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Abstract
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1 Introduction

Differentiability is one of the regularity conditions for analyzing standard econometric models. For example,
Wald (1943) proposed it as one of the regularity conditions for his classic test statistic. As another example,
Chernoff (1954) examined use of the likelihood ratio (LR) test statistic by approximating the log-likelihood
function by Taylor’s expansion. Model differentiability is required for the approximation.

Many important econometric models are estimated by non-differentiable quasi-likelihood functions. For
example, the likelihood function examined by King and Shively (1993) is not differentiable. They attempted
to resolve the so-called Davies’s (1977, 1987) identification problem by reparameterizing the original pa-
rameter space through the polar coordinates. The consequent likelihood function, however, is not differen-
tiable (D) but only directionally differentiable (D-D). Additionally, Aigner, Lovell, and Schmidt (1977) and
Stevenson (1980) specified the stochastic frontier production function model to capture inefficiently pro-
duced outputs. Their model, however, is not D under the null of efficient production. In addition to these,
there are many other quasi-likelihood functions in prior literature that are not D and require a different model
analysis from the standard case.

The goal of this paper is, therefore, to extend the model analysis scope to include non-differentiable
models. Specifically, we suppose that model parameters are estimated by maximizing D-D quasi-likelihood
functions. As it turns out, the class of D-D functions includes D functions as a special case, so that we may
obtain generalized analysis outputs from D-D quasi-likelihood functions. In the current study, we achieve
this generalization by associating Billingsley’s (1999) asymptotically tight probability measure condition
with the score of D-D quasi-likelihood functions. Each direction around the parameter of interest is regarded
as an index indicating a particular value of directional derivatives, by which we can apply the functional
central limit theorem (FCLT) and the uniform law of large numbers (ULLN) to the first- and second-order
directional derivatives, respectively. Through this process, the large sample properties of quasi-maximum
likelihood (QML) estimator (or M-estimator) of D quasi-likelihood functions can be generalized to address
D-D quasi-likelihood functions.

Another goal of this study is to provide test statistics that can be properly used for data inference via D-D
models. The conventional quasi-likelihood ratio (QLR), Wald, and Lagrange multiplier (LM) test statistics
are defined by assuming model differentiability, so that they may or may not be proper for D-D models.
We examine the test statistics under the D-D model assumption and provide alternatives in case they are
not proper for D-D models. As a result, the Wald and LM test statistics are redefined under the D-D model
assumption to maintain their testing principles. We also show that the three test statistics are asymptotically

equivalent under the null hypothesis and mild regularity conditions detailed below, thereby achieving the



dual purpose of estimating D-D models and inferring data through the model estimation.

Our D-D model analysis is applicable to a number of empirically popular econometric models. As an
illustration of our analysis, we revisit King and Shively’s (1993) reparameterized model and demonstrate
that our analysis provides an efficient vehicle for their model analysis. In addition to this, we include other
analyses in the Supplement to this study and demonstrate the usefulness of the current analysis (see Cho and
White, 2017). They include Aigner, Lovell, and Schmidt (1977) and Stevenson’s (1980) stochastic frontier
production function model and the Box-Cox transformation. The standard generalized method of moments
(GMM) estimation is also revisited using the D-D model analysis.

The approach of the current study is related to the prior literature. First, Pollard (1985) examined
stochastically differentiable quasi-likelihood functions that are not D although their population analogs are
D. The D-D quasi-likelihood function here is not stochastically differentiable because the population quasi-
likelihood function is D-D, let alone its sample analog. Second, Andrews (2001) examined data inference
when there is an unidentified parameter under a maintained null hypothesis that is possibly on the boundary
of the parameter space. Indeed, one may reparameterize the parameter space to avoid an unidentified model
feature and instead employ D-D quasi-likelihood functions. King and Shively’s (1993) model analysis is
a typical example of this, as detailed below. The analysis here, nevertheless, does not assume D-D quasi-
likelihood functions obtained only through reparameterization. General D-D quasi-likelihood functions are
assumed throughout this study so that the analysis here can be a vehicle for general model analysis. The
models in Aigner, Lovell, and Schmidt (1977) and Stevenson (1980) examined in the Supplement belong
to this case. Finally, Fang and Santos (2014) examined a D-D transform of a consistent estimator and
noted that a D transform is necessary and sufficient for a valid application of the standard bootstrap to the
transformation. Instead of assuming the presence of a consistent estimator, we examine a consistent QML
estimator obtained from D-D quasi-likelihood functions.

The plan of this paper is as follows. In Section 2, D-D functions are defined and examined, and the
D quasi-likelihood function is investigated as a special case of D-D quasi-likelihood functions. We also
provide regularity conditions for D-D quasi-likelihood functions and consider the limit distribution of the
QML estimator. Section 3 considers data inference using D-D models. For illustration purposes, we exploit
King and Shively’s (1993) reparameterized model throughout this paper, including Monte Carlo experiments
using the same model. Section 4 offers concluding remarks, and formal mathematical proofs are collected
in the Appendix. In the Supplement to this study, we provide additional examples for D-D model analysis.

Before moving to the next section, we introduce the mathematical notation used throughout this study.

For any x € R", ||z|| stands for the Euclidean norm. Furthermore, 1.} and cl(A) stand for an indication



function and a closure of set A, respectively. The other is standard.

2 Directionally Differentiable Quasi-Likelihood Functions

To proceed with our discussion in a manageable way, we first introduce the regularity conditions maintained

throughout this paper. The following is the data generating process (DGP) condition:

Assumption 1 (DGP). A sequence of random variables {X; € R™}?_, (m € N) defined on a complete

probability space (), F,P) is strictly stationary and ergodic. ([l

Assumption 1 is standard for stationary time-series data. Many economic data satisfy the given condition.
For example, the standard ARMA process, hidden Markov process, and GARCH process are typical exam-
ples of this DGP. Next, we suppose the following quasi-likelihood function that is assumed to capture DGP

properties:

Assumption 2 (Qausi-Likelihood Function). A sum of measurable functions {L,(0) := >, £,(0; X") :
0 € ©} is the quasi-likelihood function for X™ such that for each t, £;( - ; X?) is Lipschitz continuous on ©

almost surely—IP (a.s.—IP), where for each t, X! denotes (X1, -+ ,Xy), and © is a compact and convex set

in R" withr € N. O

This quasi-likelihood function condition is widely used in the literature, and the QML estimator is defined
by the quasi-likelihood function: let 5n be the QML estimator such that L,, (én) = maxgece L, (0). We
further characterize the DGP by

Assumption 3 (Existence and Identification). (i) For each 8, n=' E[L,,(0)] exists in R and is finite for any

n; and (i) For a unique 0, € ©, E[n~'L,(-)] is maximized at 0, € © for any n. O

Several remarks are warranted regarding Assumption 3. First, Assumption 3(i) requires model identi-
fication. Even if models are not identified, D-D model analysis can still be made using the framework of
Davies (1977,1987), but it renders the key aspects of D-D quasi-likelihood functions obscure. Therefore, we
highlight the D-D model analysis by assuming model identification. Second, 8, can be on the boundary of
© as often ensured by the reparameterization method of King and Shively (1993). Assumption 3(ii) permits
this. Finally, we abbreviate ¢;( - ; X?) into #;(-) henceforth for notational simplicity.

Given Assumptions 1 to 3, the QML estimator is consistent, viz., §n converges to 6, a.s.—IP, and this is

straightforward and well known in the literature (e.g., Andrews, 1999). The desired property is achieved by

applying the ULLN to n~! L, (-), given that 8, is unique. We, therefore, do not prove this in the Appendix.



Another implication is that the differentiability condition is not necessary for the consistency of the QML
estimator as Wald (1949) noted. On the other hand, the limit distribution of the QML estimator is critically

determined by model differentiability. We discuss this in the next subsections.

2.1 Directional Differentiability
In this subsection, we define the D-D function and characterize the D function through the D-D function.

Definition 1 (D-D Functions). (i) f : ® — R is called directionally differentiable (D-D) at @ in the direction
ofd € A(0), if

o f(0+hd)— f(8)
Df(6;d) =lim ;

exists in R, where A(0) := {x € R" : x + 6 € cl{C(0)},||x| = 1}, and C(0) := {x € R" : 30’ €
O,x:=0+460",6 € R"}; (ii) f : © — Ris said to be D-D on A(), if forall d € A(0), D f(0;d) exists;
(iii) f : ©® — R is said to be D-D on ®, if for all @ € ©, f is D-D on A(). O

Several remarks are in order. First, the definition of the D-D function is weaker than that of the D
function. D-D functions can have different directional derivatives that are nonlinearly dependent upon d,
and there can be a continuum number of directions if r is greater than unity. On the other hand, if f(-) is
D, Df(0;d) is represented as a linear combination of r different directional derivatives. Second, D f(6; )
is defined on A(@). This requirement is adopted to accommodate Chernoff’s (1954) device. Chernoff
(1954) noted that it is essential to approximate the parameter space by a cone C'(0) to obtain the limit
distribution of the QML estimator. We define A(8) to collect only directions relevant to C(8), and it
plays the role of the domain for a Gaussian stochastic process that is introduced below. Note that even
when 6 is on the boundary of ®, A(6) can still be defined not to contain the directions of the boundary
side. Finally, another norm other than the Euclidean norm can be used to define A(@). For example,
A() :={x eR" : x+ 0 € cl{C(8)}, ||x||oo = 1} can be used, where || - ||oo is the uniform norm, and it
captures the same directions as in A(0). We continue our discussion using A(8).

