0.2553 0.1467
0.6215)  (0.2788)  (0.2621) 0.618)0  (0.2776)  (0.2609)
Ary 02706 -0.1477  -0.2350
0.2734)  (0.3051)  (0.2087)
AIC 2.6831 2.6925 2.6895 | AIC 2.6739 2.6780 2.6814
BIC 2.8133 2.8226 2.8196 | BIC 2.7751 2.7792 2.7826
t-test 330871 25198 -2.5917 | t-test 338671 26602 -2.4960
F-test 3.9276 3.5933 3.4873 | F-test 5.7417 5.2684 4.8210
;Y 527574 21358  48.9740
(0.1294)  (0.7290)  (0.2581)
w;? 0.0722 0.8121 0.4782
(0.8015)  (0.4021)  (0.4981)
w;? 52.8296  2.9480 49.4522
(0.1340)  (0.7595)  (0.2610)
Wi 0.5384 03344 0.8601
0.5697)  (0.6463)  (0.5035)
W) 0.4079 0.9926 1.5118
0.5278)  (0.3177)  (0.2279)
W) 1.0869 1.2200 2.1652
0.6618)  (0.6150)  (0.4681)

Table 7: OLS ESTIMATION OF THE NARDL AND ARDL MODELS. This table presents the OLS esti-
mation using quarterly data from Romer and Romer (2010). The left and right panels display estimated
parameters for (23) and (21) using r; instead of 7, respectively. Figures in parentheses indicate standard
errors of the OLS estimates. At the bottom of the top panels, AIC, BIC, t-test, and Pesaran et al.’s (2001) F'-

test are reported. T,

ko kk

, **, and *** indicate significance at 25%, 10%, 5%, and 1% levels, respectively. Wald

tests in the last two bottom panels show the Wald tests in Section 5 and the standard Wald tests. Figures in
parentheses below the Wald tests show p-values. They are obtained from 100,000 bootstrap iterations.
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NARDL Model ARDL Model
Variables \ Tax EX.O' Enc.lo. Sum. Variables \ Tax EX.O' Enc.lo. Sur.n.
ratio ratio ratio ratio ratio ratio
Long-Run| Constant -2.5602 -2.5888** -2.9531 Constant -0.3468 -2.2311* -1.0492
(2.4603) (1.1990) (2.5202) (2.3897) (1.2927) (2.8199)
T -6.7407%** 4.2616*** 4.5455*** Ti—1 -3.0752** 3.3960*** 2.2608*
(2.0794) (0.5100) (1.2686) (1.2428) (0.5463) (1.2356)
Ti_q -2.8360* 5.1176*** 2.762**3
(1.5211) (0.9583) (1.2373)
Trend 0.8364*** 0.8391*** 0.8435*** Trend 0.8242*** 0.8370*** 0.8295***
(0.0166) (0.0081) (0.0170) (0.0161) (0.0087) (0.0190)
Short-Run Ug—1 -0.0609T  -0.0633 -0.0460 Ug—1 -0.0558* -0.0627 -0.0378
(0.0184) (0.0251) (0.0177) (0.0162) (0.0248) (0.0160)
Constant  0.6763*** 0.6693*** 0.6719***|  Constant  0.5730"** 0.6828*** 0.6517***
(0.1484) (0.1510) (0.1534) (0.1470) (0.1468) (0.1464)
Ay 0.3095*** 0.3144"** 0.3049*** Ayiq 0.3038*** 0.3127*** 0.3007***
(0.0639) (0.0672) (0.0657) (0.0635) (0.0669) (0.0656)
Ayio 0.1223* 0.1265* 0.1139* Ayio 0.1149* 0.1220* 0.1070
(0.0652) (0.0660) (0.0651) (0.0644) (0.0658) (0.0648)
Arft 0.1638  0.2465 0.1778 Ary -0.2094  0.0801 -0.0737
(0.6215) (0.2788) (0.2621) (0.2435) (0.2087) (0.1596)
Ar, -0.2706  -0.1477 -0.2350
(0.2734) (0.3051) (0.2087)

Table 8: 2SNARDL ESTIMATION OF THE NARDL AND ARDL MODELS.

This table presents the

2SNARDL estimation using the quarterly data from Romer and Romer (2010). The left and right pan-
els display estimated parameters for (22) and (20), respectively. T, *, **, and *** imply that the tests are
significant at 25%, 10%, 5%, and 1%, respectively.
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Figure 1: PARTIAL SUM PROCESS FORMED BY EXOGENOUS FISCAL SHOCKS. The solid, dashed, and
dotted lines represent deficit reduction, long-run growth, and exogenous fiscal shocks, respectively.
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This Online Supplement is an Appendix that provides proofs of all the results in the paper,

including the lemmas.

A Supplements

A.1 Supplementary Lemmas

Before proving the main claims in the text, we first provide some preliminary lemmas to prove the main
claims efficiently.

The following two lemmas provide alternative representations of the OLS estimators, which we define
under different environments. We first suppose that y; € R is a dependent variable and (x}, z})’ € R(5tF)
is an explanatory variable, and the OLS estimator is obtained by regressing y; against (x}, z})’. Given this,

we provide alternative forms of the OLS estimator in the following lemmas:

Lemma A.1. Suppose that {(y;, x}, z})" € RY$TF . ¢ = 1,2 ... T}. If the OLS estimators are obtained

as follows: for j = 1,2,... s,

T T
5~ . 2 -~ . 2
(Br,y7) = arg mmz (yt —x0 - ZQ’Y) , @y i=arg mlnz (xjt - Z;(ﬁj) , and
By =1 ¢ =1
o 2
(€T7 6T) = arggrglinz (yt - ’/U\:fé - ZQ(S) )
’ t=1

where for each t, v, := x; — (/ﬁ/th and dp = (Pyp, - .., Pur), then By = &r and = 61 — Gpbp. O

"The author has benefited from discussions with Matthew Greenwood-Nimmo, Peter Phillips, and Yongcheol Shin. Cho ac-
knowledges the research grant provided by the Ministry of Education of the Republic of Korea and the National Research Founda-
tion of Korea (NRF2020S1A5A2A01040235).



