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A Supplements

A.1 Supplementary Lemmas

Before proving the main claims in the text, we first provide some preliminary lemmas to prove the main
claims efficiently.

The following two lemmas provide alternative representations of OLS under different environments.
They are obtained by elaborating on the Frisch-Waugh-Lovell projection method. We first suppose that
y; € R is a dependent variable and (z}, ;)" € R(***) is an explanatory variable, and the OLS estimator is
obtained by regressing y; against (x}, z;)’. Given this, we provide alternative forms of the OLS estimator in

the following lemmas:

Lemma A.1 (Complete Form of Frisch-Waugh-Lovell). Suppose that {(y;, x}, z}) € RStk . ¢ =
1,2,...,T}. If the OLS estimators are obtained as follows: for j = 1,2,...,s,

T T
=~ . 2 7 . 2
(Br, 7)== arg mmz (ye —xiB—2y)",  ¢p = arg mlnz (zje — z1¢;)", and
By o ¢ =1
d 2
(&p,07) = argﬁgﬂnz (e — B1€ — 210)”
0 =1

where for each t, vy := x; — $'th and ¢ = (alT, . ,(f,‘[\)ST), then By = €p and §p = 07 — dplp. O



Therefore, we can obtain the OLS estimator (BT,'AVT) by combining the two OLS estimators Z;Z)T and
(ET, ST) obtained from the first- and second-step OLS estimators, respectively.
The following lemma assumes a different environment. We let the OLS estimator be obtained by re-

gressing y; against (x¢, 2}, w}) € R*T*+4 and provide another alternative form of the OLS estimator:

Lemma A.2 (Augmented Frisch-Waugh-Lovell, AFWL). Suppose that {(y;, ©,, z}, w}) € RIFsth+d . —
1,2,...,T}. If the OLS estimators are obtained as follows: for j = 1,2,...,s,

T

T

= o~ o~ . 2 n . 2

(/3T7 Y15 aT) = a%g min E (Z/t - w:f/B - Z:f’y - ’LU%OL) ’ ¢]T ‘= argmin E (xjt - zgfqu) ) and
YOO t=1
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(ép,07,07) == argminz (yr — 0 — 2,6 — w29)2 ’
57579 t:1
~ ~7 ~ - R _ o ~ o
where for each t, vy := x; — ¢rz¢ and ¢ = (Pyp, ..., Pyr), then By = &Ep, Y7 = 07 — dr&p, and

ar = 0r. O

Note that w; is added as an additional regressor to the regressors given in Lemma A.1 and that the nuisance
parameter estimator acp is the same as the nuisance parameter estimator 67 obtained in the second step.

We now prove Lemmas A.1 and A.2. For notational simplicity, we let

~

/, X = [:131,:122,...,217T]/, Z = [Zl,ZQ,...,ZT]/, V = [@\1,52,...,7)\71]/,

Y = [y17y27 cee )yT]
and W := [wi,ws, ..., wr|.

Proof of Lemma A.1. From the definition of (3, 97), we first note that

-1

By X'X X'Z X'Y (X'QX)'X'QY "
o 7Z’X Z'Z 7'Y (Z'Z)"'Z'[1 - X(X'QX)"'X'QY | '
where Q := I — Z(Z'Z)~'Z'. Next, we note that
V=X-Z¢;=X-7Z(Z'2)'ZX = QX. (A.2)

Therefore, Z'V = 0 by noting that Z'Q = 0. Third, we note that

~ ~ N~ -1r ~ ~
&r V'V V'Z V'Y (V'V)~IV'Y

or ZV 77 7Z'Y (Z'Z)"'Z'Y



~

using the fact that Z'V = 0. Therefore,

&= (VV)"'V'Y = (X'QX)'X'QY (A3)
using (A.2). This shows that BT = ET. Finally, we note that
O — Gl = (ZZ)'Z'Y — (ZZ) ' ZX(V'V) V'Y = (ZZ) ' Z[1-X(X'QX)"'X'Q]Y = 77,

which follows from (A.1), where the second equality follows from (A.3). Thus, ST — ESTET = 4. This

completes the proof. |

Proof of Lemma A.2. To prove the claim, we represent the OLS estimators in different forms. If we let

T

~ . X 2
(Br(a),Ar(a)) = ar%mmz (e — 2B — 2y — wyar)”,
Y t=1

then
T ~ 2
ar = arg minz (Z/t — @Br(e) — zi7yp(e) — wéa) )
R
and (B, (ar), 370(ar)) = (Bp, J7). Likewise, if we let

T

(£1(6),07(0)) := arg gﬁnz (yr — Dyt — 2,6 — wi0)”,
’ t=1

then
T

N ~ N 2
O0r = argeminz (yt —0,&7(0) — 2,67(0) — wé@) ,
t=1

and (ET(ET),ST@T)) = (ET,ST)-

Here, for each o, if we let y () := y; — wiex,

T
(Br(),77()) = argmin 3 () — 28 - 2/7)?,  and

1@77 t=1

~

T
(Er(),07()) == arg gnnz (v () — T1€ — 216)°,
t=1



so that Lemma A.1 implies that 3,(-) = ET() and v () = ET() - gAbTET() Therefore,
~1 e 2 d <! e 1R 2

> () = 5Er() = 28()) =3 () = (@0 — $r20) € () — 2181())

t=1 t=1

=3 (w() — 2(E0() — 24Br() — Br&r() = ()~ 2Br() — 2A00))

t=1 t=1

/N

implying that
T —~ —~ 2 T ~ 2
argmin Y (y(er) - 8(€r(e) - 21d1(c)) =arg;mn2(yt<e>—:c;ﬁT<e>—zﬁT<e>) ,
@ =1 t=1

viz., & = O7. Thus, it follows that B (ar) = &€4(87) and F5(ar) = 07(07) — ¢pr&p(O7). That is,

BT = ET and yp = oy — (AbTET. This completes the proof. u

The following lemma shows that ©7 and w1 defined in Section 3 suffer from an asymptotically singular

matrix problem.

Lemma A.3. Given Assumption 1,
o e 5 P
(i) T2 47y~ op = Efuf);
(ii) T—1/2 (ZtT:1 ﬂt,lrt,l) IN)I1 = M, = 01 (2k+2), where D, := diag[T3/?1y;,, T3/2, T1/?);
(iii)

1 / 1 1
T §IJ/*IJ/* §IJ’* §.U*
D1 E: ! p-1 . 1,/ 1 1
D1 ( "'t—l"’t—l) Dl = M1 = 5y 3 5 )
t=1
1,,7 1
e 3 1

which is singular;
. _ - ~ 1P =~ ~ )
(iv) T/ (Zle ut,lzzt) Dy 5 My, = Elus_1251), where Dy = diag[TV/?L,  o1q-1);
(v)
- T - — L TR ¥ W Suly_
D' (ZZ%TQl) Di'=ully:=| *"7 e 20t ot ;

=1 Slq @ Ml Sl R, 1O p,

(Vi) ]52_1 (ZZ:I thZIQt> ]52_1 ﬂ Mgg = MQQ,' and
(vii) if we let D := diag[T*/?, Dy, Dy, D! (Zthl E{i;) D! = M, where

2
o, My My

T
D! ( 5t52> D' ul:=| My, My My |-
=1 . N
Moy, 2 Mo



and My := M},
O

which is singular, where D := diag[Tl/27 ]51, ]52], :/;llg = .%/21, Mul — M,

1w

Both v and wy suffer from the asymptotically singular matrix problem by Lemma A.3 (iii and vii). Specif-
ically, every column from the second to (1 + k)-th columns of M is proportional to the (2 + 2k)-th column.
Likewise, every column from the first to k-th columns in M 11 is proportional to the (1 + 2k)-th column of
M.

We now prove Lemma A.3.

Proof of Lemma A.3. (i) This follows from Lemma B.6 (iv) given in Section A.2.
(if) This follows from Lemmas B.3 (v), B.4 (v), and B.5 (iv) given in Section A.2.
(iif) This follows from Lemmas B.3 (i, ii), B.4 (i, ii), and B.5 (i) given in Section A.2.
(iv) This follows from Lemma B.2 (vii) given in Section A.2.
(vi) This follows from Lemma B.2 (i) given in Section A.2.
(vii) The given weak convergence follows from Lemma A.3 (i, ii, iii, iv, v, and vi) given in Section A.2,

and the singularity follows from the structure of M. |

A.2 Preliminary Lemmas

We next provide preliminary lemmas to prove the main claims efficiently.
Lemma B.1. Given Assumption 1, By (-) :== T—1/2 Ztt(:)lﬂ w; = (). O

Lemma B.2. Given Assumption I,
(i) T71 Z;le Zot 2y 5 Elzor29,];
(ii) T~V 2o =5 [0ut]_y 0l @ gl
(iii) T2 0 (8 — 1)z = [S6.tl, 1, 2l @ pl]'s
(iv) T30 12y, = [S0up,tl, y, dpath @ pll;
(v) T35ty 12, = [0, [ Bat)y . [ Baty @ pl);
vi) T30 yi12h, 5 %53%717 3000 @ pl]';

.. _ .. P
(Vll) T 1 Z;-}Tzl Ut—129t — E[U,t_lzgt]. [l

Lemma B.3. Given Assumption I,

(i) T28 t— 4 (iti) T2 vy = [ By

e . P . _ P
(ii) T QZtT:l T — %,u*; (iv) T QZle yr — %5*;