A regular relationship exists between D-D and D functions as Troutman (1996, p. 122) described. That
is, if (i) a function f : ©® ~ R is D-D on ©; (ii) for each 8,80’ and for some M < oo, |[Df(6';d) —
Df(0;d)| < M||6" — 6| uniformly on A(6) N A(6'); and (iii) for each 8, D f(6;d) is continuous and

linear in d, then f : ® — R is D on ©. The linearity condition of D f(0;d) in d is a key condition for a
D-D function to be D. Without this, directional derivatives cannot be represented as linear combinations of

other directional derivatives.



We provide the following definition of the twice D-D function that also plays another key role in our

analysis.

Definition 2 (Twice D-D Functions). A function f : ® — R is called twice D-D on O, if for each 8 and
forall d € A(6), D2f(8;d;d) exists, where
Df(0 + hd;d) — Df(6;d)

D%f(0:d: d) := li . O
f(6:d;d) lim -

Note that first-order directional differentiability is necessary to define the twice D-D function. Furthermore,
for a twice D-D function to be twice D, it is necessary for D? (8, Zl; d) to be bilinear in d and d. We discuss

this in the Supplement more precisely. Henceforth, we denote D2f(0; d; d) as D2f(0;d) if d = d.

2.2 Example: Conditional Heteroskedasticity

Many econometric models are specified using D-D quasi-likelihood functions. In this subsection, we illus-
trate King and Shively’s (1993) model as a representative example of D-D models and demonstrate that the
notion of the D-D function is important in practice. We include other examples in the Supplement.

King and Shively (1993) examined a model for conditional heteroskedasticity. When a set of economic

data { (Y, Q}) := (Y;, Wi, R}) € R?*F} is given, they assumed
Y" = W"a, +R"8, + U, U Q" ~ N[0,02{I, + x.2"(p.)}],

where Y™ := (Y1,---,Y,), U" := (Uy,--- ,U,), W" := (Wy,--- ,W,,), R"is an n x k matrix with
R, at t-th row, Q" := (W" R"™), and Q" (p) is an n X n square matrix with ¢-th row and ¢'-th column
element Q7 (p,) := WiWyp. " = /(1— p,?). Furthermore, they let (., 02, ks, px) := (s, Bly 02, K, i)
be an unknown parameter in T x [0, 5%] x [0, &] x [0, p], where T" is a compact and convex subset of R¥*1, 52

and £ are positive real numbers, and p is also a positive real number but less than one. For each (v, 02, &, p),

its log-likelihood can be written as

Ln(y,0% 5, p) = — o ((2m)" det [0 (T + 52" (0)}]) — 55U (2) [T + 527 ()] 7 U" (),

where U"(v) := Y" — Q"y, and v := (o, 3')".
This model was motivated by Rosenberg (1973), who aimed to test . = 0 and examined whether a
systematic risk of an asset is time-varying. If k., # 0, the conditional covariance of U"|Q™ depends on

W7, so that the error exhibits time-varying conditional heteroskedasty. On the other hand, if x, = 0,



the error exhibits conditional homoskedasticity, but p, is not identified, leading to Davies’s (1977, 1987)

identification problem. This renders the null limit distributions of the standard test statistics non-standard.
King and Shively (1993) attempted to resolve the unidentified parameter problem by reparameterizing

the original model using the polar coordinates: 0, := (61, 02) := (kx cos(ps7/2), ks sin(psm/2)), so that

the parameter space of 8 is now obtained as [0, & cos(pm/2)] x [0, & sin(p 7/2)], and
U"|Q" ~ N[0, 0,.2{I, + (6,/0,)"2Q" (2 tan™" (A2, /61.) /7)}].

Furthermore, the original hypotheses are modified into H}, : 6,6, = 0 versus H| : 6.’6, > 0. Note that
the null parameter value is on the boundary of ® and the identification problem no longer arises under H)).
On the other hand, the reparameterized quasi-likelihood function is not D. It is indeed D-D under H{: for

each (v, 02, 8), the modified log-likelihood is

Ln(v,02,0) = — glog (27) — %log (det [ﬁ{ln +(0/0)2Q" (2 tan" (62/61) /w)}])

52U [T+ (00) 20" 2 tan (63/60) /)] U (),

and from this, 0o, /61 has the form of 0/0 under the null, and this renders tan~!(0/0) undefined. Nonethe-
less, this yields the null log-likelihood desired by Rosenberg (1973) and King and Shively (1993): for each
d:= (dfy,do-, dy,ds)" such that @, = 0 and d'd = 1,

1

U (1. U ()

lim Lo (. + dyh, o + dgzh, 0. + doh) = —g log (27 det(02)) —

as desired, because 0 x tan~!(-) = 0 on the Euclidean real line. Furthermore,

d, d2 —|—d2 1/2 d,
DLy(y.,0%,0.:d) =~ 5% - (& 22) (" (2 tan! (do /) /)] + 575 UMO”

*

(df +d3)'/2

1
+—5(Q"d,)U" + UV (2 tan~1(dz/dy) /) U™ (1)

which is not linear with respect to (dy, d2), implying that the quasi-likelihood function is not D. The second-



order directional derivative is also obtained as

2 2
2 2 . nda2 d02 nitn 2d02 n 't 1 n / n
D Ln(7*70*70*ad) = 20_1 _?QU /U - 0_3 (Q d‘)’)U _E(Q d‘)’) (Q d'}’)
dUZ n 2 n n — n
—w/d%+d§{ “ur- 2@ da,)’} Q" (2 tan (da/dy)/7)] U
(@t &) {;tr (72 tan (da/dy) /)] — U [2°(2 tan (da/dy) /7)) U”} @)
O-*

which is not quadratic with respect to d, implying the D model analysis cannot be applied for this model. In
particular, the limit distribution of the QML estimator must be differently obtained from the standard case.
There are many other D-D models. For example, the stochastic frontier production function model
introduced by Aigner, Lovell, and Schmidt (1977) and Stevenson (1980) is also D-D. As another example,
if Box-Cox (1964) transformation is used as a regressor, the model is D-D when the regressor does not
reduce the prediction error variance. In the Supplement, we analyze them along with the GMM estimation

defined by the D model using the method of this study.

2.3 Asymptotic Distribution of the QML Estimator

As noted in Section 2.1, the most significant difference between D-D and D functions lies in the linearity
condition of Df(@;d) in d. In this section, we provide further regularity conditions for D-D models. In
particular, the smoothness condition of the D-D quasi-likelihood function is important in obtaining the limit

distribution of 8,,.

Assumption 4 (D-D Quasi-Likelihood Function). ¢; : ® — R is twice D-D on © a.s.—P, and for each
0 € ®and d € A(0), D*(y(-;d) is continuous on © a.s.—P. O

We use Assumption 4 to approximate D-D quasi-likelihood functions by a second-order directional Taylor

expansion for each direction. For this goal, the following conditions are also imposed:

Assumption 5 (Mode of Continuity). (i) For each @ € ©, D{;(0;-) and D*{4(0;-) are continuous on A ()
a.s.—P; (ii) For each 8,0’ € ©, | D{y(0;d) — D{(0";d)| < My||0 — 0'|| and | D*(4(6; d) — D*{,(0";d)| <

M;||@ — @'|| uniformly on A(6) N A(O"), where {M,} is a sequence of stationary and ergodic variables;
and (iii) For each @ € © and for all d,ds € A(0), there is X > 0 such that |D0;(0;d1) — D4(0; d2)| <
MtHdl — dg”/\ and ’D2£t(9; dl) — D2€t(9; dg)’ S MtHdl — dQH)\. O

The examples mentioned in Section 2.2 satisfy Assumptions 4 and 5. Here, Assumption 5(iii) is assumed to

apply the asymptotic tightness and ULLN to the first- and second-order directional derivatives, respectively.



We detail the asymptotic tightness and ULLN below, when they are more relevant. If Assumption 5(iii) is

replaced by the following stronger Assumption 5(iii)*, the quasi-likelihood function is twice D a.s.—P:

Assumption 5 (Mode of Continuity). (iii)* For each 6 and for all d € A(8), D,(0;d) and D*(,(8; d; d)
are linear in d and bilinear in (d, d) a.s.—P, respectively, and for each d € A(0), D24,( - ; d) is continuous
on © a.s.—P. O

We let Assumption 5* denote Assumptions 5(i, ii, and i4:*) going forward when D quasi-likelihood functions
are referenced. Unless otherwise stated, Assumption 5 stands for Assumptions 5(i, ii, and iii).

We impose further regularity conditions for the limit distribution of the QML estimator.