Therefore, we can obtain the OLS estimator (BT,'AVT) by combining the two OLS estimators Z;Z)T and
(ET, ST) obtained from the first- and second-step OLS estimators, respectively.
The following lemma considers a different environment. We let the OLS estimator be obtained by

regressing y; against (x¢, 2}, w}) € R*T#+4 and provide an alternative form of the OLS estimator:

Lemma A.2. Suppose that {(y;, x}, 2}, w}) € RIFfsthtd . ¢ — 1 2 TY. If the OLS estimators are

obtained as follows: for j =1,2,... s,

T T
~ . 2 ~ ) 2
(B, ¥, ar) := arg mlnz (ye — xiB — ziy —wiar)”,  ¢p = arg mlnz (zje — z1¢;)", and
Bv,ex t=1 ¢ t=1
T
(€7, 07,07) == argmin Y _ (y — 1€ — 240 — w}0),
LI —
~ -~/ -7 - < > > ~ < - n
where for each t, vy = x; — ¢pzy and ¢y = (Pypy ..., Ggr), then By = Ep, ¥p = 017 — &y, and
ar = 0r. O

Note that w, is added as an additional regressor to the regressors given in Lemma A.1 and that the nuisance
parameter estimator cy is the same as the nuisance parameter estimator @T obtained in the second step.

We now prove Lemmas A.1 and A.2. For notational simplicity, we let

~

/, X := [ml,mg,...,a}T]', 7 — [21,22,...,ZT],, V = [/’(?1,/1}2,...,’2)\7“]/,

Y = [3/1792,---,QT]
and W = [wl,wg, RN wT]’.

Proof of Lemma A.1. From the definition of (,@T, ~r), we first note that

-1

By X'X X'Z X'Y (X'QX)"1X'QY Al
5y 7’X Z'Z Z'Y (Z'Z)"'Z'[1 - X(X'QX)"'X'Q]Y | '
where Q := I — Z(Z'Z)~'Z'. Next, we note that
V=X-Z¢;=X-7Z(Z'Z2)'ZX = QX. (A.2)

Therefore, Z'V = 0 by noting that Z'Q = 0. Third, we note that

~ ~ N~ -1r o ~ ~
&r V'V V'Z V'Y (V'V)~IV'Y

or ZV 77 7Z'Y (Z'Z)~'Z7'Y



~

using the fact that Z'V = 0. Therefore,

&= (VV)"'V'Y = (X'QX)'X'QY (A3)
using (A.2). This shows that BT = ET. Finally, we note that
O — Gl = (ZZ)'Z'Y — (ZZ) ' ZX(V'V) V'Y = (ZZ) ' Z[1-X(X'QX)"'X'Q]Y = 77,

which follows from (A.1), where the second equality follows from (A.3). Thus, ST — ESTET = 4. This

completes the proof. |

Proof of Lemma A.2. To prove the claim, we represent the OLS estimators in different forms. If we let

T

~ . 2
(Br(a),Ar(a)) = ar%mmz (e — 2B — 2y — wyar)”,
Y t=1

then
T
~ . 2 I~ ! 2
Qar = arg mlnz (Z/t —xfBr(a) — zyr(a) - wt“) )
* =1

and (B (ar), 37(ar)) = (Bp, J7). Likewise, if we let

T

(£1(6),07(0)) := arg gﬁnz (yr — Dyt — 2,6 — wi0)”,
’ t=1

then
T

N ~ N 2
O0r = argeminz (yt —0,&7(0) — 2,67(0) — wé@) ,
t=1

and (ET(ET)>3T(§T)) = (ET»ST)'
Here, for each o, if we let y () := y; — wiex,

o~

T
(Br(),77()) = argmin 3 () — 28— 2/7)?,  and

1@77 t=1

~

T
(Er(),07()) == arg gnnz (v () — T1€ — 216)°,
t=1



so that Lemma A.1 implies that BT() = ET() and v () = ET() - gAbTET() Therefore,
T T o _ )
S ()~ iEr() — =) =3 () = (@ = Br2) & ()~ 2810

:i(ytc)—w;&(»—z;@o r8r()) =3 (w0~ 2iBr() ~ 2320))

t=1 t=1

implying that

. d ~IE s 2 . d 2 2 2
argmin Y (yi(er) - 5(€r(e) — 2181(cr)) = argmin Y (4:(8) — iBr(6) — 157(0)) .
X =1 t=1
viz., & = O7. Thus, it follows that B (&) = &€4(87) and F(ar) = 07(07) — ¢pr&p(O7). That is,
BT = ET and yp = ET — (AbTET. This completes the proof. |

The following lemma shows that U7 and w1 defined in Section 3 suffer from an asymptotically singular

matrix problem.

Lemma A.3. Given Assumption I,
(i) TV, @ 5 o2 = Eluf];
(ii) if we let Dy = diag[T®*Loy,, T2, TV/2), T-1/2 (Z AR 1) D! = My, = 04212y
(iii) Dl_ (thl rt_lrt,1> D;'= M 11, where

1 ;1 1

My Hs My
D7 1,,/ 1 1
OIS O A

1,,/ 1

b 51

. . =~ . _ ~ 1 P
(iv) if we let Dy := dlag[T1/21p+2kq_1], T-1/2 (Zthl ut_1z2t> D, LS My, = Elui—122¢);
(v) ]52_1 (Zle zgﬁ”g,l) f)l_1 = :/ilgl, where

1 ! 1
—~ . 5(5*Lp_1p,* 5(5*1,17_1 5*Lp_1 )
Vﬁz?l = 1 , 1 )
F5lg @ by 5Lg O Wy g ® My

o~ _1 P
(vi) D, 1 (Zthl z2t2/2t> D, L2y Moy := Moo



(vii) if we let D := diag[T*/?, Dy, Dy], D! (Zthl E{zﬁ) D! = J, where

2
o M, My

u

M = Mlu -%11 %12 )
Mm -/7121 Mm

which is singular, ‘%12 = .//;l;l, Mul = M’lu, and Mug = M'Qu, and
(viii) f)l_1 (Z;‘le Ft_l?";,1> f)l_l L sy, which is singular. O

Both U7 and wr suffer from the asymptotically singular matrix problem by Lemma A.3 (vii and viii).
Specifically, every column from the second to (1 + k)-th columns of M is proportional to the (2 + 2k)-th
column. Likewise, every column from the first to k-th columns in 4 11 is proportional to the (1 4 2k)-th
column of 11-

We now prove Lemma A.3.