(v) ZZ;I ig—1 = 0. O

Lemma B.4. Given Assumption I,

(i) T3 42— L (iv) T35ty 5 L6.;

.. _ . P

(ii) T30 tiy — Ly v) SSE(t = 1)iig1 = 0. O
(iii) S, (t — 1)y, = 0;

Lemma B.S. Given Assumption 1,

. _ T . ., P _ T . P
(i) T73 352 &4y — gl (iii) T2 Yy &y — 50upbss

(ii) T2 &, | = [ BB (iv) S @& iy = 0. O

Remark. [ B, RB. = [ BB, = [ BB, — 3 [rRB, [ rPB’, from the definition of KB4(v) := RB,(v) —
3v [rAB;. O

Lemma B.6. Given Assumption I,

(i) T2 vy i), | = [ BB (i) T3 42 B 152

(ii) EtT:1 my U1 = 0; (iv) 557T =T 23:1 u? LN o2 = E[u2]. O

Lemma B.7. Let g,,, = limp_,oo T~ " 078 Els,uq). Given Assumption 1,

(i) VT (jor — p,) = 3 [ 1By (iv) TP my_qep = [ BodBe;
(ii) foreveryt, rior = 7Up; (v) 62 r 5 o2 :=Ele?). O

(iii) T~1 S my_w = [ Bd By + 0

We now prove the preliminary Lemmas B.1 to B.7.
Proof of Lemma B.1. This trivially follows theorem 7.30 of White (2001). |

Proof of Lemma B.2. (i) It holds by the ergodic theorem.

(ii) It holds by the ergodic theorem and the fact that E[zg;] = [dxe;, 1, ¢, ® p)]’ because d.ep1 =
E[Ay, ] o pt' = El(Axf,..., Az, )] and ) © p’ = E[(Azy,..., Ay, ).

(iii) We note that T=2 Y7 (t — 1)zgy = T~ 13/ ((t — 1)/T)zas, and we let q, := ((t — 1)/T)zx

for notational simplicity, which is a heterogeneous process. Therefore, 7" Zle(qt — Elq,]) 50 In



addition, 771 7 E[q,) = 7237 | (t — 1)E[29] — LE[22], implying that T2 "7 q, 5 1E[zy]
by White (2001, theorem 3.47), given the DGP condition in Assumption 1. We further note that E[zo;] =
[0ty 1, Lq © p)', leading to the desired result.

(iv) We first note that &;—1 = p,(t — 1) + my_;. Therefore, Zle &r12h, = Zz;l p(t—1)zh, +
Zthl m;_125,. The proof of Lemma B.2 (iii) already shows that T2 ZtT:l(t —1)zg 5 %E[Zzt]. Fur-
thermore, Zle my_1zh, = Op(T 3/ 2) as shown in the proof of Lemma B.2 (v). Therefore, it follows that
72T a2, D 1, E[2),], as desired.

(v) Note that m;_1 = my_1 — (fip — ., )(t — 1). Therefore, Zthl my_1zh, = Zle my_jzh, —
(g — p1s) Y= (t = 1)zh,. We here note that 3, my—12h, = 3, my1E[=h,] + 31, my1(zh, —
E[z},]). The proof of Lemma A.3 (iv) implies that 7"~3/2 Z _ymy_; = [9RB,, and Zt Jmy_q (25 —
E[z5,]) = op(T3/?) by noting that m;_; = Op(T"/?) and thl(z% — E[2},]) = Op(T"/?). Therefore,
T3/25  my 1 2h, = [ BE[2h,]. Next, T~ (jip—p,) 32 [ (t=1)2h, = VT (jip—p ) T2 31, (t—
1)z%,, and Lemma B.7 (i) implies that \/T(ﬂT—u*) =3 f rAB . In addition to this, Lemma B.2 (iii) shows
that 7257 (t — 1)z, & LE[2},]. Therefore, T=2(jip — p,) Y0 [ (t — 1)z, = 3 [rBE[2),).
Hence, if we combine all these, 7~3/2 31 1125, = ([ Bs — 3 [rB)E[2h,] = f BE[z),].

(vi) Note that 1,1 = du(t — 1) + 22;11 dj. Therefore, S/ g 12h = Sty 0u(t — 1)zh, +
Zt 1(Zt Ld; )Zh;. The proof of Lemma B.2 (iii) already showed that 7"~> ZtT (= 1)z2t 5 TE[z2].
Furthermore, we note that Zt 1(Zt L dj)zh, = Op(T3/?). Therefore, T~ Zt | Yt—125; 5 36, E[za],
as desired.

(vii) In the proof of Lemma B.6 (iv), we show that iy = u; + OP(T_I/ 2). Therefore, it follows that
71 ZtT:l Up_1z9 = T71 Zle ut—129t + op(1) Rt E[u¢—129¢] by the ergodic theorem. This completes
the proof. |

Proof of Lemma B.3. (i) Zf 1t =T(T + 1)/2, leading to the desired result.

(ii) Note that &; = p,t + my, so that Zt 1 & = o, Zle t+ Zthl m;. Here, T2 ZZLI t— 1 5 by

. - 1T

Lemma B.3 (i), and Lemma B.1 implies that 7—3/2 thl m =71, %mt /' Bs(r)dr = [ RBs.
Therefore, T—3/2 Zthl &y = p,T3/? Zle t+op(1) LN Sl

(iii) Note that 1y = my — (jip — p,)t. Thus, 7327wy = 732 my — VT(jip —
T2 Zthl t. Lemma B.7 (i) implies that VT (jip — p,) = 3 [r9RBs. Lemma B.3 (i) implies that
T-2Y"7_,t — L. Inaddition to these, 7323/ m; = 7', %mt [By(r)dr = [ B by
Lemma B.1. Thus, 732 ST vy = [ Bo(r)—3 [rdr [vRB(v)dv = [ BB, by the definition of B, (-),
viz., Bs(-) = RBs(-) — 3() [vBs(v)dv.

(iv) From (5), T=2 Yy ye = 6,723 t+ T2 3 Y0y dj = 364 + op(1).



(v) We note that ii;—1 = U1 = Y—1 — Tj_, 07, so that Zthl it—17T¢—1 = 0. We here note that

ri—1 := [&}_,, (t — 1), 1])’. This completes the proof. [ ]

Proof of Lemma B.4. (i) EtT:l t2 = T(T + 1)(2T + 1)/6, leading to the desired result.

(i) T3 ZtT:l tiy = p, T3 Zf 2+ 7733/, tmy. Here, it follows that 773 Y/, t*> — 1 and
752 tmy =T (L ) = [rByr(r)dr = [r%R,. Therefore, T—33"]_ tit, = tp, +
op(1).

(iii) Note that thy = &; — tjip and jip = (31— t2)~* S_ ! té;. Therefore, S (t — 1)riy_; = 0.

(iv) From (5), T3 Yy tyy = 6. T35 2+ T35 £ dj = 36, + op(1).

(v) The proof of Lemma B.3 (v) already shows the given claim. [

Proof of Lemma B.5. (i) Using the fact that &; = p,t+my, Zle &&= Zthl (pt+my)(pt+my) =
Soimy it + S pemit + 3 myplt + 30 mymg. Here, T35 p plt? — ppdl, by
Lemma B.4 (i), and T—5/2 Zthl pmit = p, fr.%s as shown in the proof of Lemma B.4 (if). Fur-
thermore, 7-25L mm) = T-' ST ﬁmtﬁm; = [Byr(r)Bsp(r)dr = [RB.%B,. Thus,
T35 i, > bl

(if) We first note that S &, qin} | = S0 (u,(t — 1) +my_1)m)_, = p, S (t — D)), +
L my gl = Y1 m, ), by Lemma B.4 (iii). We further note that >/ m, jm} |, =
ZtT:1 my;_1(my_q1 — (jip — p,)(t — 1)) using the fact that /iy = my — (jip — p,)t. Here, we note that
T2 mm, = [ BB’ as shown in the proof of Lemma B.5 (i), and T2 "L tmy (jip — p,) =
7525 tmy VT (jip — p,) = 3 [ 1B [ 7R, by Lemma B.7 (ii) and the fact that 7-5/2 3] +my,
=71 Zthl %%mt J rBg(r)dr = [r3%B; as shown in the proof of Lemma B.4 (ii). Therefore,
T2 25:1 ) | = [ B(Bs—3r [sB,) = [ B:sB,. We further note that [ BB, = [ BB,
by the definition of 98 and the fact that [ r? = %

(iii) Using the fact that &; = p,t + my and y; = O,t + 22:1 diy S dy = p 0l 2+
O S tmy + pu, SO tZ;Zl di + .1, my Zle dj. Here, T3> > — 1 by Lemma B.4 (i),
and T—5/2 Zg;l tm; = f rABs as shown in the proof of Lemma B.4 (ii). Furthermore, we note that
Z?:l t 22:1 d; = Op(T°/?) and Zthl my Zle d; = Op(T?). Therefore, T3 ZZ;I Tyt 5 10,4,

(iv) The proof of Lemma B.3 (v) already shows the given claim. [

Proof of Lemma B.6. (i) We first note that 3", v,_yti)_, = S0 (my_1 — (jip — ) (t — 1))}, =
S my g — (ap — ) S (t— Dy, = ST my_j1n} | by Lemma B.4 (iii). We next note
that ZtT:1 my_jm, | = thl my_q(my_q— (fip—p,)(t—1)) using the fact that by = my; — (fip — p, )t.
Here, 772 Y.L mym, = [ B, R’ as shown in the proof of Lemma B.5 (i), and T~2 "7 tmy(jig —



w,) = 3[rRBs [rRB; as shown in the proof of Lemma B.5 (ii). Therefore, T2 Zthl m;_m;, | =
[ B(Bs—3r [sBs) = [ BRB..