Assumption 6 (CLT). (i) For anyt, E[D{;(0.;d)] = 0 uniformly on A(0.); (ii) Ax(d) := E[n 1 D?L,(0.;
d)] is strictly negative and finite uniformly on A(0..); (iii) B.(d, d) is strictly positive and finite uniformly
on A(8.), where for each d, 3

B.(d,d) := acov{n V2DL,(0,:d),n *DL,(0,;d)},

and “acov” denotes the asymptotic covariance of given arguments; and (iv) For some ¢ > (r — 1)/(\v)
and s > q > 2, and for each fy € L, ||f; — E[f|Fi ]|l < vr, where L := {a1f1 + aafs : f1, f2 €
{De(0.; -,d) : d € A(0.)},a1,a2 € R}, vy is of size —1/(1 — ) with 1/2 < v < 1; FIIT =
o(X¢_ry o Xyar); and {X; € R¥ : t € N} is a strong mixing sequence with size —sq/(s — q). Further-

more, E[M7] < 00 and supgea(g,) SUP=1,2,... [|Dl(0+; d)[|s < A < oc. O

Some remarks are warranted on Assumption 6. Assumption 6(7) is imposed to apply the central limit
theorem (CLT). Note that Assumption 6(i) may not hold uniformly in d if 6, is a boundary point of ®: for
some d, E[D/{(60,;d)] can be strictly negative if 6, is a boundary point, although 0, maximizes F[¢;(-)].
If so, the test statistics considered below can be degenerate. We impose Assumption 6(i), which prevents
this. On the other hand, if 6, is an interior element, Assumption 6(i) can be derived from the condition
that 6, maximizes E[¢;(-)]. Assumption 6(iii) is imposed for the same purpose. For notational simplicity,
we let B,(d) denote B, (d, c~i) if d = d henceforth. Assumption 6(iv) is imposed to apply corollary 3.1 of
Wooldridge and White (1988) and theorem 4 of Hansen (1996a). It follows that n—1/ 2DLn(B*; - ) obeys
the FCLT mainly from Assumption 6(iv). Wooldridge and White (1988) provided regularity conditions for
the CLT of near-epoch processes as a special case of the mixingale process. Hansen (1996a) generalized
this and provided the regularity conditions for the asymptotic tightness of Lipschitz continuous functions.

In essence, Assumption 6 is used to apply both CLT and asymptotic tightness to n~Y 2DL,(0.; -). Finally,



our focus is different from that of Fang and Santos (2014) in which a D-D transform of a consistent estimator
is examined. Our interests are in examining the estimator maximizing a D-D quasi-likelihood function.

The limit distribution of /B\H is obtained using the regularity conditions provided thus far. Our plan is to
approximate the quasi-likelihood function by a second-order directional Taylor expansion for each direction
and relate this to other directional Taylor expansions. Specifically, we first derive the limit distribution of
§n for a particular direction d and call it the directional QML estimator (DQML estimator). Next, we
examine how this is interrelated with another DQML estimator obtained using a different direction. For this
examination, we first let 6,, (d) denote the DQML estimator. That is, Ln(an(d)) = maxgee, (d) Ln(0)
where O, (d) :={0' € ® : 0 =0, +hd, h € R",d € A(0,)}. Note that the DQML estimator is
constrained by d: for a given d, ©,(d) is a straight line starting from 6, with its endpoint at the boundary
of ©. Therefore, ®,(d) C ©, so that for each d, Ly, (6, (d)) < Ly,(6,,).

We can also represent the DQML estimator En(d) using the distance between 6, and an(d) With the
constraint that 8,,(d) € ©,(d), we let h,(d) be such that 8,,(d) = 0, + hy(d)d, from which the limit
behavior of Ay, (d) is associated with that of an(d) We define the space of h as H.(d) := {h € RT :
0. + hd € ©.(d)}, so that maxyc g, (q) Ln (0 + hd) = L,(6(d)). As © is a compact and convex set in
R”, H.(d) must be a closed and bounded interval in R™ with its left-end point equal to zero. We next apply
the directional second-order Taylor approximation to Ly, (8. + (-)d), so that for some 8,,(d) € ©(d), the

following holds by the mean-value theorem:
1 _
L, (0, + hd) = L,,(6,) + DL,(0,;d)h + §D2Ln(9n(d); d)h?. (3)
This approximation can be carried out on H, (d) because 8,, = 6, + op(1), so that for cach d € A(8,),

2{Ln(0n(d)) — Ln(6.)} = max 2Z(d)h + A.(d)h?), )
€

where n=Y/2DL,(0,;d) and n='D?L,,(0,;d) are such that {n_1/2DLn(0*;d),n‘lDQLn(H*; d)} =
{Z(d), A,(d)} as shown in the Appendix. Here, h captures the limit behavior of \/7h, and the argument
of the right side in (4) is simply obtained as max|[0,G(d)], where G(d) := {—A.(d)} 1Z(d) by the
Kuhn-Tucker theorem, so that /nhy,(d) = max[0,G(d)]. This also implies that \/ﬁ(an(d) -0, =
max|0, G(d)]d by noting that 8,,(d) = 0, + hyn(d)d, and 2{L,(6,,(d)) — L,(6,)} = max[0,)(d)]>,
where for each d, Y(d) := {—A.(d)}'/2G(d). Note that (3) implies that the quasi-likelihood function may
not be stochastically differentiable with respect to d because the given quasi-likelihood function may not be

approximated by a second-order expansion with respect to d (see Pollard, 1985).



This pointwise result (with respect to d) is not sufficient to derive the limit distribution of the QML
estimator. It is necessary to examine the stochastic interrelationship of DQML estimators obtained using
different directions. Note that

~

Ln(0n) = sup Ly (6,(d)). (5)
deA(8.)

That is, if we let d,, := arg MaXgeA (6, ) L (0,(d)), then L, (6,,) = Ly, (6,,(d.,)). The limit behavior of 8,
is derived by examining how én is asymptotically associated with én( -) and, for this purpose, we show in

the Appendix that DL, (0.;-) is asymptotically tight: for all € > 0, there is § > 0 such that

lim sup P, ( sup  n V2|DL,(0,;d1) — DL,(0,;ds)| > 6) < e,
=00 l[d1—d2| <6
where [P, is the empirical probability measure. These facts imply that the first-order directional derivative
weakly converges to a Gaussian stochastic process indexed by d (e.g., Billingsley, 1999). In addition,
n 1 D?L,(0.;-) obeys the ULLN under the given conditions provided thus far.

If L,,(-) is D, it is trivial to show asymptotic tightness, because DLy, (0.;d) = VgL, (0.)d, so that

sup  n Y2|DLn(0y:dy) — DLn(04:do)| < [ /?VL,(0,)]|6,
ld1—d2]| <8

implying that for any € > 0,

P, sup 0 V2|DL,(0y;di) — DLn(8.:ds)| > ¢ | <Py (Hn*/?ngn(e*)
lld1—dz2|/<d

5>5).

Thus, if n~1/ 2V9Ln(9*) obeys the CLT, we can choose d to have the right side be less than ¢, and this
shows the asymptotic tightness. Likewise, we can apply the ULLN to the second-order derivatives: for each
d € A(0,), D*L,,(0,;d) = d'V3L,(0,)d, so that for a nontrivial norm, | - ||~ say,

sup [0~ {d/ V3 L,(0.)d — d'EV5L,(6.)]d)}| < supd'd [~ (VL. (6.) ~ E[V5L.(6.)]]]

oo’

where the right side can be made as small as possible by applying the law of large numbers.
By the asymptotically tight directional derivatives, we now extend the pointwise limit result for \/ﬁiALn (d)
to the level of functional space, and from this we obtain the limit distribution of the QML estimator as re-

ported in the following theorem:

Theorem 1. Given Assumptions I to 6, (i) {n‘l/QDLn(B*; ),n T D?Ly, (64 )} = (Z(:), Ax(+)), where
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foreachd and d', E[Z(d)Z(d)] = B.(d,d); (ii) v/thn(-) = max[0, G()]; (iii) 2{Ln(6,) — L, (6:)} =
supdeA(g*)max[O,y(d)]Q; and (iv) /n(6, — 6,) = max|0, G(d.)]d., provided that max[0, Y(-)]? is

uniquely maximized at d.. a.s.—P. O

Note that the limit distribution of the QML estimator is now represented as a functional of the Gaussian
stochastic process defined on A(6.). Here, Theorem 1(iv) follows from the argmax continuous mapping
theorem (e.g., Kim and Pollard, 1990; van der Vaart and Wellner, 1996). If max[0, )(-)]? is almost surely
flat on A(6.), it is hard to think of d, as the limit of En The unique maximization condition on d, is
imposed to prevent this. This result also implies that, even when the model is correctly specified so that
2{L, (En) — L, (6,)} is the LR test statistic, its null limit distribution is not chi-squared.

Many statistics are known to follow limit distributions characterized by a Gaussian stochastic process.
For example, Davies (1977, 1987), Andrews (2001), Cho and White (2007, 2010, 2011a), and Baek, Cho,
and Phillips (2015) examined statistics with this feature: unidentified parameters yield a limit distribution
characterized by a Gaussian process, and Theorem 1 can be thought of as a variational result of this.

Theorem 1 accommodates the standard D quasi-likelihood function as a special case of D-D quasi-

likelihood functions. For this examination, we impose

Assumption 6 (CLT). (ii)* For a symmetric and negative definite matrix A, and each d, A.(d) = d’'A.d;
and (iii)* For a symmetric and positive definite matrix B, and each d, 3, B.(d, 21) = d'B*E. O

Assumptions 6(ii and ii7)* correspond to the assumption that A := lim,, o n ' E[V3L,(0,)] and B, :=
acov{n~'/2VgL,(0.,)} are negative and positive definite, respectively, in the D quasi-likelihood function
context. Using these assumptions, we can further refine the results in Theorem 1. We let Assumption 6*

denote Assumptions 6(i, ii*, iii*, and iv) henceforth.