Proof of Lemma A.3. (i) This follows from Lemma B.6 (iv) given in Section A.2.

(i) This follows from Lemmas B.3 (v), B.4 (v), and B.5 (iv) given in Section A.2.

(iif) This follows from Lemmas B.3 (i, ii), B.4 (i, ii), and B.5 (i) given in Section A.2.

(iv) This follows from Lemma B.2 (vii) given in Section A.2.

(vi) This follows from Lemma B.2 (i) given in Section A.2.

(vii) The given weak convergence follows from Lemma A.3 (i, ii, iii, iv, v, and vi) given in Section A.2,
and the singularity follows from the structure of M.

(viii) This follows from Lemma A.3 (iii) given in Section A.2. |

A.2 Preliminary Lemmas

We next provide preliminary lemmas to prove the main claims efficiently.
Lemma B.1. Given Assumption 1, By (-) :== T—1/2 Z}ilﬂ w; = AB(-). O

Lemma B.2. Given Assumption I,
(i) T7V 0 2ozl > Elzae25];
(ii) T~V 2o =5 [0u],_y 0l @ L)
(iii) T2 (t— D)zay = [L0:e, 1, bel @ pl]';
/.

: 27T 1 Bl / 1 / /
(iv) T723 g &i129 — [55*H*Lp—1v MLy & pl



(v) T2 Wy 12, = (00 [ Bntly 1, [ Bty @ pl)';
o P
(vi) T2 Z;—F=1 Yi-125 — [%53%717 %5*% @ )’

o ~ P
(vii) T—1 Z;le U129t — Elup_129). d

Lemma B.3. Given Assumption I,

(i) T2yt = & (iv) T2y 5 56
.. _ . P
(”) T 2 ZZ—‘:]_ Ty — %l’l’*’ (V) Zf:l ﬁt_l =0. ]
(iii) T3y = [ RBs
Lemma B.4. Given Assumption I,
(i) T3 2 = L (iv) T35ty 5 L6.;
e . P R
(ii) T35 tae — Sh v) STt — 1)y =0, O
(iii) S (t — 1)y, = 0;
Lemma B.S. Given Assumption 1,
. _ e .y P _ .. P
(i) T35 ety — Sl (iii) T332y @y — §0upts
(i) T2 L @ i, | = [ BB (iv) N & 111 = 0. O

Remark. [ B,RB,, = [ BB, = [ BB, —3 [rB,, [ rRB,, from the definition of B, (s) =
Br(s)—3s [ rB,. O

Lemma B.6. Given Assumption I,

oo ~T A A 7
(i) T2 Do My = [ B SB, (iii) T3 ZZ;I y? LN %53;
(i) oy Wy 171 = 0; (iv) Gop:=T" ST a2 5 o2 =Eu?). O
Lemma B.7. Let g,,, = limp_,oo T~ " 08 Els,uq). Given Assumption 1,
. ~ . -1 T
(i) VT (fip — p,) = 3 [rBm; (iv) T3 my_1e; = [ BrdBe;
(ii) for every t, ¥} = ¥op; (v) 625 = TV (Ay — 2i7)? 5 02 =
(iii) T"S 1 my qus = [ BrndBu + s Ele?]. O



We now prove the preliminary Lemmas B.1 to B.7.
Proof of Lemma B.1. This trivially follows theorem 7.30 of White (2001). [ |

Proof of Lemma B.2. (i) It holds by the ergodic theorem.

(ii) It holds by the ergodic theorem and the fact that E[za:] = [dxt;,_1, ¢, ® pl]’ because ditp1 =
E[Ay, |, o, @ p’ = E[(Az/, .. Amf’qﬂ)] and ¢j @ p" = E[(Az, ;... Az’ )]

(iii) We note that T=2 "7 (t — 1)zo; = T~V S ((t — 1)/T)zas, and we let q, := ((t — 1)/T)za
for notational simplicity, which is a heterogeneous process. Therefore, T-' S7_ (q, — Elq,]) 5 0. In
addition, 771 "7 E[q,) = 7237 | (t — 1)E[29] — LE[2a], implying that T2 "7 q, 5 1E[2]
by White (2001, theorem 3.47), given the DGP condition in Assumption 1. We further note that E[zo;] =
[0ty 1, Lq ® p)', leading to the desired result.

(iv) We first note that &; 1 = p,(t — 1) + my_;. Therefore, Zle Br_12h = Zle p(t—1)zh, +
Z?:l m;_125,. The proof of Lemma B.2 (iii) already shows that T—2 Z?zl(t —1)zy 5 +E[z5]. Fur-
thermore, Z;‘FZI my;_125, = Op(T 3/ 2) as shown in the proof of Lemma B.2 (v). Therefore, it follows that
T2 @2, 5 s, E[zo], as desired.

(v) Note that my_1 = my_1 — (i — p,)(t — 1). Therefore, ZtT | My_1zh, = ZtT LMy 12, —
(R — 1) Si_y (t = 1)zh,. We here note that 3,y my—12h, = >,y my—1E[zh,] + 3 my—1(2h, —
E[z),]). The proof of Lemma A.3 (iv) implies that 7~3/2 thl m;_; = [ 9B, and thl my_;(zh, —
E[z},]) = op(T3/?) by noting that my_; = Op(T"/?) and ZtT (2, — E[2,]) = Op(T"/?). Therefore,
T35 my 12, = [ BrE[2h]. Next, (fiy — p,) iy (t = 1)2h, = VT (fip — p) T2 3 (t—
1)z%,, and Lemma B.7 (i) implies that f(uT —p,) =3 f rAB,,. In addition to this, Lemma B.2 (iii)
shows that =231 (t — 1)25, 5 1E[2},]. Therefore, T7%/%(fiy — p,) ST (= 1)z, = S [rBm
Hence, if we combine all these, it follows that 3"/ My_125, = ([ Bin—3 [rBn)E[2h,] = [ BinE[2h,].