(i) As Lemma B.7 (iii) shows, for each ¢, 7,0 = #,0p, so that u; := y; — riop = tiy—1 1= yr — 7O
We further note that O7 = (Zthl Peoq_ )7t Zle 7+ 191, so that Zthl 71_1Uut—1 = 0. We now note
that 7y := [m}_,, (t — 1), 1]/, leading to that 3"}, ¥y 171 = O.

(iii) From (5), y: = 6.t + Zt} d;. We here note that Zthl Y = Zle(é*t + 22:1 d;)? =

_ 022 + 22? 104 tZ] 1 d; + Zt 1(2] 1 dj)?. Furthermore, T3 ZtT:1 t*> — 1 by Lemma B.4
(), zf L0t dy = Op(T5/%),and 1 (3, d;)? = Op(T?), implying that T3 Y37, 47 5 162,

(iv) Note that u; := y; — 7,07, and riop = wfﬂT + th + vp with &; = my + fipt. Furthermore,
Y = BL(thy + jipt) + (ot + vy + g using (6). Hence, Uy = u; — (Br — B,.)'1i; — (07 — 97, )t — (i — 1),
We now note that Lemma 3, iy = Op(T%/?), and t = O(T') imply that %; = us + Op(T~'/2). Therefore,

75T @2 =715 w2 4 op(1), and 7' ST w2 5 E[u?] by the ergodic theorem, implying that

1Zt1ut—>0 = Eluf]. u

Proof of Lemma B.7. (i) Note that ji; = (ZT 1152) Z;F:_ll t&; and &; = p,t + my. Therefore,
fip — = (205 )7 25 tmy, so that VT (jip — p,) = (T SZT )T T2 by,
Lemma B.4 (i) implies that T3 3.7 2 — 1. Furthermore, T~%/2 Y/ ' tm, = T~ 3.1} %\}mt =
[rBgr(r)dr = [r9,. Hence, \F(ﬂT—u* )=3[rA,.

(ii) Note that 707 = &8y + tCr + br with @, = iy + jipt. Therefore, rio = )G + t(jl’T,BT +
ZT) +op = rhtBT + tz?T + Uy = #, 07, where the second last equality holds by Proposition 2, and the last
equality follows from the definition of #;.

(iii) Note that T-' S0 my quy = T 31 T*1/2mt_1\/T(BuT(t/T) — Bur((t = 1)/T)) =
[ Bsr(r)dByr(r). We here note that [ Byp(r)dByr(r) = [ BdBy + 0,,, by applying theorem 4
of de Jong and Davidson (2000).

(iv) We first note that 7= S>°7  my_ye; = T~V 07 TY?my VT (Ber(t)T) — Ber((t—1)/T)) =
[ Bsr(r)dBer(r). Note that [ Byp(r)dBer(r) = [ RBdB. by applying theorem 4 of de Jong and David-
son (2000) and noting that E[s,e;] = O for each 7 < .

(v) Note that if we let & := Ay, — 247, it follows that 52, = T~ 3" | &7 and that é, = —2} (1 —

T74) + € from the fact that Ay; = 2,771, + e, implying that

T T T
Z &2 = (Fr—711.) < -1 Z 22D ) (Fr—7Trs) —2 (Z etét> D 'D(Fr —T14) + Z ez,
t=1 t=1 t=1

We examine the asymptotic behavior of each element on the right side. First, Lemmas 3 (vi) and 4 (i) imply

that D(#7 — 77+) = Op(1) and D! Zle 2,2,D~" = Op(1). Second, from the definitions of 2; and D,



Yy eE DT = [TV i, T ety T2 et = 1), T2 0 e, T2
S°L | erzh;]’. We verify that each element on the right side is Op(1). We first note that 7—3/2 37 e, (t —
1) = Op(1), T2 er = Op(1), and T-/2 3T €;29; = Op(1) by the martingale difference CLT
based upon the fact that {e;, %} is an MDA. In addition, 7! Zle ey =T71 Ethl e;my_1 — (fup —
)T~ 1 Zthl et(t — 1) by noting that ;1 = my;_1 — (jip — p,)(t — 1) as given in the proof of Lemma
B.6 (i). Here, Lemmas B.7 (i and iv) imply that (jip — p,) = Op(T~/?) and T~ ZtT:1 e;my_1 = Op(1),
respectively, so that 7! Zthl e;y—1 = Op(1). Finally, T-1/2 ZtT:1 eiip_ = T—1/? Zle ei—1 +
op(1) using the fact that ii;—; = w—1 + OP(T_1/2) as given in the proof of Lemma B.6 (iv). All these
facts imply that 37| e;2,D ' = Op(1). By these two facts, it follows that >_1_, &2 = S°T €2 + Op(1),
implying that 52, := T-'S[, 67 = T='3[ €7 + Op(T'). The desired result follows from the

ergodic theorem, and this completes the proof. |

A.3 Proofs

Proof of Lemma 1. (i) This follows from Lemmas B.3 (i, ii, iv), B.4 (i, ii, iv), B.5 (i, iii), B.6 (iii), and the
remarks below Lemmas B.3, B.4, and B.5.

(i) This follows from Lemma B.2 (i).

(ii7) This follows from Lemmas B.2 (ii, iii, iv, vi) and the remark below Lemma B.2.

(iv) This follows from Lemmas 1 (i, ii, iii) and the structure of M. [

Proof of Lemma 2. (i) This follows from Lemmas B.3 (v), B.4 (v), and B.6 (ii).
(i) This follows from Lemmas B.3 (i, ii, iii), B.4 (i, ii, iii), and B.6 (i).
(iii) This follows from Lemma B.2 (vii).
(iv) This follows from Lemmas B.2 (ii, iii, iv, and vi).
(v) This follows from Lemma B.2 ().

(vi) This follows from Lemma A.3 (i) and Lemmas 2 (i, ii, iii, iv, v). [ |

Proof of Lemma 3. (i) We note that ]51(1')T —U7y) = (]51_1 Zthl "r"t_li'*g_lljl_l)*lljl_l Zthl P Ui—1
from (13), and Lemma 2 (vii) implies that bl_l(thzl h_ﬁ"fﬁ_l)f)l_l = JM11. We therefore focus on the

limit distribution of D> 327 #; ju;_1. Note that

!/

T T T T
DY i quey = [T i) que o, T2 (= Dy, T2 w
t=1 t=1 t=1 t=1

We now examine the asymptotic behavior of each element on the right side. First, we note that m;_; =

my_1—(jtp—p,)(t—1). Therefore, T—1 Zthl my_ qupg =171 Zthl my_ouy_1+T7! Zthl Sp_1Up_1—

10



(jrp — p, )T Zthl(t — 1)uy_1. We here note that 71 Zthl my_oui—1 = [ BsdBy, + @,,, by Lemma
B.7 (iii), and \/T([LT — u,) = 3 [ r9AB, by Lemma B.7 (i). In addition to this, T-3/2 ZtT:l(t — Dup—y =
T @\/T(BUT((t —1)/T) — Bur((t — 2)/T)) = [rdByr(r) = [rd%B,. Hence, it follows
that 71 23;1 my_ w1 = 81 := [ BsdBy + 0, — 3 [ rRBs [ 1dRB,. Next, it is already showed that
7323 (t =1y = 8 := [rdB,. Third, note that T-/2 3" wy | =TV V/T(Bur((t -
1)/T) — Bur((t — 2)/T)) = [rdByr(r) = 83 := [ d%,. We now combine the first to third facts to
obtain that ]jfl Zthl y_1u;—1 = &, leading to that ]jl('i')T —Urs) = & = JIli%S’, as desired.

(ii) We first note that vy — v, = Ppvp — Pv,. Therefore, vy — v, = (Pp — P)(0p — O1y) +
P(vr — vry) + (Pr — P)(0rs — 0s) + P(0rs — ©4) + (P — P)v,.. From the definition of Py and
Lemma 3 (i), we note that (P —P) = Op(T~/2), (07 — ©1) = Op(D™ 1), and (P — P) (07, — ©,) =
0. Furthermore, P(vr, — ©4) = [0/,0, (97, — 94),0]" such that (97, — 9s) = B.(jip — p,), and
(P —P)v, = (0,0, -3 (j1y — w,),0], so that P(07, — v.) + (Pr — P)v. = 0. Hence, it now follows
that Op — v, = (Pp — P)(p — O74) + P(0p — O1.) = P(07 — O14) + Op(T3/2), s0 that

By(Br—v.) = [ T(By — B.) ' ~pT(Br — B.) ' VT(or )V For) = | &1 —pl 211 23|
by Lemma 3 (i). |