Corollary 1. Given Assumptions 1 to 4, 5*, and 6*, (i) Z(-) is linear in d € A(.), so that for each
d, Z(d) = Z'd in distribution, where Z ~ N(0,B,); (ii) For each d, G(d) = Z'd{—d'A.d}™! in
distribution; (iii) For each d, \/n(0,(d) — 0,) = max|0,{Z'd{—d'A.d}]d; (iv) /n(6, — 6,) =
max|0, —Z'd,{d,'A,d,} '|d, with d, = argmaxqmax|0,Z'd)?/d (—A,)d; (v) /n(0, — 6,) =
(—A.)"YZ, provided that 0, is interior to ©; (vi) 2{Ln(§n) —Ln(64)} = supgea(g,) max|o, Z'd)*{d (-
A,)d} 1, and (vii) 2{Ln(§n) — Ln(0.)} = Z'(—A.)"1Z, provided that 0. is interior to ©. O

Corollary 1 is the same consequence as for the standard case if 8, is interior to @. Our analysis is more prim-
itive because it involves directional derivatives. In particular, Corollaries 1(iv to vii) imply that max[0, J(-)]?
is uniquely maximized at d a.s.—IP. Cho (2011) exploited the D-D quasi-likelihood function analysis for D

quasi-likelihood function estimation and examined other aspects that are not contained in Corollary 1.
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3 Testing Hypotheses Using D-D Quasi-Likelihood Functions

This section examines data inference using D-D models. To this end, the standard QLR, Wald, and LM test
statistics are reviewed and redefined in case there is a need to accommodate directional differentiability.

It is efficient to first specify the role of each parameter. We partition 8 into (7', 7')" = (X, o', 7) such
that the directional derivatives of L, (-) with respect to A (¢ R™) and v (€ R") are linear and possibly
non-linear with respect to dx and d,,, respectively. The parameter T (€ R"7) consists of other nuisance
parameters that are asymptotically orthogonal to w := (A,v)’ (€ R"") in terms of the second-order

directional derivative. More specifically, we suppose that for each d, DL,,(0.; d) can be written as
DL, (6.;d) = dx'DLN + DLW (d,,) + DL (d)

such that for each (dy', dy,’, d+")’,

dy'DLYY 'z
1 DL (dr) | 1 DL (dy) | = Z0(dr) | _ Z®)(d,) | ~N(0,B.(d))
v | pL{(d,) ' S Z0(d.) | ’ T
DL (d,) z")(d,)

and n~V2(DL™ (), DL () = (2(™)(.), 2(7)(.)), where for each d, d € A(8,),

| BT (dy,dr) BT (dn,dy)

B*(d7 Zi) = (7_ 7r) ~ ! (T T) ~
B (d,,d:) B""(d,,d,)

dA/B5<)\’)\)EA dA/BSkA,’U) (av) dA/BS()\ﬂ-) (&7-)
= | BV, dy BY(dv,dv) BY(do,dyr) | (6)

BN, dy BTY(d,,dy) BT(dy,dy)

DL e ™, DL (dy) € R, DLY(d,) € B, BM € R x R, BM)(d,) € R, BM(d,) €
R™, B{"V(d,) = B™(d,,), and B (d,) = B*™)(d,). Thus, it follows that

acov {n_1/2DLn(0*; d),n"2DL,(8,; 3)} = 13'B.(d, d)us,
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where ¢ is the ¢ x 1 vector of ones. Similarly, we also suppose that A, (d) = t3’A.(d)t3, where

AT dy) AT (dy, dy)

Add) =1 ' (r,7)
AT dy,de)  ATT(d,)

dyVAMVdy  dyAM) (dy) dy AN (d,)
= APY@) dy AP, AP (dy,dy) | (7)
AT dy ATy, dy) AT (dy)

AP e R xR, AP (dy) € R, AR (dy) e R, AN (dy) = AP (dy,), and ATV (d)
= A?’T)(dT). We also let 7 be orthogonal to 7: for each d, Aff’w)(dT, dr) = Aiﬂ’T)(d,,, d:) = 0.
This assumption is useful in eliminating the nuisance parameters from our analysis that are asymptotically
irrelevant to testing the hypothesis given below. We also permit 7, 7, and r to be zero, so that A, v, or T
may be absent in the model. If r,, and r; are zero, the quasi-likelihood function is twice D. These conditions

are collected into

Assumption 7 (D-Derivatives). (i) For eachd, DL, (0+;d) = DL{™ (dx)+DL(dy), and n=/2(DL
(), DL%T)(-)) = (27 (), Z0()); (ii) For each d and d, B,(d,d) = 13'B,(d, d)t3, where for each d,
B..(d, d) is symmetric and positive definite; (iii) For each d, A,.(d) = t3' A (d)ts, where for each d, A..(d)
is symmetric and negative definite; (iv) A&T’ﬂ)(d.,-, dr) = Aff’ﬂ(dﬂ-, d;) = 0 uniformly on A(0.,); (v)
O =IIxTand C(0,) = C(mw,) xC(1), where C(m,) := {x € R" : In’ e I, x := w,+dn’,§ € RT}
and C(7,) = {x eR" : I e T,x =7, +07,0 e RT}; vi) I = Ax Y and C(m,) = R™ x C(v,),
where C(vy) = {x € R™ : Jv’ € Y, x := v, + 00,0 € R"}; and (vii) A, is an interior element of A.

([l

Assumptions 7(v and vi) let the parameter space ® and IT be the Cartesian products of two separate param-
eter spaces. We use this property to represent L, () as a sum of two independent functions at the limit as
detailed below. Given this, we further let v be the parameter of interest, and the hypotheses of interest are
given as

Hy:v,=wvg, versus Hjp: v, # vg.

For future reference, we also let ®( be the parameter space constrained by the null hypotheses. That is,

Oy :={(v, N, 7)) €O :v=1vy}.

13



3.1 Qausi-Likelihood Ratio Test Statistic

The standard QLR test statistic defined for D quasi-likelihood functions can be used for D-D quasi-likelihood
functions without modification. We formally define the QLR test statistic as LR, := 2{Ln(6,) — Ly (61)},
where ,, is such that L,,(8,,) := SUPge@, Ln(0).

For the analysis of the QLR test statistic, we split LR, into ERS) and ER%Q) such that ﬁR%l) =
2{Ln(§n) — L,(0,)} and LR? = 2{L,(6,) — L,(0.)}. Note that LRV tests whether the unknown
parameter is 8. Although Theorem 1(iii) already provides the limit distribution of ERS), we reexamine
this here by separating A(6,) into A(m,) == {x € R™™ : 7, + x € cl{C (7))}, ||x|| =1 } and A(7,) :=
{x e R : T,4+x € cl{C(74)}, ||x]| = 1 }. We denote their representative components as s (= (s}, s,)’)
and s, respectively. Here, direction s is used to distinguish its role from that of d € A(6,). Note that
A(m,) and A(T,) are subsets of A(6,). This separation is useful in uncovering the limit distribution of

ﬁR,(f) . The following theorem provides the null limit distribution of LR ,:

Theorem 2. (i) Given Assumptions 1 to 7, £R$L1) = Ho + H1 + Ho, where

Ho:= sup maX[O,)N)(”)(sv)]2; Hy = Z(A)/(—AS}’)‘))AZ()‘); Hy:= sup max[0, Y™ (s,)]?
SvEA (V) S+ EA(T4)

such that for each s, € A(vy) :={x € R™ 1 v, +x € cl{C(v.)},[|x]| =1},
Y (s0) 1= (~AT Y (30) P EO (s0); Z20(s0) 1= 20 (50) — APV () (AP T2

AP (s,) = AP (5,) — APY (5,) (ADY) 1AM (g,

and for each s, Y7 (s,) := {—AS:’T)(ST)}*l/QZ(")(sT); (ii) Given Assumptions I to 3 and Hy, 0,, con-
verges to 0, a.s—IP; (iii) Given Assumptions 1 to 7 and H, ER%Q) = H1+Ho, and (iv) Given Assumptions

1to7, and Hy, LR,, = Hy. O

Several remarks are in order regarding Theorem 2. First, Theorem 2(iii) can be understood as a corollary

of Theorem 2(7). Note that if r, = 0 as v is fixed at v,, Theorem 2(i) implies that

LRP) = sup

max|0, sy/ZM]?
SAGA()\*)

+ Ho = H1 + Ho. (8)
sx/ (—ADN)sy }

Here, the final equality holds because A(A,) = R™ by Assumption 7(vi) and the null quasi-likelihood
function is differentiable with respect to A. Second, the weak limit in Theorem 2(iii) is jointly achieved

with that of ER,(;) because all of these are obtained by applying the continuous mapping theorem (CMT)
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to Theorem 1(i). Furthermore, H; and H- in ERq(f) are identical to those of ERS). Third, ZV(U)(') is
obtained by projecting Z(¥)(-) on Z(*) because the QLR test statistic is constructed by minimizing the
impact of the parameter estimation error that arises when estimating the unknown nuisance parameter A.,.
Fourth, the orthogonality condition in Assumption 7(iv) and the parameter space condition in Assumption
7(v) asymptotically separate £R£Ll) into the sum of Hg, H1, and Hs as given in Theorem 2(i). This implies
that we can ignore the effects of 7 when testing Hy. Fifth, the null limit distribution of the QLR test is more
complicated than that in Theorem 2 in a general set-up. For example, if A, is a boundary parameter or the

Cartesian product representation in Assumption 7(vi) is not valid, the null limit distribution of the QLR test

statistic is obtained as H,; — H/, where

, < max|0, sx’ZM)?
= sup :
! %) S)\/(—A&)\’A))S)‘

and

(8x,8¢)€A(mx)

Hyy = sup { max|0, Z(ﬁ)(s§) + SA/Z(A)]Q }

—AS(E’S)(Sg) + 28)‘/(—A5<}\7€)(S§)) + SA/(—AS}’A))SA
Finally, Liu and Shao (2003) provided an alternative characterization of the quasi-likelihood ratio test using
the Hellinger distance that obtains the null limit distribution as a functional of a Gaussian process as in

Theorem 2. We leave the application of their methodology to the current context as a future research topic.