(vi) Note that y; 1 = d,(t — 1) + Zt Yd;. Therefore, .7y 12, = SO, 0.(t — 1)z, +
Zt 1(Zt Ld; )Zh;. The proof of Lemma B.2 (iii) already showed that 7"~> Zthl(t —1)zy 5 1E[z2].
Furthermore, we note that Zt 1(Zt L d;)zh, = Op(T?/?). Therefore, T2 Zle Yr—12h, 5 36, E[za],
as desired.

(vii) In the proof of Lemma B.6 (iv), we show that u; = u; + OP(T_I/ 2). Therefore, it follows that
71 Zle U129t = T71 Z;le ug—129¢ + op(1) E E[u;—12z2¢] by the ergodic theorem. This completes

the proof. |

Proof of Lemma B.3. (i) ZtT:1 t =T(T + 1)/2, leading to the desired result.
(ii) Note that &; = p,t + my, so that ZZ;I T = w, Zthl t+ Zle m;. Here, T2 Zthl t — %



by Lemma B.3 (i), and Lemma B.1 implies that T-3/2 Zthl my =71 ZtT:1 %mt = [ By, (r)dr =
[ B, Therefore, T3/2 5T ay = p, 773251t + 0p(1) 5 SHs-

(iii) Note that m; = my + (fip — p,)t. Thus, 7327wy = 7372 my + VT (i —
T2 Zthl t. Lemma B.7 (i) implies that VT (ip — p,) = 3 [79RB,,. Lemma B.3 (i) implies that
T723,_;t = 5. Inaddition to these, 7923 my = T7' Y1, Jomy = [By(r)dr = [ B,
by Lemma B.1. Thus, T~3/2 Y] f, = [ RByu(r) — 3 [rdr [ sBm(s)ds = [ By, by the definition of
B (), Viz., B (1) = B (-) — 3() [ 5B (s)ds.

(iv) From (5), 7723y ye = 6,72t + T2 Y0y dj = 364 + op(1).

(v) We note that ;1 := y;_1 — 7y_, 07, so that Zthl U;—17i—1 = 0. We here note that 7,1 =

[@;_q, (t —1),1]". This completes the proof. [ ]

Proof of Lemma B.4. (i) Zthl t> = T(T + 1)(2T + 1) /6, leading to the desired result.

(ii)y T3 Z?zl tiey = p, T3 EtT (24T ZtT—1 tm;. Here, it follows that 773 Zle > — 1 and
T—5/2 Zz;l tm;, = T71 Zt 1( ) -m; = = [rByr(r)dr = [r%B,,. Therefore, 73 Zle tey =
sp, +op(1).

(iii) Note that m; = &; — tpp and i = ( tT:_ll t2)~1 ;‘F:_ll t&;. Therefore, Z;‘F:l(t —1)my_; =0.

(iv) From (5), T3 Yy tyy = 6. T3 3 2+ T35 £y dj = 36, + op(1).

(v) The proof of Lemma B.3 (v) already shows the given claim. |

Proof of Lemma B.5. (i) Using the fact that &; = p,t+m;, Zf | & &y = ZtT (ot +my) (pt+my) =
Soimy it + 3 pemit + 3 myplt + > mymg. Here, T3 p plt? — Jppl by
Lemma B.4 (i), and T~5/2 thl pmit = fr%m as shown in the proof of Lemma B.4 (ii). Fur-
thermore, 7-2 3/ mym} = T-' ST ﬁmtﬁm’t = [Byr(r)Bur(r)dr = [%,9,,. Thus,
T3S i gl

(i) We first note that 3, a1, = S, (p,(t — 1) + me_1)m)_, = p, > (t — Dmy_; +
S mm), = Y. m, m, | by Lemma B.4 (iii). We further note that >/ m, m, , =
Zg;l my_1(my_1 — (p — p,)(t — 1)) using the fact that m; = m; — (@i — p,)t. Here, we note that
T2 mm, = [ B, B, as shown in the proof of Lemma B.5 (i), and T~2 31| tmy(fip — p,) =
7525 to VT (fip — ) = 3 [ By, [ 7B, by Lemma B.7 (i) and the fact that 7-5/2 "] tmy,
=71 Zthl %ﬁmt f rBy,(r)dr = f r.%m as shown in the proof of Lemma B.4 (ii). Therefore,
23 aml = .%m m—3r [sBn) = [ BB, We further note that [ &, R,
[ 9B, 9., by the definition of 9B,,, 9B, and the fact that [ r? =

(iii) Using the fact that &; = p,t + my and y; = 04t + E;Zl dj, Zthl Tyt = WOk Ethl 2 +
s Zthl tm; + p, Zthl tZ§:1 dj + Z?zl my 25:1 d;. Here, T3 Zg;l > — % by Lemma B.4 (i),



and T5/2 Zthl tm; = f rAB,, as shown in the proof of Lemma B.4 (ii)). Furthermore, we note that
_ .. P
St 2;21 d; = Op(T%?) and "L, my Z;‘.le d;j = Op(T?). Therefore, T3 ST &y, — 30,10,

(iv) The proof of Lemma B.3 (v) already shows the given claim. [

Proof of Lemma B.6. (i) We first note that 3"/, my,_ym,_, = Y7 (my_1 — (fip — ) (t — 1))@}, =
Zg;l my_m;_; — (fp — @) Zt J(t—1)m;_, = Zthl m;_1m;_, by Lemma B.4 (iii). We next note
that Zthl m;_m; | = thl my_q(my_q1— (fp—p,)(t—1)) using the fact that my = m; — (pp — p,)t.
Here, 723" mym)} = [ &, R, as shown in the proof of Lemma B.5 (i), and T2 3| tmy(fig —
w) =3 [rBn fr.%m as shown in the proof of Lemma B.5 (ii). Therefore, T2 Zle m;_m, ; =
[ B (B, — 31 [ sB) = [ BB,

(i) As Lemma B.7 (iii) shows, for each t, 7,01 = 7,07, so that Uy := y; — 7O = Y — 7jor. We
further note that U1 = (Zthl 7“15,17'“2_1)_1 Z?zl ¢ 1Yt—1, SO that Zthl i_1U;—1 = 0. We now note
that 71 = [m,_,, (t — 1), 1], leading to that 37, m; 171 = O.