Proof of Lemma 4. (i) We first note that D(#7 — 77,) = (D711, 2, D1)" D137 | 3¢, from
(14), and Lemma 2 (vi) implies that D! (Zthl 2,52;)]':')_1 = J . We therefore focus on the limit distribu-
tion of D1 Zthl 2,e;. We note that D! Z;‘FZI 200 = D! Zle[ut_ler, m,_ e, (t— 1)eg, e, zhel]'.
We now investigate the asymptotic behavior of each element on the right side. First, we already
showed in the proof of Lemma B.6 (iv) that ii; = u; + Op(T~'/2). Therefore, T—1/2 Zthl Up_1ep =
T2 wever + op(1). Inaddition, T2 us1ey = T2 3], VT (Buer(t/T) — Buer((t —
1)/T)) = [dByer(r) = % = [d%Bye. Second, we note that iy, = my_1 — (fip — p,)(t — 1).
Therefore, 71 Zle m e = T} Zthl m;_1e; — (jip — p,)T7! Zthl(t — 1)e;. We here note
that 71 Zthl m_1e; = [ B;dB. by Lemma B.7 (iv) and VT (jip — p,) = 3 [rSB; by Lemma
B.7 (i). In addition to this, T=3/25"T  (t — 1)e, = T 'L, CDVT(Bor((t — 1)/T) — Ber((t —
2)/T)) = [rdBer(r) = [rdB.. Hence, it follows that T~' S iy ey = £, = [ B dB. —
3[rBs [rdB, = [ BsdB,. Third, it is already showed that T—3/2 Zthl(t —Dem1 = B = [rdB..
Fourth, we note that T~Y/2YT e, = TS\ VT (Ber(t/T) — Ber((t — 1)/T)) = [dBer(r) =
Ji = [ dB.. Fifth, note that T2 "1 zoie, = TS0 | VT (BLer(t/T) — Beer((t — 1)/T)) =
[dB.cr(r) = F5:= [ dSB... We next combine the first to fifth facts to obtain that D! Zle ziep = F
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by noting that

!/

F=lan s nn g =] d% [Fan. [rds. [dB. [, | .

leading to that D(#7 — T7.) = M ' £, as desired.

(if) From the definitions of 77, = [px, Thp, kL) and 717 = [(0, + p«(Br — BL)) s s + 1ty —
) + pe (D7 — 7)), 7 + po (0 — v4)], we obtain that D(#7 — 77,) = D(F7 — 7.) + [0, —=p. T(B1 —
B, —pT32(0r — V1), —p T2 (ir — 1,),0') = D by Lemma 4 (i) and noting that , = 0. In
addition, Lemma 3 implies that T'(8, — 8,) = £, and TV/2(ir — v,) = Zs. Furthermore, the proof of
Lemma 3 (i) shows that T3/2(1§T — O74) = Z». Therefore, ﬁ(‘f‘T —T4) = D — .0, L), Lo, £3,07]) =

D — p.[0, &', 0. This completes the proof. [

Proof of Theorem 1. (/) We note that (e —a,) = (T — T)1 + T(Fr —74) + (T —T)(Fr — 7)) =
(Tr — T)7s + T(F7 — 74) + op(T7 — T) using (10) and (11). We further note that

(TT — T)T* + T(7"'T — T*)

(P — p=)
~Bo(pr — ) + (ity —m.) = p(Br — B.)
= | @ — <) — ity =) = G(pr — pa) = pu(Cr — ) — Wiy — .,
(31 = 7s) = pe(Ur — 1) — vi(P — ps)

(R — Kx)

and the fact that BT = B, (r = —;lépBT +J7p and ¢, = —p. B, + U, so that (ET —¢) = (Op —97,) —
p.(Br = B.) — (ity — ) (Br — B,), where (Jr — 91,) = Op(T/?) and (jiy — p,)'(Br — B.) =
Op(T~?/?) by Lemmas 4 (i), B.7 (i), and 3 (ii). Therefore, it now follows that

(TT — T)T*—FT(‘.I.'T — T*)

0 0
B. 0
=(Fr=7rr) = (br=pa) | G | | =iy —m) = pu(Br = B} + 0p(T72) |- (Ad)
Vs 0
0 0

We here use the fact that 7, = 0. We further note that VT'(71 — T7.) = [D1,0%,..,,0, 24, D5]' by
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Lemma 4 (i) and —V/T (1 — ps) [0, 8., G, vs, 0'] = =1 [0, 8., G, v, 0']. In addition, we note that

— . NT{(iiy —n.) — p«(By — B,)} + Op(T 1) = 0p(1) because vVT{(ijy — m.) — p«(Br — B.)} =
Op(T~1/?) by Lemma 4 (i). Therefore, it follows that

VT(ar — o) = (21, -B.D1, (D1, Dy — v. D1, D). (A.5)

We finally note that the derived weak limit is identical to ¢, 2 + [0,0',0,0, Py, D).

Cx = 0, although it is not permitted by p, < 0. If so, it algebraically follows from (A.4) that

(&T — a*) = (TT — T)T* =+ T(‘.l"T — T*) + OP(TT — T)

0
0
=(Fr—71r)+ | —pl{(iir —n.) — p(Br — B} + Op(T%?) | +op(Tr —T).
—Vu(Pr — ps)
L 0 =

Here, D(#1 — 71.) = [ @1, D},0, Dy, Ds) and T{(iiy — ) — p«(Br — B.)} = D2 by Lemma 4 (i),
so that
ﬁ(aT - OL*) = [917 ,2a _,U‘fkg%gll - V*@h 9/5],7 (A6)

in (ii) are imposed, the weak limit of 5; is determined by (A.6) as D7, but the others are determined by
(A.5), so that the weak limit in (ii) is delivered. As another example, if the conditions in (iv) are imposed,
the weak limit of ET is determined by (A.6) as !, Do, but the others are determined by (A.5), so that the

weak limit in (iv) is delivered. In this manner, the weak limits in (i, iii, and iv) are obtained. |

Proof of Theorem 2. (i) We show the null limit distribution of each test using Lemma 4.

(i.a) Note that (67 — B7) = (87 —07) — (jir — p.)(BF — B2) + (i —nt,) — (i —np,) +op(T7Y),

so that it follows that (5; - 5;) = ()5 — n+,) — (7 — ng,) +op(T~1) under 7. Therefore, Riap =
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Ri(F7 — T1+) + op(T 1), and it follows from Lemmas 4 (i) and B.7 (v) that

-1

T -1
Wi = (Fr — 77.) DR | 2 7R (]3—1 > 2t2;]3—1> R, | RiD(Fr—77.) + op(1)
t=1

= IR (?R1M'R)) T R\ D.

(i.b) We note that (%JTr, ) = (71';, 7). Therefore, it follows from Lemmas 4 (i) and B.7 (v) that

-1

T -1
W~ (rr o DR, (2R (53 5 1) R Rabier ) oty
t=1
D/ 25 1) ' a
:>@R2(0'6R2./” RQ) R.D.

(i.c) From the notice given in the proofs of (i.a and i.b), it follows from Lemmas 4 (i) and B.7 (v) that

-1

T -1
Wi = (37 — 77.) DR | 52,Rs (151 > ,m;]jl) R, | RsD(Fr —77.) + op(1)
t=1

= DR} (2R3 M 'R}) ' Ry D.

(i) We show the power behavior of each test using Lemma 4.

(ii.a) We show that W) = Op(T’). Note that (85, —8) = (07 —07)—(jr—ps) (B —B5 ) +op(T~1/2)
under #/ and (pr — p.) = Op(T~'/?), so that (5; - 5;) — (6 — 6;) = Op(T~/?). Therefore,
(67 — 67) = Op(T/2), and this implies that W) = Op(T).

(ii.b) We show that Wj(?) = Op(T). Note that Lemma 4 (i) implies that ﬂJTr —fty =7 — 7w, +
Op(T~Y/2). Therefore, 1. — 7t = Op(T'/?), implying that WT(?) = Op(T).

(ii.c) From the proofs of (ii.a) and (ii.b), (/0\; — 67) = Op(T"?) and (7t — dt) = Op(TV?).
Therefore, it trivially follows that W}S) = Op(T).

(7ii) We show the null limit distribution of each test using Lemmas 3 and 4.

(iii.a) First, Lemma B.6 (iv) implies that &ZT E) 03, and ]jfl ZtT:1 %t,lﬁg_lbfl = JM 1, from
Lemma 2 (vii). Therefore, V'Vg}) = aﬁRlJ%ﬁlR’l. Second, Hfj, implies that RD o = T(,B; —
B — T(ﬂ; - By) = (& — £7). If we combine these two facts, it follows that ‘W/T(l) = (& -
L) (2RI M R)) NPT — Z7) that is identical to the given weak limit by the definitions of R and
Z.

(iii.b) First, Lemma B.7 (v) implies that 52, — 02, and D' Y7, 2,2/D~! =  from Lemma 2
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(vi). Therefore, Wg,?) = agﬁgﬂ_lﬁé. Second, IA{QI")‘T'T = \/T(ﬂ'JTr —Ttp) = 9; - D, = ﬁg@. If
we combine these two facts, it follows that ‘WT@) = D'Ry(c3RoM 'R} 'Ry D.

(iii.c) We note that from the definition of A , it follows that WT(?’) = WT(D + W@), and it follows from
(ia and i.b) that 7" = LR, (02R, M R,) ' R.Z + DR (03RoM'RS) 'R, D under HY'.

(iv) We next show the power behavior of each test.

(iv.a) To show the claim, we show that W/T(l) = Op(T?) under H}. Given that ngl ) = 2R R,
we focus on the limit behavior of R;D;47. Note that le)l(i}T —ory) = (& f — &) by Lemma 3 (i)
and R1D o7, = T3, = O(T). Therefore, R.D o7 = Op(T), implying that ‘7/T(1) = Op(T?), leading
to the desired result.