3.2 Wald Test Statistic

Before redefining the Wald test statistic, we first examine the null limit distribution of the distance between
U,, and vo. Note that the distance between En and 0, that is represented by En() cannot be used to test
the null hypothesis because the inference on v, is mixed with that of the other nuisance parameters A, and
T+. The distance ﬁn() needs to be broken into pieces that correspond to v, w, and 7, and this process is
achieved by separating the set of directions A (6, ) into the sets of directions for v, A, and 7. Specifically,
for any hd and d € A(8,), there are 1), hM h(T) and (s, sx, s+) € A(v,) X A(X,) x A(T,) such that
hd = (h(”)sv’, RN sy, h("')s,-’)/ if each parameter space of v, A, and T is approximated by a cone and the
parameter space of @ is approximated by the Cartesian product of these cones, as assumed in Assumptions

7. Therefore, the following equality holds:

supsup L, (0, + hd) =  sup sup L,(0. + (h(”)sv’, ho‘)s)\’, h("')s,.’)/)7 9)
d h {80, 8, 80} {h(®), hX) | B}

and we can apply Wald’s (1943) testing principle to aY ().
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For this purpose, we examine the limit distribution of fbn() = (Aﬁf’)(-)fn (+),hs, ’(+)) . For each

(8w, Sx, 87) € A(Vs) X A(Ay) X A(T4), we let

G (sy,
Q(A)ES SA; G™ (54, 5x) {—AT (54, 82) ) 2 (50, 51)
Sv, SX = = Z ’
(7_) _ (T,T) -1 (T)
G (sy) G\ (sr) {(=A (s0)} (sr)

where for each (sy,5), 2™ (sy,85) = (Z(”)(sv),Z(A)/sA)/. Next, for each (sy,sx) € A(vs) X
A(Ay), we also let
G¥)(s0) (A (50)} 120 (s0)

GV(sy) | | {sh(—APY)sy} 12V sy

~ ~ -~ / -~
These constitute the limit behavior of h,,(-). First, note that both (h%v)(-), hg‘)()) and hgf)(-) are
initially defined on A(v,) x A(Ax) x A(T), but supposing that ASfr’T)(d7r7 d;) = 0 renders the maxi-
mization process in the right side of (9) asymptotically separated into two independent maximization pro-

cedures. Second, lAL%U)() and /l{,(f‘)() cannot be less than zero. Thus, for each (s, sx, Sr), one of the

following four different events asymptotically arises: (i) ﬁq(f)(sv, Sx,8+) > 0and ﬁgf‘)(sv, Sx,8r) > 0;
(i) ﬁg}’)(sv, Sx, Sr) > 0, /H%A)(SU,S)‘,ST) = 0; (iii) E(lv)(sv, Sx,S8r) = 0, ﬁ,(f‘)(sv,s)\,s.r) > 0; or (iv)
/ﬂgfj)(sv, Sx,8r) = 0, ﬁg‘)(sv, Sx,8+) = 0. Note that these four different events are asymptotically de-
termined by the sign of g™ (+) from the fact that it is asymptotically associated with the limit behavior of
(ﬁ,(f) (-),ﬁ%}‘) (+)). Furthermore, their signs indicate how the parameter estimation error affects the asymp-
totic distribution of (E%“)c),ﬁ,%")(-)). For example, if Eﬁﬁ’(sv, Sx,S8r) = 0 and Eﬁ:’)(sv, Sx, Sr) > 0,
estimating the nuisance parameter A, does not affect the limit distribution of TLSLU) (Sv, S, S+) because
Xn(sv, Sx, 87) = A, from the fact that ﬁif) (8w, S, 87) = 0, so that it does not have to be associated with
the parameter estimation error of Xn(sv, Sx, Sr), implying that \/ﬁ/l{%v) (Sv, S, S7) = g (8v). For the
cases of (iii) and (iv), similar interpretations apply. If both A, and v, are interior elements, both parameter
estimation errors for v, and A, cannot be avoided and must be taken into account in obtaining the limit
distribution of Eﬁ:’) (8w, S, S+) and ﬁﬁﬁ) (8w, Sx, S7)-

n{h) (50) HWa(s0) HAW (s0) ). where

Eﬁf’)(sv) is such that for each s,, € A(vy), Ln(vo + ﬁ%v)(sv)sv,/N\n(sv),?n(sv)) = SUP{p@) A7)

We now define the Wald test statistic as Wy, := sup, ca(

vo)

Ln(vo + R sy, A, 7), and Wn() is a weight function that estimates a non-random positive function
AV (+) say, uniformly on A(vg). Note that [ (+) is equivalent to R (+) under the null from the fact

that supj,v)  , Ln(vo + h()s,, X, T) is equivalent to SUP{s, s, } SUP 1 (0) p3) p(r)} Ln (Vo + R sy, Ay +
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AN sy, T, + h(")s,.). This equivalency does not hold under the alternative, and from this the power of
the Wald test is acquired. As the weight function is an important component of the Wald test statistic, we

formally state its condition as follows:

Assumption 8 (Weight Function I). For a function ﬁ/\n() that is strictly positive uniformly on A(vg) and

for every n a.s. =P, supg_ c A (vy) \Wn(sv) - giv’v)(sv)\ — 0 a.s.—P. O

In the Wald testing context, the weight function XZL(:)’U) (+) is typically the asymptotic variance function of
\/TLE(:’) (+). If the parameter of interest is on the boundary, the weight function needs to be carefully chosen
because the asymptotic variance function of \/ﬁﬁév) (+) is different from the interior parameter value case.

The null limit distribution of the Wald test statistic is obtained as follows:

Theorem 3. Given Assumptions I to 8 and Hy, W,, = Ho, provided that max[0, Y(-)|? is uniquely maxi-
mized a.s.—IP. O

Note that the weak limit of the Wald test statistic in Theorem 3 is identical to that given in Theorem 2. We
prove Theorem 3 by noting that for each s,,, maximizing 2{ L,, (vo + h(") s, X\, T) — L, (v0, As, T+) } with

respect to (), X, and T is equivalent to

sup sup 2{L,(vo + F sy, A + hV sy, 7, + h(T)ST) — L (v, A, T4) } (10)

{s3,87} {h(®) hN) (7))
For each (s, x, 7). (10) is approximated by a quadratic function of (h(*), h™®) h(7)) and the signs of
ﬁ,(lv)(sv, Sx, Sr) and ﬁ%’\)(su, Sx, S+) result in different approximations as discussed earlier. Using As-

sumption 7(vii), we show that the optimization process in (10) results in the consequence of Theorem 3.

3.3 Lagrange Multiplier Test Statistic

The standard LM test statistic needs to be redefined for D-D quasi-likelihood functions when testing whether
the slope of a quasi-likelihood function is asymptotically distributed around zero under the null. We let the

LM test statistic be defined as

LM, = sup n max
(0,82 EA(V0) X A(An)

. 2
o~ DLn(Buss0) ] .

— — Wn SvyS\)s
DLy (B; 503 53) (80:83)

where for each (s, 5x), A(An) = {x € R™ : x + X, € cl{C(A,)}, [|x]| = 1},
D?L(8n; 503 83) := D*Ln(Bn; 80) = DLn(81; 803 83) (D L(Bi 83)) 7 D LB 835 80,
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DLy (0,; 80;83) = l}ﬁg =Y DL, (vo, Ap 4+ hsx, Fni Su) — DLn(0n; 80},
DL, (0,; 8x; S0) = lﬁﬁ)l Y DLy, (Vg + hSw, A, Fni S2) — DLn (00 52},
and W, (-) is a weight function that satisfies

Assumption 9 (Weight Function ). For a function Wn() that is strictly positive uniformly on A(vg) X

. ('U,'U)

A(Ny,) and for every n a.s.—P, SUD (5 s )eA(00)x A(An) \Wn(sv, sa) — ALY (s4,)| = 0 as.—P. O

There are several remarks relevant to the definition of the LM test statistic. First, the LM test statistic
has a structure that yields the same null limit distribution as those of the QLR and Wald tests. That is, the
LM test statistic is defined using the first- and second-order directional derivatives of L, (vo + h(®)s,,, Ao+
RN sy, 7 + h(T)sT) with respect to s,, and sy, where (v(/, 5\;, %;L)/ = 0,,, and the “max” operator is
used to capture the non-negativity property of \/ﬁﬁﬁf’) (Sw, S, S7). Second, the LM test statistic is asymp-
totically the supremum of a squared random score function with respect to (s, sy ), provided that Wn() is
asymptotically equivalent to —n L D2L,,(,;-). Third, Wn() is defined on A(vg) x A(A,), and A, is an

interior element of 2. Note that the domain A(\,,) estimates A(A,). The interiority condition lets A(\,,)
converge to A(X,) asymptotically. If A, is on the boundary, A(X,) can be different from A(,), and the
null limit distribution of the LM test statistic is affected by this. Assumption 7(vii) precludes this possibility.

The null limit distribution of the LM test statistic is straightforwardly obtained as follows:

Theorem 4. Given Assumptions 1 to 7, 9, and Ho, LM;, = SUpg, c A (vy) max/[0, V) (8,)]2, provided that

max|[0, V(-)]? is uniquely maximized a.s.—P. O

Therefore, the QLR, Wald, and LM test statistics are asymptotically equivalent under the null.

3.4 Example: Conditional Heteroskedasticity (Continued)

We continue examining King and Shively’s (1993) conditional heteroskedasticity model in this subsection.