(iif) From (5), y¢ = 0.t + 22:1 d;. We here note that Zthl v = Zle(é*t + Z;Zl dj)? =

o2+ 23 T s, tZ; Ldi+ S 1(23 L d;)?. Furthermore, T-3S"L 2 — % by Lemma B.4
(@), Z’f 1 Ox tzj L dj = Op(T%/?),and .1_ 1(ZJ L dj)? = Op(T?), implying that T3 S°F 42 = %63

(iv) Note that u; := y; — Tt’UT, and 7 rth = wt,BT + tCT + vy with &; = my + ppt. Furthermore,
ye = BL(My + fipt) 4+ Gt + vy + ug using (6). Hence, Uy = uy — (B — B,) My — (U7 — O )t — (Ip — 1),
We now note that Lemma 3, m; = Op(7"/2), and t = O(T) imply that 7y = u; + Op(T~'/?). Therefore,

-1 Zt Jup =Tt thl u? + op(1), and 77! thl u? LN E[u?] by the ergodic theorem, implying that

lzt (a2 5 o2 = ). n

Proof of Lemma B.7. (i) Note that iy = (3.7 't?)~' S/ 'ti; and & = p,t + m;. Therefore,
i — pe = (ST ESS tmy, so that VT (p — p,) = (T2 X5 )T 523 .
Lemma B.4 (i) implies that 73 Zthl 2 — % Furthermore, 7'~5/2 tT:_ll tm; = T4 Z;‘F 11 %\}mt =
[Bur(r)dr = [rB,. Hence, VT (fip — p,) = 3 [ 1B,

(ii) Note that 7,0 = &8y + tCp + Up with &, = @y + fipt. Therefore, 707 = m},B; + t(f By +
ZT) +Up = rﬁ;BT + tOp + U = 7,07, where the second last equality holds by Proposition 2, and the last
equality follows from the definition of ;.

(iii) Note that T~' S my quy = T30 T‘1/2mt_1\/T(BuT(t/T) — Bur((t = 1)/T)) =
[ By (r)dByr(r). We here note that [ B,,p(r)dByr(r) = [ Bmd%B, + ©,,. by applying theorem
4 of de Jong and Davidson (2000).

(iv) We first note that 7= -7 my_ye, = T~V ST T?my_\VT(Ber(t)T) — Ber((t—1)/T)) =
[ B (r)dBer(r). Note that [ By, r(r)dBer(r) = [ Bd%B. by applying theorem 4 of de Jong and



Davidson (2000) and noting that E[s,e;] = O for each 7 < .
(v) Note that if we let é&; := Ay, — 277, it follows that é; = —2}(77 — T14«) + e; from the fact that

Ay = 277, + €1, implying that

T
Zéf =(Tr—77+)D ( -1 Zztz;D ) D(7r—7r«)— (Z etzt> D 'D(Fr—714) Zet
t=1

t=1

We examine the asymptotic behavior of each element on the right side. First, Lemmas 3 (vi) and 4 (i) imply
that D(#7 — T7+) = Op(1) and D! Zt L 2:2D~1 = Op(1). Second, from the definitions of 2; and D,
i e DT = [TV ey, T ey T2 Lot — 1), T2 e, T2
S°L | erzh;]’. We verify that each element on the right side is Op(1). We first note that 7—3/2 37 e;(t —
1) = Op(1), T2 er = Op(1), and T~/2 3T e;29; = Op(1) by the martingale difference CLT
based upon the fact that {e;, %} is an MDA. In addition, 7! Zle emy_; = T71 Ethl e;my 1 — ([ —
w)T~! Zthl ei(t — 1) by noting that m; 1 = m;_1 — (p — p,)(t — 1) as given in the proof of Lemma
B.6(i). Here, Lemmas B.7 (i and iv) imply that (fip — p,) = Op(T~1/?) and T~ ! Z?zl e;my_1 = Op(1),
respectively, so that 7! Zthl e;my_1 = Op(1). Finally, T-1/2 ZtT:1 e = T—1/? Zle eti—1 +
op(1) using the fact that u;—; = w1 + Op(T -1 2) as given in the proof of Lemma B.6 (iv). All these
facts imply that 37| e;2,D~' = Op(1). By these two facts, it follows that >_°_, é? = S°T €2 + Op(1),

implying that 67 := T~ ST ¢ = T'SE €2 + Op(T'). The desired result follows from the
ergodic theorem, and this completes the proof. |
A.3 Proofs

Proof of Lemma 1. (V) This follows from Lemmas B.3 (i, ii, iv), B.4 (i, ii, iv), B.5 (i, iii), B.6 (iii), and the
remarks below Lemmas B.3, B.4, and B.5.

(i) This follows from Lemma B.2 (i).

(ii7) This follows from Lemmas B.2 (ii, iii, iv, vi) and the remark below Lemma B.2.

(iv) This follows from Lemmas 1 (i, ii, iii) and the structure of M. [

Proof of Lemma 2. (i) This follows from Lemmas B.3 (v), B.4 (v), and B.6 (ii).
(i) This follows from Lemmas B.3 (i, ii, iii), B.4 (i, ii, iii), and B.6 (i).
(ii7) This follows from Lemma B.2 (vii).
(iv) This follows from Lemmas B.2 (i, iii, iv, and vi).
(v) This follows from Lemma B.2 (7).

(vi) This follows from Lemma A.3 (i) and Lemmas 2 (i, ii, iii, iv, v).