(iv.b) We show that Wf) = Op(T) under #,’. Given that W(Tz) = agﬁgﬂ_lﬁé, we focus on the
limit behavior of RyD#7. We note that RoD (#7 — 77,) = VT|(7F — 7)) — (nf —m0)] = R,D by
Lemma 4 (i) and RoD77, = VT (7} — 7)) = O(TY/?). Therefore, RoD#7 = Op(T/?), implying that
W2 = Op(T).

(iv.c) We show that %/T@ = Op(T?) under H'. Note that %/T(:S) = %/721) + %%, and "W/T(l) and
%/T(Q) are Op(T?) and Op(T) by (ii.a) and (ii.b), respectively. Therefore, ‘WT(?’) = Op(T?) under HY} and
‘WT(?’) = Op(T) under Hj; (HY’. This completes the proof. [ ]

A.4 Additional Monte Carlo Simulations

In this section, we compare the finite sample performance of OLS with 2SNARDL and also provide addi-

tional simulation evidence for the main claims.

A4.1 Comparison of OLS with 2SNARDL

In this section, we compare the finite sample performance of OLS with 2SNARDL by simulation.

For the simulation, we assume the following simulation environment. We first suppose that
Ay = peug—1 + @ Ay—1 + Trij;r + 7, Az, + ey,

w =y — Bixf — Bra; —G(t—1), and Az = w, + 0. Ax1 + vy,

where (e, v)" ~ 1ID N(02,13) and (pu, 7, w0, B, 87, G) = (=1/2,1/2,-1/2,3/2,-3/2,0). We
further assume two DGP conditions by letting (i) (w«, 0+) = (1/2,0) or (ii) (ws, 0«) = (1/4,1/2). That is,

we let {Az;} be an independent or autocorrelated series. For each DGP, we plug the equation for u; into

15



the equation for Ay, to obtain
Ay = o + paip—1 + Gja:;l +0 2, +E&(E—1) + oAy + 7T*+ASU2_ + 7, Az, + e

and estimate the coefficients in this equation by OLS and 2SNARDL. For the 2SNARDL, we first estimate
P+, B, and B, by following Cho, Greenwood-Nimmo, and Shin (2023a) and next indirectly estimate ;"
and 6, by noting that 6 = —p,8 and 0, = —p.3; .

Using the OLS and 2SNARDL estimates, we report their finite sample biases and root mean square

errors (RMSEs). For example, the finite sample bias and RMSE of 5}“ are computed as follows:

Bias = ;i(@}r] —6f) and RMSE = ;i(@}r] — 652,
i=1 =1
where j indicates the experimental index, and m denotes the total number of experiments. For the simula-
tion, we let m = 50000.

Table A.1 reports the finite sample biases of the OLS and 2SNARDL estimators when {Ax;} is an
independent series. As we see from the table, the performance of the OLS estimator is comparable to the
2SNARDL estimator. As 7' increases, the finite sample bias converges to zero for both estimators, which
implies that the asymptotic bias is negligible. Nonetheless, each parameter estimator has nuanced results.
Specifically, when T' is small, say T' = 100, the finite sample biases of the OLS estimator are greater than
those of the 2SNARDL estimator for the long-run parameters. If the sample size is as large as 2000, this
relationship is reversed. For the short-run parameter, the OLS estimator for p, always exhibits bigger biases
than 2SNARDL, but this relationship is reversed for 7,7 and 7 . For the case of (., both estimators exhibit
similar finite sample biases.

Table A.2 reports the finite sample RMSEs of the OLS and 2SNARDL estimators when {Az;} is an
independent series. From the table, as 7" increases, the finite sample RMSE converges to zero for both esti-
mators, which implies that both estimators are consistent for the unknown parameters. We further observe
that both estimators exhibit similar RMSEs for each sample size. It is difficult to say one estimator is su-
perior to another in terms of finite sample RMSE. This aspect implies that the 2SNARDL estimator for 6
and 0 has the same convergence rate as for the OLS estimator, although the 2SNARDL estimators for 3,
and (3, are super-consistent. The main reason of this is in the fact that the 2SNARDL estimator for p, has
VT convergence rate, so that the convergence rate of the 2SNARDL estimator for §; and 6 is determined
by the 2SNARDL estimator for p,.

Tables A.3 and A.4 report the finite sample biases and RMSEs of the OLS and 2SNARDL estimators,
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respectively, when {Ax;} is an autocorrelated series. Although there exist minor differences between the
tables, their qualitative properties are identical to those of Tables A.1 and A.2, respectively. This aspect
implies that the simulation results are the same irrespective of whether Ax; is serially correlated or not.
From this experiment, we observe that both OLS and 2SNARDL estimators are consistent estimators.
As T increases, the finite sample biases and RMSEs decrease. Although the performances of the two
estimators in terms of finite sample bias depend on multiple factors such as the sample size and the roles of
the parameters, the overall performance of the OLS estimator is not so different from 2SNARDL in terms

of their finite sample RMSE:s.

A.4.2 Additional Simulation Evidence

In this section, we provide additional simulation evidence for the main claims. The main goal of this section
is to verify the properties in Theorem 1.

Theorem 1 demonstrates that the convergence rate of the OLS estimator depends on the DGP conditions.
Specifically, four different DGP conditions are considered in Theorem 1 as follows:

e Theorem 1 (i): foreach j =1,2,...,k, ﬁ # 0 and (, # 0;

e Theorem 1 (ii): 3] = 0, butforeachj = 1,2,... k, ﬁj; =0, and . # 0;

e Theorem 1 (iii): B, = 0, butforeach j =1,2,... k, ; # 0, and (. # 0; and

e Theorem 1 (iv): foreach j =1,2,... k, B;i #0but(, =0,
and Theorem 1 shows that the convergence rate of the OLS estimator is different under each condition. We

verify this property by simulation.

DGP Condition under Theorem 1 ({) For simulation, we first generate data according to the DGP condi-
tion in Theorem 1 (i). Specifically, we generate data observations according to the DGP condition in Section
A.4.1 by letting (ps, 7, 77, B, B, G) = (—=1/2,1/2,-1/2,3/2,-3/2,1) and (ws, 0+) = (1/2,0). Us-
ing the data set generated by this DGP condition, we compute OLS estimators by repeating independent
experiments 50000 times.

We corroborate Theorem 1 (i) in two ways. First, we compute the finite sample bias and RMSE of the
OLS estimator. For this, we compute the bias and RMSE by multiplying the convergence rate in Theorem 1

(i) to the OLS estimator. For example, as (/9\; has convergence rate /7', we compute the bias and RMSE as

: BN ot ot LS rdt gty
Bias = p— Z:l \/T(HTJ —60,;) and RMSE = - z:l T(07; — 6:),
= j=

where m denotes the total number of experiments, viz., 50000. If the convergence rate in Theorem 1 (i)
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is correct for the OLS estimator, the finite sample bias and RMSE have to converge to zero and a positive
constant as the sample size increases. Otherwise, the finite sample RMSE would converge to zero or diverge
to positive infinity. We contain the finite sample bias and RMSE in Table A.5 and observe these two features
for the long- and short-run parameters by letting the sample size increase from 100 to 2000, corroborating
the convergence rate in Theorem 1 (7).

Second, we compute the standard ¢-test using the OLS estimator to compare its finite sample null dis-
tribution with the standard mixed-normal distribution. Theorem 1 (i) implies that the null limit distribution
of the t-test is the standard mixed-normal. Figure A.1 (a) shows the QQ-plots between the ¢-tests defined
by the long- and short-run OLS estimators and the standard normal distribution. The QQ-plots are obtained
by letting 7' = 3000 and repeating independent experiments 50000 times. They are distributed around the

45-degree line, and this corroborates the distributional property given in Theorem 1 (7).

DGP Condition under Theorem 1 (if) We next verify Theorem 1 (ii) in the same way. We generate data
according to the DGP condition in Section A 4.1 by letting (p«, 73, 75, B, B, G) = (—1/2,1/2,—-1/2,0,
—3/2,1) and (ws, 0x) = (1/2,0). This parameter condition obeys the condition in Theorem 1 (ii).

We verify Theorem 1 (ii) in the same manner to the earlier case. The only difference is in the convergence
rate of the OLS estimator. Theorem 1 (ii) implies that the convergence rate of 5;5 is T', but the other
convergence rates are the same as before. Therefore, we modify the finite sample bias and RMSE of 9T into

the following:

Bias = ZT 9+ —60F) and RMSE = ZT2 0+ —0)2

while maintaining the previous formula for the others. We contain the finite sample biases and RMSEs in
Table A.6 and observe that they converge to zero and a positive constant as the sample size increases. This
corroborates that the convergence rate given in Theorem 1 (if) is correct.

Second, we compare the finite sample null distribution of the standard ¢-test with the standard mixed-
normal distribution. Figure A.1 (b) shows the QQ-plots between the ¢-tests and the standard normal dis-
tribution. The QQ-plots are distributed around the 45-degree line, corroborating the distributional property

given in Theorem 1 (if).