For a proper analysis, we further elaborate on the model assumption. If d; is zero, da/d; is not properly
defined. We avoid this by letting do/d; have an upper bound. This restriction is equivalent to letting the
parameter space of p in the original model have an upper bound strictly less than unity. We also do not
allow that do = 0. If it is allowed, the diagonal elements of £2"(0) contain 0%, so that the model is not
again appropriately identified. Furthermore, Rosenberg’s (1973) original purpose to test for conditional
heteroskedasticity does not allow the null model to have a time-varying variance. We therefore let dy be

strictly positive. Imposing this lower bound condition is equivalent to letting p be separated from zero in
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terms of the original model. Consequently, our parameter space for  is refined into

© :={0 € [0,kcos(7/2)] x [0,Rsin(7/2)] : ¢ x 01 <y <&x 0 Fcandc > 0}.

By this modification, ds/d; is constrained to [c, ¢|, and we can avoid the multifold identification problem
of Cho and Ishida (2012); Cho, Ishida, and White (2011, 2014); White and Cho (2012); Baek, Cho, and
Phillips (2015); and Cho and Phillips (2016).

The first-order directional derivative in (1) can be partitioned into three pieces: DL, (v,,02,0.;d) =

Zin(d) + Z2 p(d) + Z3 ,(d), where for each d,

d ;I n n d s (d2 +d2)1/2W2
Zin(d) == =5 Q:Ut,  Zap(d) = - L2 t (U - o?),
o3 t=1 tzz; 203 203{1 - m(dZ/dl)Q} '

(d%‘+'d%)1/2 . — t—t’
Z3p(d) := Wem(ds/d1) ™",
3n(d) 01— m(dy/dy)7) ;:2 UtWt;_lUt Wym(da/dy)

and m(dy/d1) := 2tan"!(dy/dy)/m. Here, {Q:U;} and {U? — o2} are sequences of identically and
independently distributed (IID) random variables, and {U;W; S4_!, Uy Wim(dg/dy)t '} is a martingale
difference array (MDA), so that Assumption 6(iv) holds for Z ,,(d), Z2,(d), and Z3 ,,(d), and the CLT for
MDA can be applied to them. Furthermore, the asymptotic tightness also holds for n~Y2DL, (Y4, 02,0, ).
As Z1 () and Zs ,(+) are linear with respect to Q;U; and (U2 — 02), respectively, it is trivial to show their
asymptotic tightness. For the asymptotic tightness of Z3 ,,(-), we let &, := W;U; and m := m(dz/d;) and
show that {n=1/2 3", e, 3261 eym?~*'} is asymptotically tight by applying Hansen (1996b). First, his

theorem 1 holds if E[W;] < A* < co. Next, his A and a are identical to one in our context, so that

n t—1
1 2
limsupﬁ E E[e3( E erm! 7T = (0.A)1 ( m > < 00
t=1 =1

n—00 1 —m?

for any 1, and the Lipschitz constant M; := S 0% (t — 7)i! 7~ !|e,e, | satisfies the moment condition:

1 ¢ 1+ 277 — 2 — 1!
limsup — > E[M?] = O'*A4( . - ><oo
n_mopn; [M7] = ( ) (1 —7)5(1 4 m)3

by the standard argument that | (-)] is uniformly and strictly bounded by one and E[|e?e,ey|] < (0.A)* <
oo, where 7 := max[|m(c)|, |m(¢)|]. These facts imply that his theorem 2 holds, and Assumption 5(iii)

also follows from this: n~Y/2DL,(v,,02,0,; -) = Z(-), where for each d and d, E[Z(d)Z(d)] =
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B.(d,d) := B"(d,d) + B (d,d) + B (d, d) with (d, d), B (d, d) := & d,/E[Q,Q/]d,,

BP(d,d) = E {

dp (G| [ dp (@t By
Vari T VRl -m?y | |Vaar T Vel -y |f

B®(d,d) =\

di + d3)'/*(d} + d&3)"/* [mmE[W7]?
1—mm |’

{1 —=m2}H{1-—m?2}
and m == m(da/dy).
The limit behavior of the second-order directional derivative is related to B, (d, Zl) By applying the law

of large numbers to (2), we obtain

D?Ln(vs,02,005d) = = 55 — 5dy/QVQdy - =52 UM 2" (m)] U
(d% + d%) n 2 2 n/ryn n n
+ — tr [Q"(m)?] — EU [D"(m) 4+ O"(m)]U" » + op(n),

where D" (-) is a diagonal matrix with the diagonal elements of Q"(-)2, and O"(-) is such that D"(-) +
0" () = 92"(-)2. Applying theorem 3.7.2 of Stout (1974) shows that n =1 D%L,,(~,, 02, 0.;d) = —B.(d,
d) + op(1). The ULLN further strengthens this to: supy [n "' D%L,(v,,02,0.;d) + B.(d,d)| = op(1),
which also leads to the information matrix equality. This follows mainly because D?L,, (v,,02,0.;")
is differentiable on A(6,), so that Assumption 5(iii) holds with respect to the second-order directional
derivatives. Therefore, 2{Ln(J,,,02,0p) — Ln(7.,02,05)} = supy[0,Y(d)]2 by Theorem 1(iii), where
V(d) := {B,(d,d)}"/2Z(d), and for each d and d,

o B.(d,d)
B = e B i

The main interests of King and Shively (1993) can be analyzed by the three test statistics. First, we
reconcile the parameters in the model with the parameters defined in the previous subsections. Specifically,

we let v = (64, 92)/, A=02,7=~,and 7 = (02,0, 92),. Then, for each d and Zi,

B (dr, drr) o

B*(d’ a) - 1 / "
0 Ld, FQQild,
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and

RSP I T
552do2hEIWE] Wb [3E[W] + kE[W?)?]

where for each (dy,dy) and (dy,ds), h := h(di,ds), h := h(dy,d3) := (d? +d2)"2/(1 —m?), and
k := k(dy/dy,ds/dy) := mim/(1 — mm). Because of the information matrix equality and the fact that
B.(d, 3) is block diagonal, the null limit distribution associated with each block matrix can be separately
examined. Furthermore, o 2d7’ E[Q:Q/ ]ZLY is associated only with =, so that it can be ignored when
deriving the null limit distributions of the test statistics. We further note that ¢t3'B.,(d, d)t3 = B (d,d) +
B® (d,d) + B (d,d), where each BY (d,d) (i = 1,2,3) is the covariance constituting the independent
Gaussian stochastic processes that we have already derived above.

The null limit distributions of the test statistics are more easily obtained by the unique features of
B™™) (do, dy): first, let

B (drds) O

ﬁfkﬁ’ﬂ)(dm C~i‘rr) = )
0’ qE[Wf}Z

em),, ~ 1 | hho?EW{] dhE[W?]
B (dr, dn) = 5 - ~
205 | dp2hEWP]  Ldyed,e

and q := q(dy,ds,dy,dz) := hhk, and note that t3'B\™™ (dy, dy)es = B?(d,d) + B!¥(d,d) and
L/ B™™ (dy,dy )ty = B (d,d). Here, the Gaussian stochastic process associated with B{™™) (dy,dy)
is independent of that associated with ¢E[W2]2 because B™™ (dy, dyr) is block diagonal. Furthermore,
B~ (dy,dy) is bilinear with respect to h(dy, d2) and d,2. Using these facts, we can derive the null limit
distributions of the three test statistics: first, the null limit distribution of the QLR test statistic is obtained

as LRy, = Supy, /s, cle,q max|0, V) (s1,59)]2 by Theorem 2(iv), where V() is a standard Gaussian

stochastic process with covariance structure

6(52/81, gg/gl)
{c(s2/s1,52/51)}/*{e(52/51, 52 /1) }/2

and for each (sa/s1,352/31), c(s2/s1,32/31) 1= svar(W?) + k(s2/s1,32/31)E[W2)%. This structure is
homogenous of degree zero with respect to s; and s9, so that Yo (+) can be equivalently stated as a function

Of82/81.

21



Second, we apply the Wald test statistic to this model. By the requirement of Theorem 3, we let the

weight function be

1 vat, (W7)
(1—=m?)(1 —m?2) 2

Wi (32/31, 82/51) == + RE, [WE?

where E,[W2] = n~t Sr W2 and var, [W2] = n 0 WA — (n71 Y0 W2)2. This statistic

satisfies Assumption 8, and the Wald test statistic is accordingly defined as
Wa = n{Bi?) (s2/51)} Wi (s2/s1, s2/s1) {hP (s2/51)}
and Wy, = sup,, /4, c[,q max|0, V(@) (51, 52)]2 under the null by Theorem 3, where % (s2/s1) is such that

Ln(:);n,&TZL,71519)(82/81)81,ﬁ%e)(82/51)82): sup Ln(’7,02,h(9)81,h(6)82)
(9 ,7,02)

and 5% + 53 = 1.

Finally, we apply the LM test statistic. Following the definition of the LM test statistic, we let

2
ma. OjDL Y 7270’8 78 w
X [ n(’Yn On L 2)] } Wn(82/51a52/51)’

LM, == sup n{
]

s2/51€c,C _D2Ln(&n75‘%705317327502)

where

DL (8, 67, 0; 51, 52) 1= {267}~ {U"(,,) Q" (m(s2/51)) U () — G2 [Q" (m(s2/51))]},

D?Ly(¥,,,62,0;51, 52, 5,2) ::% {tr(ﬂ”(m(52/81)2)) - &22U”(‘?n)/ﬂn(m(&/&)Q)Un("?n)}
-1
N [Z B &%Un("?n)/U”(‘%n) {U"(3,)'Q" (m(s2/51) U™ (%,)},

(3, 072) is such that Ly, (¥,,,67,0) = Sup(y 52) Ln(7, 0%, 0), and the same weight matrix is used as for the
Wald test statistic. Here, D2L, (¥, ,52,0; s1, 59, 52 ) is indexed only by (s, s5) because s,2 disappears
by construction. Theorem 4 now implies that LM, = sup,, /4, ¢[c,q max|0, V) (51, 59)]2, so that all three
test statistics are asymptotically equivalent under the null.