10



(vii) This follows from Lemma 2 (ii). [

Proof of Lemma 3. (i) We note that Dl(TJT —Ury) = (]'31_1 Zthl 'i't_li*;_lDl_l)*lDl_l Zthl Pr_1Ui—1
from (13), and Lemma 2 (vii) implies that DII(ZL rt_la'«;_l)]');l = 1. We therefore focus on the

limit distribution of D7 * 327 | #_ju;_1. Note that

!/

T T T T
DY i quey = [T ) que T2 (= Dy, T2 w
t=1 t=1 t=1 t=1

We now examine the asymptotic behavior of each element on the right side. First, we note that m;_; =
m;_1—(pip—p,)(t—1). Therefore, T~! 2th1 my_qup_g =T ! Zle my_ous_1+771 Zle St_1Ui—1—
(tp—p, )T Zthl(t—l)ut_l. We here note that 7! Zthl my_our_1 = [ BdBu++0,,, by Lemma
B.7 (iii), and VT (fiy — p,) = 3 [ 7RB,n by Lemma B.7 (i). In addition to this, T3/ ST (t — 1)1 =
Ty %\/T(BUT((t —1)/T) — Bur((t — 2)/T)) = [ rdByr(r) = [rd%,. Hence, it follows
that 71 Zle My U = & := | BrdBy+ 0 —3 [ 1B, [ 7dB,. Next, it is already showed that
7325 (t—1) w1 = &» == [rdB,. Third, note that T=/2 "7 wy g =TS V/T(Bur((t —
1)/T) — Bur((t — 2)/T)) = [rdBur(r) = S3 := [ d%B,. We now combine the first to third facts to
obtain that D1_1 Zle Ui = S, leading to that Dl('TJT —Ury) = L = ./%1_115’, as desired.

(if) We first note that vy — v, = Prvr — Po,. Therefore, vy — v, = (Pr — P)(vr — v7s) +
P(vr — vpi) + (Pp — P)(vrs — ©4) + P(07s — ©4) + (Pp — P)o,. From the definition of P7 and
Lemma 3 (i), we note that (P — P) = Op(T~'/?), (O — 01.) = Op(D '), and (P — P)(0rs — 0s) =
0. Furthermore, P(vr, — ©.) = [0/,0, (U714 — V), 0] such that (V7. — Js) = B (p — p,), and
(Pr—P)v. =1[0,0, -3, (p — w,),0], so that P(07, — 0.) + (Pr — P)o. = 0. Hence, it now follows

that ’BT — V4 = (PT — P)(’TJT — Q_JT*) + P(1~)T — ’I_JT*) = P(’INJT — @T*) + OP(T_3/2), so that
Di(r —va) = [ T(Br — B.)' | ~sT(Br — B.) VT —w) | +0e() > [ £ 1~ 1 5 |
by Lemma 3 (i). |

Proof of Lemma 4. (i) We first note that D(77 — 77,) = (D™ 3.1 2,2/D"H) 1D 7| ;e from
(14), and Lemma 2 (vi) implies that D=1 (Y., 2,2,)D~! = . We therefore focus on the limit distribu-
tion of D=1 27| 21e,. Wenote that D=1 24, = D S0L [y 16, @ jey, (t— 1)er, €, 2hped]’
We now investigate the asymptotic behavior of each element on the right side. First, we already
showed in the proof of Lemma B.6 (iv) that uy = wuy + Op(T‘l/Q). Therefore, T—1/2 Zle U164 =
7125wy ye + op(1). In addition, T~V2 5T wy 1e; = TV S°L VT (Buer(t/T) — Buer((t —

11



1)/T)) = [rdBuer(r) = % := [dBye. Second, we note that My, = my_1 — (fp — p,)(t — 1).
Therefore, T~ S0y 1e; = TS5 my ye; — (ip — p )T 00 (t — 1)e;. We here note
that 71 Zthl my_ie; = [ BmdBe by Lemma B.7 (iv) and VT (ip — p,) = 3 [rRB,, by Lemma
B.7 (i). In addition to this, T~3/25°F (t — 1)e; = T 37 | CDYT(Br((t — 1)/T) — Ber((t —
2)/T)) = [rdBer(r) = [rdB.. Hence, it follows that T-' 3.7 &y _1e; = £y = [ B1ndB. —
3[rBum [rdBy = [ BydBe. Third, itis already showed that T-3/2 3" (t—1)e,—1 = F 1= [rdB,.
Fourth, we note that 7~1/23"" ¢, = T-'S°T | VT (Ber(t/T) — Ber((t — 1)/T)) = [dBer(r) =
J1 = [ dB.. Fifth, note that T-/2 "7 | zoe, = TS VT (Boer(t/T) — Ber((t — 1)/T)) =
[ dBer(r) = 57 5 := [ dRB... We next combine the first to fifth facts to obtain that D~ Z;‘FZI zer = F,
leading to that D(%T — TTs) = MM f , as desired.

(ii) From the definitions of 77, := [px, 747, 7h.] and 717 := [(n, + p«(Br — B.))s s + 1. (figp —
) + pe(O7 — 912), ve + pu(Ur — 1)), we obtain that D(77 — 77,) = D(77 — 74) + [0, —p T (B —
B.), —pT32(9r — 91, —pTY2(0p — 1,),0') = D by Lemma 4 (i) and noting that 5, = 0. In
addition, Lemma 3 implies that T(3, — 8,) = &£/, and T'/2(vp — v,) = Z3. Furthermore, the proof of
Lemma 3 (i) shows that T3/2(0p — 9p,) = Z». Therefore, D(71 — 74) = D + p.[0, L', Lo, Zs,0].