DGP Condition under Theorem 1 (iii) We next verify Theorem 1 (ii7) in the same way. We generate data
according to the DGP condition in Section A.4.1 by letting (ps, 7, 75, Bi, By, ) = (=1/2,1/2,—-1/2,

3/2,0,1) and (wx, 0«) = (1/2,0). This parameter condition obeys the condition in Theorem 1 (iii).
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We verify Theorem 1 (iif) in a manner similar to Theorem 1 (i). Theorem 1 (iii) implies that the conver-
gence rate of 5} is T, and the other convergence rates are /1. Therefore, we modify the finite sample bias

and RMSE of @\; into the following:

1 m R 1 m N
ias — - 9 _ 200= . _ =2
Bias = - E 1 T(0r;—0.,) and RMSE= - E 1 T*(0r; — 0+),
]: J:

while maintaining the same formula for the others as in Theorem 1 (i). We contain the finite sample biases

and RMSEs in Table A.7 and corroborate that the convergence rate given in Theorem 1 (iii) is correct.
Second, we draw the QQ-plots between the finite sample null distribution of the standard ¢-tests and the

standard mixed-normal distribution. Figure A.1 (c) shows the QQ-plots and corroborates the distributional

property given in Theorem 1 (iif).

DGP Condition under Theorem 1 (iv) We finally verify Theorem 1 (iv). We generate data according to
the DGP condition in Section A.4.1 by letting (p«, 7, 7y, B, B, ) = (—1/2,1/2,-1/2,3/2,-3/2,0)
and (ws, 0+) = (1/2,0) to obey the condition in Theorem 1 (iv).

Given that the convergence rate of the OLS estimator is v/7T', we compute the finite sample bias and
RMSE as for Theorem 1 (i) and contain them in Table A.8. We observe that they converge to zero and
positive constants, respectively, as 1" grows. Further, the QQ-plots between the ¢-tests and the standard

mixed-normal are distributed according to the 45-degree line. These two features corroborate Theorem 1

(iv).

A.5 Empirical Supplements

In this section, we provide additional empirical supplements.

A.5.1 Preliminary Empirical Analysis

This section provides two preliminary empirical analyses. First, Table A.9 provides the descriptive statistics
of the variables examined in Sections 7.2 and A.5.2. The sample period is from 1947Q1 to 2007:Q4.
Second, Table A.10 provides the testing results using Phillips and Perron’s (1988) unit-root test applied
to the partial sum processes for Tables 4 and A.11. As we apply the unit-root testing by including both
constant and trend, or including only constant, two testing results are provided for each variable. Except for
r+ defined as the tax-to-nominal GDP ratio as given in Section A.5.2, the test results show that nonstationary

data analysis has to be conducted for the other variables.
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A.5.2 Tax Changes Measured by Tax-to-GDP Ratio

This section extends the work of Romer and Romer (2010) to investigate the long- and short-run rela-

tionships between fiscal shocks and real GDP. Rather than using the tax change logarithm 7;, we use

Ary := (ATy + ATy)/NY,, which represents the tax change-to-nominal GDP ratio, to measure the effect

of fiscal policy and to specify the models corresponding to (20), (21), (22), and (23). As with Tables 4 and

5, we estimate the models using OLS and 2SNARDL. The estimation and inference results are presented in

Tables A.11 and A.12, respectively. We summarize the results as follows:

(a)

(b)

(c)

(d)

For the exogenous tax change, the coefficient of y;_1 in Table A.11 is statistically significant at the
25% level for the NARDL and ARDL models, by the ¢-test. The F'-test does not reject the hypothesis
of no cointegration. However, the coefficient of u;_; in the ¢-test of Table A.12 is statistically sig-
nificant at the 25% and 10% levels for the NARDL and ARDL models, respectively. We give more
weight to the inference results in Table A.12 than to those in Table A.11, because the long-run param-
eters can be estimated super-consistently by 2SNARDL. In addition, neither ‘ngl) nor Wj(}) rejects
the symmetry hypothesis in the long-run parameters, indicating that the ARDL model can estimate a
cointegrating relationship between y; and r; more efficiently.

The ARDL model estimation indicates that an increase in an exogenous tax shock measured by r;_
reduces the long-run log real GDP by about 3%. This is close to the result of Romer and Romer
(2010), estimating that GDP will increase by approximately 3% over three years following a tax cut
of 1% of GDP.

The Wald tests ngz) and Wq@ do not reject the hypothesis of symmetric short-run parameters. Fur-
thermore, neither ‘%/733) nor W}3) rejects the hypothesis of long- and short-run symmetry. This con-
firms that ARDL is appropriate for the long- and short-run relationships between y; and r;.

For endogenous and aggregate tax changes, there is negligible evidence of cointegration between
real GDP and the tax change. None of the ¢- or F'-tests in Table A.11 rejects the hypothesis of no
cointegration. Furthermore, none of the coefficients of u;_; in Table A.12 is statistically significant.
Specifically, for the aggregate tax change, the unit-root test does not affirm that 7, is nonstationary;
see Section A.5.1. Therefore, we conclude that the long- and short-run relationships can be properly

estimated only by the exogenous tax change. O

In summary, our empirical results obtained using the specification in Romer and Romer (2010) provide

qualitatively the same results as those in Section 7. In particular, the long-run relationship between y; and

r¢ captured by the cointegration coefficient is close to their estimate.
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Estimation Parameter \ T 100 500 1000 1500 2000
0.F 0.0690 0.0152 0.0071 0.0051 0.0039
0, -0.0687 -0.0152 -0.0071 -0.0051 -0.0039
OLS P -0.0557 -0.0105 -0.0048 -0.0035 -0.0026
O« 0.0128 0.0024 0.0010 0.0007 0.0006
mF -0.0019 -0.0002 0.0000 -0.0001 -0.0002
um 0.0035 0.0005 -0.0005 0.0002 0.0000
0 -0.0573 -0.0200 -0.0099 -0.0070 -0.0054
0, 0.0575 0.0200 0.0098 0.0070 0.0054
P+ -0.0447 -0.0049 -0.0012 -0.0008 -0.0004
2SNARDL ©Ox 0.0162 -0.0002 -0.0009 -0.0007 -0.0006
mF 0.0144 0.0091 0.0053 0.0037 0.0028
Ty -0.0135 -0.0088 -0.0058 -0.0036 -0.0030

Table A.1: FINITE SAMPLE BIASES OF OLS AND 2SNADL ESTIMATORS. This table shows the finite
sample biases of the OLS and 2SNARDL estimators. The total number of repetitions is 50000. DGP:
Ays = paus 1+ @Dy 1+ Azl s Axy e up = yi— Bt —Bray —CG(t—1), Axy = 1/2 4,
and (eg,vt) ~ IID N(09,Io) with (p., w5, 7y, B, B, C) = (=1/2,1/2,-1/2,3/2,-3/2,0).

Estimation Parameter \ T 100 500 1000 1500 2000
0.F 0.1518 0.0533 0.0360 0.0290 0.0258
0, 0.2059 0.0583 0.0376 0.0300 0.0265
OLS P 0.1020 0.0353 0.0239 0.0193 0.0172
Ox 0.0870 0.0364 0.0256 0.0208 0.0185
o 0.1647 0.0685 0.0479 0.0390 0.0348
Ty 0.3081 0.1240 0.0867 0.0706 0.0628
0.F 0.1506 0.0549 0.0367 0.0295 0.0261
0, 0.2330 0.0617 0.0388 0.0308 0.0270
P 0.0999 0.0349 0.0238 0.0193 0.0172
2SNARDL O« 0.0892 0.0368 0.0259 0.0209 0.0186
mr 0.1670 0.0688 0.0480 0.0391 0.0348
T 0.3122 0.1235 0.0865 0.0705 0.0628

Table A.2: FINITE SAMPLE ROOT MEAN SQUARE ERRORS OF OLS AND 2SNADL ESTIMATORS. This
table shows the finite sample root mean square errors of the OLS and 2SNARDL estimators. The total
number of repetitions is 50000. DGP: Ay, = pau—1 + @ Ayi—1 + 7 Axf + 77 Axy + ey, up = yi —
Bzt —Bray —C(t—1), Azy = 1/2+ v, and (eq, v;) ~ 1D N (02, Iz) with (ps, 75, 70, B, B, Ci) =
(-1/2,1/2,-1/2,3/2,-3/2,0).
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Estimation Parameter \ T 100 500 1000 1500 2000
0 0.0733 0.0147 0.0073 0.0050 0.0042
0, -0.0709 -0.0147 -0.0074 -0.0050 -0.0042
OLS P -0.0565 -0.0101 -0.0049 -0.0034 -0.0028
O« 0.0060 0.0004 0.0002 0.0002 0.0002
mF -0.0207 -0.0041 -0.0017 -0.0014 -0.0014
Ty 0.0041 0.0005 0.0001 0.0007 0.0006
0 -0.0626 -0.0162 -0.0081 -0.0056 -0.0046
0, 0.0668 0.0202 0.0104 0.0071 0.0060
P+ -0.0536 -0.0071 -0.0029 -0.0019 -0.0015
2SNARDL O« 0.0187 0.0002 -0.0003 -0.0003 -0.0002
mF 0.0060 0.0056 0.0037 0.0024 0.0018
Ty -0.0110 -0.0074 -0.0044 -0.0024 -0.0021

Table A.3: FINITE SAMPLE BIASES OF OLS AND 2SNADL ESTIMATORS. This table shows the finite
sample biases of the OLS and 2SNARDL estimators. The total number of repetitions is 50000. DGP: Ay, =
Pstty— 1+ Ay 1+ Axf s Any dep, up = y— B —Brry —C(t—1), Axy = 1/4+1/2A2 1+
vg, and (eg, vy)’ ~ 1D N (09, Io) with (ps, mF, 7, B, B, ) = (=1/2,1/2,-1/2,3/2,—-3/2,0).