The null limit distributions of the three test statistics can be uncovered by simulation. Note that the
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covariance structure of Y(®) (+) is the same as that of

.. 2
PO (51, 59) = 1 {Var(Wt

/2 oo
>}1 3
Zy+ E| W m(sa/s ,
c(s2/s1,52/51)1/? 2 ’ I ol

where Z; ~ TID N(0,1). Due to this IID condition, simulating }(®)(-) is not hard. When simulating
VO (), var(W2) and E[W?2] must be estimated, and the running index j must be truncated at a moderately
large level so that it does not significantly affect the null limit distribution.

We conduct Monte Carlo simulations using this method. The DGP for Y; = U; ~ IID N(0,1) and
W; ~ 1ID N (0, 1) that is independent of U;. We assume that the parameters other than a, af, 01+, and 0o,
are known and let ¢ = 0.5, ¢ = 1.5. Figure 1 shows the empirical distributions of the QLR test statistic for
s1,52) Max[0, VO (51, 59)]?

various sample sizes and the null limit distribution obtained by simulating sup

2,000 times, where for each (s1, s2),

5}\(9)(81 52) im 1 {@n(WE)}l/ZZ _|_E [W2}§m(82/81)jz
T Culs2/s1,82/s1)1? 2 A =1 ’

The empirical distribution of the QLR test statistic approaches the limit distribution as n increases, affirming
our theory on the test statistics.

The null limit distribution of the QLR test can be uncovered by several simulation methods. The Monte
Carlo method proposed by Dufour (2006) can be used because the model is correctly specified for this

model. Hansen’s (1996b) weighted bootstrap can also be used to estimate the asymptotic p-values.

4 Conclusion

The current study examines the estimation and inference of D-D quasi-likelihood functions and provides
conditions under which the QML estimator behaves regularly. Specifically, we show that the QML esti-
mator has a distribution different from that of standard D quasi-likelihood functions by showing that it is
represented as a functional of a Gaussian stochastic process indexed by direction. Furthermore, the analysis
assuming a D quasi-likelihood function can be treated as a special case of D-D quasi-likelihood function
analysis. Furthermore, the standard QLR, Wald, and LM test statistics are redefined to fit the structure of
D-D quasi-likelihood functions. These modifications are provided for general D-D quasi-likelihood func-
tions, and we show that the three test statistics possess null limit distributions represented as functionals

of the same Gaussian stochastic process. We further reveal that the three test statistics are asymptotically
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equivalent under the null and some mild regularity conditions that can be popularly used for empirical ex-

aminations.

Appendix: Proofs

Before proving the main claims of the paper, we provide the following preliminary lemmas:

Lemma Al. Given Assumptions 1 to 6, for eachd € A(8,), (i)n~Y2DL,(0.;d) = Z(d), where Z(d) ~
N(0, Bi(d)); (ii) n =L D2 L,,(0+; d) converges to A.(d) a.s.—TP; (iii) {n*I/QDLn(G*; d),n"'D?L,(0,; d)}
= {Z(d), A«(d)}. 0

Lemma A2. Given Assumptions 1 to 6, for each d € A(6,), (i) \/ﬁﬁn(d) = max|[0,G(d)], where
G(d) == {—A.(d)}LZ(d); (ii) /n(On(d) — 6,) = max[0,G(d)]d; (iii) 2{Ln(0,(d)) — Ln(6,)} =
max|[0, Y(d)]2, where for each d, Y(d) := {—A.(d)}'/>G(d). O

Lemma A3. Given Assumptions I to 6, (i) for all € > 0, there is § > 0 such that

limsupP, [  sup n Y2 DL,(0.;dy) — DL, (0 ds)| > ¢ | <e,
n—00 lldi—d2||<d
where P, is the empirical probability measure; (ii) for all € > 0, there is n(e) a.s.—P such that if n > n(e),

SUPdeA(6.) |n_1D2Ln(0*§ d) — A(d)| <e. U

Lemma A3(i) implies that the first-order directional derivative weakly converges to a Gaussian stochas-
tic process indexed by d (e.g., Billingsley, 1999). In our time-series data context, theorem 1 of Hansen
(1996b) provides sufficient regularity conditions for this. Lemma A3(i) is used to show the desired weak
convergence of the QML estimator with » > 1, and we suppose that A(6,) has an uncountable number of

directions when proving Lemma A3(i).

Proof of Lemma A1:(i) To show the given claim, we verify the conditions of Wooldridge and White
(1988). First, Assumption C.1 of Wooldridge and White (1988) is satisfied by Assumption 6(iii) because
we can let n=1/23¢; (0,;d) be their 3 Z,;. Second, the conditions (i, ii, iii) of Assumption C.2 in
Wooldridge and White (1988) trivially hold by our assumptions that || D¢(0.;d)||s < A for any ¢, v is
of size —1/(1 —v) < —1/2, and {Y,} is a strong mixing sequence of size —sq/(s — q) < —s/(s — 2)
because s > ¢ > 2, respectively. Third, condition (iv) of Assumption C.2 is easily verified from the fact

that ||4:(0+;d)|ls < A < oo uniformly in d for any ¢. Finally, their condition in Assumption A.5 is not
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necessary for Lemma Al because our goal is not to obtain the standard normal distribution. Their corollary
3.1 implies the desired result.

(if) Given Assumptions 1 and 6(ii), we can apply the ergodic theorem.

(iii) Given Lemmas A1(i and ii), the given weak convergence follows from theorem 3.9 of Billingsley

(1999, p. 37). m

Proof of Lemma A2: (i) For given d, if we maximize (3) with respect to h subject to h > 0, it follows that
hn(d) = max[0, {—D2L,(0,(d); d)} "' DL,(6,; d)] using Khun-Tucker theorem. We further note that
6,,(d) — 0, a.s.—P because 8, converges to 8, a.s.—P, so that /nh,(d) = max[0, {—A,(d)} ' Z(d)] by
Lemma A1(iii). The desired result now follows from the definition of G(d).

(ii) From the definition of 7, (d), an(d) =0, + hy (d)d. Lemma A2(i) yields the given result.

(iii) Given that arg max; g, [2Z(d)h + A.(d)h?] = max[0, G(d)],

max[2Z(d)h + A, (d)h?] = max[0, {—A,(d)}/*G(d)]%.
heR+

Thus, the desired result follows from (4). [ |

Proof of Lemma A3: (i) Given Lemma A1(i), if {n~1/2 S D#;(6,; - )} is asymptotically tight, the desired
result follows from the finite dimensional multivariate CLT based on the Cramér-Wold device, which we do
not prove by its self-evidence.

The asymptotic tightness can be proved by verifying the conditions of theorem 4 in Hansen (1996a).
First, from the fact that {Y,} is a strong mixing sequence of —sq/(s — q), for some ¢ > 0, a; *~9/(57) =
O(r717¢), sothat >, a;y T/ + oo Second, ||M||s < oo forany ¢ from the stationarity assumption
of {M;} in Assumption 6(iv). Third, || D¢:(0+;d)||s < oo uniformly in d for any ¢ from Assumption
6(iv). Fourth, given that v, is of size —1/(1 — 7), for some € > 0, v, = O(r~/(1=7)=¢) implying that
> v+ 7 < oo. Finally, it is already assumed in Assumption 6(iv) that ¢ > (r — 1)/(y)). These results
verify the conditions in theorem 4 of Hansen (1996a), and the asymptotic tightness of {n~'/2 5" D¢(8,; -)
follows.

(ii) By Assumption 5(iii), [n"'D?L,(0;d1) — n~'D?L,(0;d3)| < n~ '3 M;||d; — ds|*. Fur-

thermore, we can apply the ergodic theorem to {n~1>_ M;}, so that for any w € F, P(F) = 1, and
n~1>" M; — E[M;]| < ¢, and this implies that
n~1 3" My < E[M;y]+-¢. For the same ¢, we may let § := &/(E[M;]+¢). Then, n= ' M;||dy —da||* < e,
whenever ||d; —ds||* < §, because n ™! > My||dy —da||* <n 7 ST Ms = nt S Mye /(e + E[My]) < e.

e > 0, there is an n*(w, ) such that if n > n*(w,¢),

That is, for any w € F, P(F) = 1 and € > 0, there is n*(w,¢) and J such that if n > n*(w,e) and
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|dy —da|* <6, [n"tD2L,(0;d1) —n~'D?L,(0;ds)| < &, which means that {n =1 D2L,,(6; -) () 18
equicontinuous. Therefore, it follows that n = D2L,,(0; -) converges to A,(-) uniformly on A(0,) a.s.—P

by Rudin (1976, p. 168). [

Proof of Theorem 1: (i) Given Lemmas A3(i and ii), the desired weak convergence follows from theorem
3.9 of Billingsley (1999, p. 37).

(if) The given result follows from Lemma A2(i), Theorem 1(i), and the definition of G(+).

(iif) We can apply the CMT to (5).