This completes the proof. |

Proof of Theorem 1. (i) We note that (ar — ) = (T — T)1 + T(7r —74) + (T —T) (77 — 74) =
(T — T)1s + T(77 — 7«) + op(Tp — T) using (10) and (11). We further note that

(TT—T)T*—I—T(’T"T—T*)

(AT — ps)
—B.(pr = pe) + (1y — ) = p(Br — B)
= | (=) — plir —n.) = G(or — po) — pu(Cr — G&) — 0y — )
(Y1 — 1) — P (U — vi) — v — pic)

(Tor — T2)

and the fact that ,@T = BT, Cr = —ﬁ'TBT +Urand ¢, = —p’. B, + V., so that (ZT — () = (5‘} —Opy) —
H;(ET - B.) — (B — IL*),(BT — B,), where (5T — i) = OP(T_3/2) and (pp — I‘L*)/(IBT - B.) =

12



OP(T_3/2) by Lemmas 4 (i), B.7 (i), and 3 (ii). Therefore, it now follows that

(TT — T)T*—I-T(‘f'T — T*)

0 0
B, 0
=(Fr—7mr) = (pr —p) | G|+ | —p{(ir = 1) = pe(Br = B} + Op(T2) | (Ad)
Vs 0
0 0

We here use the fact that 7, = 0. We further note that vT'(77 — 774) = [921, 04,0, Dy, 95]’ by
Lemma 4 (i) and —vVT'(pr — p) [0, B, iy v, O] = - [0, 3%, ¢, v, 0']. In addition, we note that

_”;\/T{(nT - 77*) - p*(IBT - 6*)} + OP(T_I) = OP(]-) because \/T{(nT - TI*) - p*(ET - B*)} =
Op(T~1/?) by Lemma 4 (i). Therefore, it follows that

VT(ar — o) = (D1, —B.D1, — (D, Dy — . D1, DL (A.5)

We finally note that the derived weak limit is identical to ¢, 2 + [0,0,0,0, @4, DL’

(« = 0, although it is not permitted by p, < 0. If so, it algebraically follows from (A.4) that

(aT—a*):(TT—T)T*—FT(‘i'T—T*)+OP(TT—T)

: . :
0
=(Fr —rr) + | —p{(ir —n.) = po(Br — B} + Op(T ) | +0p(Tr —T).
—Vi(Pr — ps)
L 0 -

Here, D(77 — 714) = (91, D}, 0, Dy, Ds) and T{(97 — n.) — p«(By — B,)} = Dy by Lemma 4 (i),

so that

D(ar — a,) = (D1, DYy, —p. Do, Dy — .91, DY), (A.6)

in (if) are imposed, the weak limit of /O\JTr is determined by (A.6) as D7, but the others are determined by

13



(A.5), so that the weak limit in (ii) is delivered. As another example, if the conditions in (iv) are imposed,
the weak limit of ET is determined by (A.6) as [J/;gg, but the others are determined by (A.5), so that the

weak limit in (iv) is delivered. In this manner, the weak limits in (i, iii, and iv) are obtained. [

Proof of Theorem 2. (i) We show the null limit distribution of each test using Lemma 4.
. ~+ = _ . _ . . - _
(i.d) Note that (B7 —87) = (87 —07) — (pr— p.) (BT — B7) + (iph —mf,) — (g —mz,) +02(T 1),
so that it follows that (/H\;r —6;) = (h —ns,) — (g —ng,) +op(T ™) under %. Therefore, Ry =

Ri(77 — T1+) + op(T 1), and it follows from Lemmas 4 (i) and B.7 (v) that

T -1 -1
Wi = (+7 — 77.) DR}, 52 Ry (D—l > ztz;D—1> R, | RiD(F7 — 714) + op(1)
t=1

-~ 'R/ ( °R .ﬂ_lR’)_lR P
1|\ 0etll 1 19.

(i.b) We note that (7?}, ) = (fr?, 7). Therefore, it follows from Lemmas 4 (i) and B.7 (v) that

T -1 -1
Wj(?) = (7 — TT*)IDRI2 ae’TRz (Dl Z Zt2£D1> R/2 RQD(+T — T74) + op(1)

t=1

.. . . . -1 . .
= 9'R), (agRg.//l_lR'Q) R>9.

(i.c) From the notice given in the proofs of (i.a and i.b), it follows from Lemmas 4 (i) and B.7 (v) that

T -1 -1
Wi = (+7 — 77.) DR} 52 7R (D—l > ztz;D—1> R, | RsD(77 — 77.) + op(1)

t=1

'R/ ( °R .ﬂ*lR’)_lR P
:> 3 U@ 3 3 3 .

(i) We show the power behavior of each test using Lemma 4.

(ii.a) We show that W) = Op(T'). Note that (87, —87) = (07 —60; )—(pr—p.) (B —B; )+op(T~1/2)
under #/ and (pr — p.) = Op(T~'/?), so that (/0\; —67) — (67 — 67) = Op(T/2). Therefore,
(6 — 67) = Op(T"/2), and this implies that W) = Op(T).

(ii.b) We show that W}m = Op(T). Note that Lemma 4 (i) implies that fr; —n; =7 —m +
Op(T~'/?). Therefore, 71, — 7t = Op(T"/?), implying that W2 = Op(T).

(ii.c) From the proofs of (ii.a) and (ii.b), (85 — 07) = Op(TY/2) and (i} — 7t7) = Op(TY/?).
Therefore, it trivially follows that W}3) = Op(T).

(iii) We show the null limit distribution of each test using Lemmas 3 and 4.
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(iii.a) First, Lemma B.6 (iv) implies that EZT LN 02, and D;? Zle 717Dt = My, from
Lemma 2 (vii). Therefore, VV(TI) = aZRl./'ﬁlilf{/l. Second, H[j, implies that R\D O = T(E; —
BH —T(By — B7) = (ZT — £7). If we combine these two facts, it follows that ‘WT(I) = (& -
L) (2RI MRy (LT — £7) that is identical to the given weak limit by the definitions of Ry and
2.

(iii.b) First, Lemma B.7 (v) implies that Eg’T ﬂ ag, and D1 Zthl thgD_l = J from Lemma 2
(vi). Therefore, Wg?) = UERQ.%ilR/Q. Second, RoD77 = \/T(ﬂ'; — ) = 9; — 925_ = RyD. If
we combine these two facts, it follows that WT(Q) = D'R,(c?RoM 'R, 'Ry D.

(iii.c) We note that from the definition of W(3) , it follows that %/T@ = WT(I) + %/T(,Z), and it follows from
(i.a and i.b) that ‘WT(3) = LR, (2R M R) R\ ZL + DR (03RM ' R)) 'Ry D under HY'.

(iv) We next show the power behavior of each test.