Estimation Parameter \ T 100 500 1000 1500 2000
0.F 0.1446 0.0503 0.0343 0.0277 0.0251
0, 0.1936 0.0537 0.0355 0.0283 0.0256
OLS P 0.1000 0.0337 0.0229 0.0185 0.0168
Ox 0.0830 0.0345 0.0244 0.0200 0.0182
o 0.1750 0.0707 0.0494 0.0401 0.0367
Ty 0.3281 0.1253 0.0873 0.0708 0.0645
0.F 0.1406 0.0507 0.0345 0.0278 0.0252
0, 0.2190 0.0561 0.0364 0.0288 0.0260
P 0.1002 0.0332 0.0227 0.0184 0.0167
2SNARDL O« 0.0854 0.0347 0.0246 0.0201 0.0182
mr 0.1755 0.0705 0.0494 0.0401 0.0367
T 0.3304 0.1248 0.0871 0.0707 0.0644

Table A.4: FINITE SAMPLE ROOT MEAN SQUARE ERRORS OF OLS AND 2SNADL ESTIMATORS.
This table shows the finite sample root mean square errors of the OLS and 2SNARDL estimators. The
total number of repetitions is 50000. DGP: Ay, = pau—1 + @ Ayi1 + 7 Az + 77 Az; + ey
Ut = Yt — ﬁ:—l‘j — ﬁ*_x; — C*(t — 1), A:L‘t = 1/4 + 1/2A$t71 + v, and (et,vt)’ ~ IID N(OQ’IQ)
with (ps, 5, 70, B, B 5 G) = (—=1/2,1/2,-1/2,3/2,-3/2,0).
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Estimation | Parameter | Con. Rate \ T 100 500 1000 1500 2000

o+ VT 0.6620  0.3218  0.2360  0.1927  0.1694
(i VT -0.6644  -0.3208 -0.2358  -0.1925  -0.1717
s VT -0.5290 -0.2218  -0.1608  -0.1305  -0.1133

BIAS
s VT 0.0998  0.0478  0.0371 0.0358  0.0284
it VT -0.0025 -0.0159  -0.0125  0.0074  0.0045
o VT -0.0101  -0.0040  0.0099  -0.0087  0.0082
0+ VT 1.4871 1.1821 1.1389 1.1252 1.1195
0, VT 20415  1.2909  1.1944  1.1619  1.1475
s VT 0.9861 0.7842  0.7564  0.7480  0.7444

RMSE
s VT 0.8439  0.8086  0.8096  0.8051 0.8071
it VT 1.6542  1.5294 15141 15099  1.5103
o VT 3.0823 2.7777 2.7341 27314  2.7288

Table A.5: FINITE SAMPLE BIAS AND RMSE OF OLS ESTIMATOR. This table shows the finite
sample bias and RMSE of the OLS estimator under the DGP condition of Theorem 1 (i). The to-
tal number of repetitions is 50000. DGP: Ay, = paur—1 + pAy—1 + Wrszr + 7o Az, + ey,
w = y — Bz — Bray — Gt — 1), Az = 1/2 + v, and (e, v;) ~ TID N(0g,I3) with
(p*,ﬂ':_, W;’ﬁ:—a B*_a C*) = (_1/2’ 1/27 _1/2’ 3/27 _3/27 1)'

Estimation | Parameter | Con. Rate \ 7' 100 500 1000 1500 2000
0.F T 0.3992 0.1210 0.0944 0.0524 0.0279
0, VT -0.5741  -0.3598  -0.2601  -0.2052  -0.1868
BIAS Px VT -04243  -0.2525  -0.1765  -0.1388  -0.1261
P vT 0.1732 0.0997 0.0667 0.0579 0.0509
T VT 0.0050  -0.0005  0.0014 0.0004  -0.0119
Ty VT 0.0007  -0.0048  -0.0046  -0.0204  -0.0011
0 T 8.1992 7.7456 7.5341 7.4918 7.4571
0, VT 1.6527 1.3495 1.2543 1.2176 1.2066
RMSE P+ VT 0.9416 0.8319 0.8014 0.7881 0.7864
P VT 0.8891 0.8642 0.8514 0.8458 0.8480
o VT 1.5746 1.5267 1.5126 1.5258 1.5086
Ty VT 2.8861 2.7729 2.7416 2.7369 2.7271

Table A.6: FINITE SAMPLE BIAS AND RMSE OF OLS ESTIMATOR. This table shows the finite
sample bias and RMSE of the OLS estimator under the DGP condition of Theorem 1 (ii). The to-
tal number of repetitions is 50000. DGP: Ay, = pau—1 + pAy—1 + Wrszr + 7o Az, + ey,
w = y — Bz — Bray — Gt — 1), Az = 1/2 + v, and (e, v;) ~ TID N(09,I3) with
(p*,ﬂ':_, W;’ﬁ:—a B G) =(-1/2,1/2,-1/2,0,-3/2,1).
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Estimation | Parameter | Con. Rate \ T 100 500 1000 1500 2000

0 VT 0.5713 0.2648 0.1867 0.1564 0.1339
0, T -0.5093  -0.0685  -0.1303  -0.0330  -0.0829

BIAS P vT -0.4594  -0.1827  -0.1256  -0.1052  -0.0904
O« VT 0.0750 0.0339 0.0188 0.0217 0.0176
o VT -0.0229  -0.0083  -0.0085  -0.0036  -0.0005
Ty VT 0.0118 0.0079  -0.0168  0.0089  -0.0082
0, VT 1.4031 1.0743 1.0309 1.0214 1.0147
0, T 16.300 13.829 13.557 13.417 13.414
P vT 0.9015 0.7060 0.6809 0.6758 0.6731

RMSE
P vT 0.8270 0.7800 0.7828 0.7765 0.7783
o VT 1.6381 1.5289 1.5194 1.5082 1.5083
Ty VT 3.0672 2.7835 2.7405 2.7345 2.7232

Table A.7: FINITE SAMPLE BIAS AND RMSE OF OLS ESTIMATOR. This table shows the finite
sample bias and RMSE of the OLS estimator under the DGP condition of Theorem 1 (iii). The to-
tal number of repetitions is 50000. DGP: Ay, = pu—1 + peAy—1 + Wijzr + 7, Az, + ey,
Uy = Y — :rl‘zr — B;l't_ — C*(t — 1), Ax; = 1/2 + v, and (et,vt)’ ~ 1ID N(OQ,IQ) with
(o, B, BT, G) = (—1/2,1/2,-1/2,3/2,0,1).

Estimation | Parameter | Con. Rate \ T 100 500 1000 1500 2000

o+ VT 0.6768  0.3285  0.2547  0.1969  0.1702
0 VT 0.6737 -0.3247  -0.2561  -0.1951  -0.1724
s VT -0.5513  -0.2288  -0.1751  -0.1325  -0.1143

BIAS
s VT 0.1251 0.0525  0.0430  0.0280  0.0258
it VT -0.0214  -0.0032  -0.0088  -0.0020  -0.0146
o VT 0.0024  0.0173  -0.0112  0.0022  0.0142
o VT 1.5038  1.1912  1.1460  1.1318  1.1174
0, VT 2.0446 12982  1.2131  1.1678  1.1444
s VT 1.0148  0.7887  0.7605  0.7527  0.7437

RMSE
s VT 0.8654  0.8137  0.8136  0.8055  0.8091
it VT 1.6534  1.5324 15218 15174 15112
o VT 3.0824 27782 27496 27250  2.7190

Table A.8: FINITE SAMPLE BIAS AND RMSE OF OLS ESTIMATOR. This table shows the finite
sample bias and RMSE of the OLS estimator under the DGP condition of Theorem 1 (iv). The to-
tal number of repetitions is 50000. DGP: Ay, = pau—1 + pAy—1 + Wrszr + 7o Az, + ey,
w = y — Bz — Bray — Gt — 1), Az = 1/2 + v, and (e, v;) ~ TID N(09,I3) with
(p*,ﬂ':_, W;’ﬁ:—a B*_a C*) = (_1/2’ 1/27 _1/2’ 3/27 _3/27 O)'
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Ay Exo. Endo. Sum.

ATlt ATQt ATt ATlt ATQt ATt ATlt ATQt ATt
Mean 0.8256 | 0.4240 -0.4704 -0.0464 | 0.3773 -0.1841 0.1932 | 0.7564 -0.6228 0.1336
Median 0.7876 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000
Maximum | 4.0198 | 6.4312 0.0000 6.4312 | 6.7617 0.0000 6.7617 | 6.7617 0.0000 6.7617
Minimum [-2.7525| 0.0000 -7.0965 -7.0965| 0.0000 -7.1122 -7.1122| 0.0000 -7.1122 -7.1122
Std. Dev. | 0.9780 | 1.3755 1.5073 2.1364 | 1.3317 1.0117 1.7136 | 1.7775 1.7316 2.6653
Skewness |-0.0501| 3.0654 -3.0598 -0.2762| 3.4094 -5.4276 0.4394 | 2.0432 -2.5281 -0.1450
Kurtosis | 4.3614 |10.8514 10.8759 6.3787 |13.2115 31.1514 10.4245| 5.4941 7.7131 4.1776
Obs. 243 243 243 243 243 243 243 243 243 243

Ay, Exo. ratio Endo. ratio Sum. ratio

Arlt A’I“Qt Art Arlt ATQt Art Arlt A’I“Qt A?"t
Mean 0.8256 | 0.0246 -0.0517 -0.0271]| 0.0471 -0.0260 0.0211 | 0.0679 -0.0738 -0.0059
Median 0.7876 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000
Maximum | 4.0198 | 0.6977 0.0000 0.6977 | 1.9542 0.0000 1.9542 | 1.9542 0.0000 1.9542
Minimum [-2.7525| 0.0000 -1.8706 -1.8706| 0.0000 -2.8214 -2.8214| 0.0000 -2.8214 -2.8214
Std. Dev. | 0.9780 | 0.0963 0.2171 0.2428 | 0.2245 0.2028 0.3066 | 0.2351 0.2876 0.3847
Skewness |-0.0501| 4.6231 -5.3926 -3.7013| 6.0062 -11.5395 -1.0526| 5.1164 -5.9045 -1.3783
Kurtosis | 4.3614 |25.4621 35.2975 25.0905(41.7414 152.4675 44.1557|33.0743 45.6366 21.6860
Obs. 243 243 243 243 243 243 243 243 243 243

Table A.9: DESCRIPTIVE STATISTICS.