(iv.a) To show the claim, we show that WT(U = Op(T?) under H. Given that Wg} ) = 2RI MR,
we focus on the limit behavior of R;D; o7 Note that R1D1(1~JT —Ury) = (Qf — 31_) by Lemma 3 (i)
and Ry D107, = TB, = O(T). Therefore, Ry D157 = Op(T), implying that %,\") = Op(T?), leading
to the desired result.

(iv.b) We show that ‘WT(z) = Op(T) under #,'. Given that Wg? N agﬁg./ﬁl 1R’ we focus on the
limit behavior of RoD77. We note that RoD (77 — 77+) = VT[(71f — 77) — (7f — 7)) = Ry D by
Lemma 4 (i) and RoD 77, = VT (7} — 7)) = O(T"/?). Therefore, RoD+7 = Op(T"/?), implying that
W2 = 0p(T).

(iv.c) We show that WT(S) = Op(T?) under H{’. Note that ‘WT(?)) = WT(U + W(Q), and ngl) and
WT(Q) are Op(T?) and Op(T) by (ii.a) and (ii.b), respectively. Therefore, WYE?’) = Op(T?) under H/} and
WT(?’) = Op(T) under H{j; (HY%. This completes the proof. [ ]

A.4 Additional Empirical Supplements

In this section, we provide additional empirical supplements.

Two tables are provided. First, Table A.1 provides the descriptive statistics of the variables examined in
Sections 7.2.1 and 7.2.2. The sample period is from 1947Q1 to 2007:Q4.

Second, Table A.2 provides the testing results using Phillips and Perron’s (1988) unit-root test applied
to the partial sum processes for Tables 5 and 7. As we apply the unit-root testing by including both constant
and trend or including only constant, two testing results are provided for each variable. Except r, the test

results show that nonstationary data analysis has to be conducted for the other variables.
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Ay Exo. Endo. Sum.

ATlt ATQt ATt ATlt ATQt ATt ATlt ATQt ATt
Mean 0.8256 | 0.4240 -0.4704 -0.0464 | 0.3773 -0.1841 0.1932 | 0.7564 -0.6228 0.1336
Median 0.7876 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000
Maximum | 4.0198 | 6.4312 0.0000 6.4312 | 6.7617 0.0000 6.7617 | 6.7617 0.0000 6.7617
Minimum [-2.7525| 0.0000 -7.0965 -7.0965| 0.0000 -7.1122 -7.1122| 0.0000 -7.1122 -7.1122
Std. Dev. | 0.9780 | 1.3755 1.5073 2.1364 | 1.3317 1.0117 1.7136 | 1.7775 1.7316 2.6653
Skewness |-0.0501| 3.0654 -3.0598 -0.2762| 3.4094 -5.4276 0.4394 | 2.0432 -2.5281 -0.1450
Kurtosis | 4.3614 |10.8514 10.8759 6.3787 |13.2115 31.1514 10.4245| 5.4941 7.7131 4.1776
Obs. 243 243 243 243 243 243 243 243 243 243

Ay, Exo. ratio Endo. ratio Sum. ratio

Arlt A’I“Qt Art Arlt ATQt Art Arlt A’I“Qt A?"t
Mean 0.8256 | 0.0246 -0.0517 -0.0271]| 0.0471 -0.0260 0.0211 | 0.0679 -0.0738 -0.0059
Median 0.7876 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000
Maximum | 4.0198 | 0.6977 0.0000 0.6977 | 1.9542 0.0000 1.9542 | 1.9542 0.0000 1.9542
Minimum [-2.7525| 0.0000 -1.8706 -1.8706| 0.0000 -2.8214 -2.8214| 0.0000 -2.8214 -2.8214
Std. Dev. | 0.9780 | 0.0963 0.2171 0.2428 | 0.2245 0.2028 0.3066 | 0.2351 0.2876 0.3847
Skewness |-0.0501| 4.6231 -5.3926 -3.7013| 6.0062 -11.5395 -1.0526| 5.1164 -5.9045 -1.3783
Kurtosis | 4.3614 |25.4621 35.2975 25.0905(41.7414 152.4675 44.1557|33.0743 45.6366 21.6860
Obs. 243 243 243 243 243 243 243 243 243 243

Table A.1: DESCRIPTIVE STATISTICS. This table shows the descriptive statistics used in Sections 7.2.1 and

Exo.
T1t T2t Tt

Endo.
T1t T2t Tt

Sum.
T1t T2t Tt

0.7551 -0.7188 -1.6243
0.9931 0.8387 0.4686
-1.8278 -1.3653 -1.3483
0.6883 0.8686 0.8732

-2.4701 -0.3499 -2.2743
0.1241 0.9140 0.1812
-0.7094 -2.2995 -0.8156
0.9707 0.4322 0.9618

-1.3064 -0.4173 -2.0303
0.6270 0.9028 0.2738
-0.9285 -2.0326 -2.7414
0.9500 0.5801 0.2210

Exo. ratio
T1t T2t Tt

Endo. ratio
1t T2t Tt

Sum. ratio
1t T2t Tt

7.2.2.

PP test Ut
PP test w/o trend |-1.4767
p-value 0.5439
PP test w/ trend |-2.3488
p-value 0.4056
PP test Ut
PP test w/o trend |-1.4767
p-value 0.5439
PP test w/ trend |-2.3488
p-value 0.4056

0.7288 -0.7859 -1.7004
0.9926 0.8210 0.4299
-1.8466 -2.3558 -2.2056
0.6790 0.4019 0.4840

-2.5409 -0.9379 -3.0710
0.1071 0.7749 0.0301
-1.5667 -2.0336 -2.6499
0.8033 0.5796 0.2587

-1.7735 -1.8303 -2.9448
0.3932 0.3652 0.0418
-1.3375 -2.3690 -3.4114
0.8761 0.3949 0.0521

Table A.2: PHILLIPS AND PERRON’S (1988) UNIT-ROOT TESTS APPLIED TO THE QUARTERLY DATA
IN ROMER AND ROMER (2010). Two Phillips and Perron’s test statistics are computed using the data in
Table A.1 by including the time trend and/or the constant. The lag lengths are selected by BIC.
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