This table shows the descriptive statistics used in Sections 7.2 and

Exo.
T1t T2t Tt

Endo.
T1t T2t Tt

Sum.
T1t T2t Tt

0.7551 -0.7188 -1.6243
0.9931 0.8387 0.4686
-1.8278 -1.3653 -1.3483
0.6883 0.8686 0.8732

-2.4701 -0.3499 -2.2743
0.1241 0.9140 0.1812
-0.7094 -2.2995 -0.8156
0.9707 0.4322 0.9618

-1.3064 -0.4173 -2.0303
0.6270 0.9028 0.2738
-0.9285 -2.0326 -2.7414
0.9500 0.5801 0.2210

Exo. ratio
T1t T2t Tt

Endo. ratio
1t T2t Tt

Sum. ratio
1t T2t Tt

A.5.2.

PP test Ut
PP test w/o trend |-1.4767
p-value 0.5439
PP test w/ trend |-2.3488
p-value 0.4056
PP test Ut
PP test w/o trend |-1.4767
p-value 0.5439
PP test w/ trend |-2.3488
p-value 0.4056

0.7288 -0.7859 -1.7004
0.9926 0.8210 0.4299
-1.8466 -2.3558 -2.2056
0.6790 0.4019 0.4840

-2.5409 -0.9379 -3.0710
0.1071 0.7749 0.0301
-1.5667 -2.0336 -2.6499
0.8033 0.5796 0.2587

-1.7735 -1.8303 -2.9448
0.3932 0.3652 0.0418
-1.3375 -2.3690 -3.4114
0.8761 0.3949 0.0521

Table A.10: PHILLIPS AND PERRON’S (1988) UNIT-ROOT TESTS APPLIED TO THE QUARTERLY DATA
IN ROMER AND ROMER (2010). Two Phillips and Perron’s test statistics are computed using the data in
Table A.9 by including the time trend and/or the constant. The lag lengths are selected by BIC.
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NARDL Model ARDL Model
Variables \ Tax Exo. ratio Endo. ratio Sum. ratio | Variables \ Tax Exo. ratio Endo. ratio Sum. ratio
i1 20.06097 00633 -0.0460 | y; 1 -0.05527 00658  -0.0400
0.0184)  (0.0251)  (0.0177) (0.0163)  (0.0247)  (0.0160)
T -0.1992f 0.0850 0.0037 | ri—1 -0.11257 0.1003 -0.0351
(0.1349)  (0.0954)  (0.0789) (0.0743)  (0.0925)  (0.0618)
"y -0.09701  0.0401 -0.0566
(0.0801)  (0.1345)  (0.0645)
Trend 0.0499***  0.0488"*  0.0324** | Trend 0.0419"**  0.0520"**  0.0317"**
(0.0173)  (0.0200)  (0.0136) 0.0127)  (0.0194)  (0.0135)
Constant 02683 03673  0.3685* | Constant 0.4054**  0.4700***  0.5261***
(0.2363)  (0.2380)  (0.2047) (0.1787)  (0.1663)  (0.1543)
Ay 03095  0.3144** 03049 | Ay, ; 030427 03115  0.2921"**
0.0639)  (0.0672)  (0.0657) (0.0636)  (0.0660)  (0.0650)
Ayr_s 0.1223*  0.1265*  0.1139* | Ay, 0.1168*  0.1242*  0.1073*
0.0652)  (0.0660)  (0.0651) 0.0644)  (0.0657)  (0.0648)
Arj 0.1638 0.2465 0.1778 | Ar, 0.1725 0.2553 0.1467
0.6215)  (0.2788)  (0.2621) 0.6180)  (0.2776)  (0.2609)
Ar; 02706 -0.1477  -0.2350
0.2734)  (0.3051)  (0.2087)
AIC 2.6831 2.6925 2.6895 | AIC 2.6739 2.6780 2.6814
BIC 2.8133 2.8226 2.8196 | BIC 2.7751 27792 2.7826
t-test 330871 25198 25917 | t-test 338671 26602 -2.4960
F-test 3.9276 35933 34873 | F-test 5.7417 5.2684 4.8210
wiiV 527574 21358  48.9740
(0.1294)  (0.7290)  (0.2581)
v, 0.0722 0.8121 0.4782
(0.8015)  (0.4021)  (0.4981)
;Y 52.8296  2.9480 49.4522
(0.1340)  (0.7595)  (0.2610)
wil 0.5384 0.3344 0.8601
(0.5697)  (0.6463)  (0.5035)
Wi 0.4079 0.9926 15118
0.5278)  (0.3177)  (0.2279)
W) 1.0869 1.2200 2.1652
0.6618)  (0.6150)  (0.4681)

Table A.11: OLS ESTIMATION OF THE NARDL AND ARDL MODELS. This table presents the OLS
estimation using quarterly data from Romer and Romer (2010). The left and right panels display estimated
parameters for (23) and (21) using 7 instead of 74, respectively. Figures in parentheses indicate standard
errors of the OLS estimates. At the bottom of the top panels, AIC, BIC, ¢-test, and Pesaran et al.’s (2001) F'-

test are reported. T,

k) kk

, ¥, and *** indicate significance at 25%, 10%, 5%, and 1% levels, respectively. Wald

tests in the last two bottom panels show the Wald tests in Section 5 and the standard Wald tests. Figures in
parentheses below the Wald tests show p-values. They are obtained from 100000 bootstrap iterations.
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NARDL Model ARDL Model
Variables \ Tax EX.O' Enc.lo. Sul.n. Variables \ Tax EX.O' Enc.lo. Sur.n.
ratio ratio ratio ratio ratio ratio
Long-Run| Constant -2.5602 -2.5888** -2.9531 Constant -0.3468 -2.2311* -1.0492
(2.4603) (1.1990) (2.5202) (2.3897) (1.2927) (2.8199)
T -6.7407*** 4.2616*** 4.5455*** Ti—1 -3.0752** 3.3960*** 2.2608*
(2.0794) (0.5100) (1.2686) (1.2428) (0.5463) (1.2356)
Ti_q -2.8360* 5.1176*** 2.7623**
(1.5211) (0.9583) (1.2373)
Trend 0.8364*** 0.8391*** 0.8435*** Trend 0.8242*** 0.8370*** 0.8295***
(0.0166) (0.0081) (0.0170) (0.0161) (0.0087) (0.0190)
Short-Run Up—1 -0.0609T  -0.0633  -0.0460 Up—1 -0.0558* -0.0627 -0.0378
(0.0184) (0.0251) (0.0177) (0.0162) (0.0248) (0.0160)
Constant  0.6763*** 0.6693*** 0.6719***|  Constant  0.5730"** 0.6828*** 0.6517***
(0.1484) (0.1510) (0.1534) (0.1470) (0.1468) (0.1464)
Ay 0.3095*** 0.3144"** 0.3049*** Ayi1 0.3038*** 0.3127*** 0.3007***
(0.0639) (0.0672) (0.0657) (0.0635) (0.0669) (0.0656)
Ayio 0.1223*  0.1265* 0.1139* Ayio 0.1149* 0.1220* 0.1070"
(0.0652) (0.0660) (0.0651) (0.0644) (0.0658) (0.0648)
Arft 0.1638  0.2465 0.1778 Ary -0.2094  0.0801 -0.0737
(0.6215) (0.2788) (0.2621) (0.2435) (0.2087) (0.1596)
Ar, -0.2706  -0.1477 -0.2350
(0.2734) (0.3051) (0.2087)

Table A.12: 2SNARDL ESTIMATION OF THE NARDL AND ARDL MODELS. This table presents the
2SNARDL estimation using the quarterly data from Romer and Romer (2010). The left and right panels
display estimated parameters for (22) and (20), respectively. T, *, **, and *** imply that the tests are signifi-
cant at 25%, 10%, 5%, and 1%, respectively.
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(c) DGP under Theorem 1 (iii) (d) DGP under Theorem 1 (iv)

Figure A.1: QQ-PLOTS OF THE ¢-TESTS UNDER THE NULL AND DGP CONDITIONS IN THEOREM 1.
This figure shows the QQ-plots of the t-tests defined by 61, 0, pr, §r, 75, and 71 under the null hy-
pothesis and the DGP conditions in Theorem 1. To draw the QQ-plots, we let T" = 3000 and computed the
standard ¢-test using the OLS estimator. Total number of independent experiments is 50000.
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