(iv) To prove the given claim, we apply the argmax continuous mapping theorem in van der Vaart and
Wellner (1996). Note that A(8..) is bounded, and L, (én()) — L,(0.) = max|0, Y(-)]? by (4) and Lemma
A3. Given that D/;(6;-) and D?¢;(); -) are continuous by Assumption 5, max|[0, )(-)]? must be continuous
on A(8.) almost surely. Furthermore, A(6,) is a subset of a compact space, so that it trivially follows that

d, is tight, and cAln is uniformly tight. Given that d, is unique almost surely, the regularity conditions in

theorem 3.2.2 of van der Vaart and Wellner (1996) are satisfied by this, leading to the desired result. |

Proof of Corollary 1: For an efficient proof, we first prove (vi) and (vii) before (iv) and (v).

(i) As the weak convergence is proved for a general function in Theorem 1, we verify only the pointwise
weak convergence for this case. From the definition of DL, (0,;d) = VgL, (0)'d, and n~Y/ VoL, (0.)
= Z by theorem 1 of Doukhan, Massart, and Rio (1995). Therefore, n_l/QDLn(O*; d) = Z'd for every
d e A(0,).

(ii) We note that DL, (0;d) = d'V3L,(0.)d, so that n~'V2L,(0.) — A, a.s—P by the ergodic
theorem. Therefore, the given result follows from the definition of G(d).

(iii) We can use the definition of A, (d). That is, O, (d) = 6, + hy,(d)d. The given result follows from
the fact that \/nhy, (d) = max|0, G(d)] and Corollary 1(ii).

(vi) By the definition of ))(-) of Theorem 1, for each d, Y(d) = {d/(—A.)d}~/?Z'd, so that Theorem
1(iii) implies the desired result.

(vii) From the fact that c1{C(0,)} = R", there is d* € A(8,) such that max[0, Z'd*] = Z'd* and
d* = —d if max[0,Z'd] = 0. Thus, the given “max” operator can be ignored for this case. That is,

d. = argmaxgen(g,) d'ZZ'd{d' (—A.)d} . For notational simplicity, if we let

B (—A*)l/Qd

it follows that v'v = 1 and v'(—A,) V2ZZ'(—A,)"?v = d'ZZ'd{d'(-A.,)d}~'. Given this, we
note that max, v'(—A,)"/2ZZ'(-A,)"?v = maxq d'ZZ'd{d'(—A.)d} ', and it is equal to the max-
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imum eigenvalue of (—A.,)~Y/2ZZ/(—A,)~'/2, which is equal to Z'(—A,)'Z. It is mainly because
rank((—A.,)"Y/2ZZ/'(—A,)~1/2) = 1 (so that there is a single positive eigenvalue, and the other eigenval-
ues are zero), and the sum of eigenvalues is equal to tr[(— A, )" V/2ZZ/(—A,)"'/?] = Z'(—A,) 'Z. These
two facts lead to the desired result.

(iv) This follows trivially from the definition of d,.

(v) By the same reason as in the proof of (vii), we can ignore the “max” operator, so that y/n (én -0,) =

Z'd.{d. (—A.)d.}'d.. Given this and the proof of (vii), if we let

(—A*)1/2d*
Vy = ,
{d/(—A.)d.}!/?

v, is the eigenvector of (—A.,)~/2ZZ/(—A,) /2 corresponding to the maximum eigenvalue given as Z/’
(—A.)"1Z, so that
(—A,) 1?22 (-A,) Vv, = Z'(-A,) ' Zv, (11)

by the definition of eigenvector. This implies that
v, (—A) V222 (—A,) Ve, = 2/ (—A) T 2o, v, = Z/(—AL)TIZ (12)

because v./v, = 1. Plugging the definition of v, to the left side of (12) leads to that Z'd,{d.'(—A.)d,} !
(d.'Z)"1Z'(-A,)"'Z. Thus, Z'd. {d.'(—A.)d.} 'd, = (d./Z)'Z'(—A,)"'Zd,. Also, plugging the
definition of v, to (11) yields that (d,'Z)'Z/(—A,)*Zd, = (—A)~'Z. Therefore, \/n(6, — 6,) =
zZ'd.{d.(—A.)d.}"'d. = (—A.,)"1Z. This completes the proof. [ |

Proof of Theorem 2: (i) We note that for any hd such that b € R* and d € A(r,), there are h(™) € R,
h(™) € R*, sp € A(m,), and s, € A(T,) such that hd = [h(”)sﬂ’,h(")s.,-’]/ by Assumption 7. Thus,
Ln(0, + hd) = L, (7, + K™ s, 7, + h(Ts,), implying that

ULy (e + b sp 7y + W 82) — Ly (s, 72)} = 2D Ly (54, T4 8 )™
4+ 2D L (104, T4; 82)RT) 4 D? Ly (104, T3 87 ) (W) + D2 Loy (74, 743 87) (R(T)?

+ 2D Ly (70w, T Sir; sT)h(”)h(T) +op,, (1) +op,_(1),

where DL, (7, T+; Sx; S7) is the directional derivative of DL, (-, -;sx) with respect to s, evaluated

at (m, 7«), and supy supy, Ly (0x + hd) = supgs, s 3 SUPgm pmy Ln(ms + A s 1, + h(Ts,).
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Therefore, LR = supg supy, 2{ L, (0. + hd) — L, (6.)} implies that

LRY =sup sup{2D L, (0.; 8x)h™ + D2L,,(0.; 87)(R™)2 + 0p, (1)}

S p()
+ sup s1(11)){2DLn(0*; s ™) + D21, (0,; 5,)(hT)? + op,_ (1)}, (13)
sr pr
where we exploited the facts that n_lDLn(ﬂ*7 T4; Sm, S7) has probability limit zero by Assumption 7(iv)
and that DL, (0,; -) and DL, (0,; -) are Op(n'/?) by Theorem 1(;).

Given this, note that Ha,, := sup,_ supj){2DLn(0; 87)h™) + D2L,(8.;5-) (A7)} = Ha.
Thus, we may focus on the weak limit of sup,_ supy =) {2D L, (0.; 8x)h(™ + D2L,(8,; s7)(h(™)%}
which is denoted as Hyy ,,. From the fact that for any hd, such that h € R* and d, € A(mw.), there are
N € RF, h(®) € RY, sy € A(A,), and s € A(mr,) such that hdy = [V s,/ h(¥)s,,/] and

Hoin= sup  sup 2DLy(0,:85)h™) +2DL,(8.; s3)h™ + 2D L, (0,; sx; 85) RN A V)
{sv,s2} {h(v)7h(>\)}

+ DLy (0,; 80) ()2 + DL, (0,; s5) (h™N)?,

where DL, (0.; sx; Sy) is the directional derivative of DL, (-;sx) with respect to s, evaluated at 6.,.

Given this, if we apply the ULLN and FCLT to Hy1 p,

Hoip = Ho+Hi = sup sup QZ(U)(sv)h(v) + 28/ ZM RN 4 2s>\'A>(k>"v)(sU)h()‘)h(”)
{s8v,82} {h(¥) h(N)}

+AL) (5) (MV)2 + 53 AN 55 (HV)? (14)

by Theorem 1, and there are four different possible cases for the solutions of (h(“), h()‘)) in the right side of
(14): for each (s,), sy) if we let E(”)(sv, sx) and /i\L()‘)(sv, sx) maximize the right side of (14), it follows
either (i) h(¥)(sy, 8x) > 0 and AN (sy,8x) > 0; (ii) h¥) (54, 8x) > 0 and h¥ (s, sx) = 0; (iii)
ﬁ(”)(sv, sx) = 0and ﬁo‘)(sv, sx) > 0; or (iv) E(“)(su, sx) = 0and /ﬁ()‘)(sv, sx) =0.

We examine the limit distribution of each case. First, if ﬁ(“)(sv, sx) > 0 and ﬁ()‘)(sv, sx) > 0, the

right side of (14) is identical to

(v) 17(N) _Aﬁv’v)(sv) —SA’ASK)"U)(SU) Z()(s,)
sup [2'Y(sy) sA'Z'V] ) o
{sv,sx} _SA/A* ) (Sv) —S)‘/A* Ay .S,\,Z(A)

and maximizing this with respect to s for a given s,, yields Y(*)(s,,)% + (Z™)
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ond, if N (8v,8x) > 0and h©) (85, 8x) = 0, the right side of (14) is identical to 2s'Z») +S>\’A9”\)s>\,

(—APMMY(ZN) as its maximum. Also, YV)(s,,)

and maximizing this with respect to s leads to (Z()‘))/

cannot be greater than zero. Otherwise, it must follow that h®) (8w, 8x) > 0 which is contradictory. Third, if
) (Sv,8x) = 0and h) (8w, 8a) = 0, for the same s,,, sx cannot be optimal to maximizing the right side
of (14) from the fact that A, is an interior element of A. We can ignore the case in which ) (Sv,8A) =
0. Therefore, combining the first two cases, we obtain that Ho = supg, ca(w,) max|0, 37(”)(81,)]2 and
Hi = (Z(A))/(—AiA’A))(Z(A)). This implies that it is necessary for Y(¥)(s,,) to be greater than zero, if
h®) (8w, SA) is greater than zero.

(i) We can apply the ULLN.

(iii) We let Hoo , := supg, supy){2D Ly (0s; sx)hM+D2L, (0.; sx)(hN))?} and note that LR =
Hoon + Hap +0p s, (1) + op,s, (1). Furthermore, Hoor, = SUD(s,,,52} SUP{(®) 4N} 2D L, (0s; Sy )V +
2DL,(0,;52)h™N + 2D L, (0,: sx; 5,)hNRY) + D2L,,(0,: s,,)(hV))% + D2L,,(0,; s3)(h™)? subject
to h¥) = 0. Note that Hyo,n, = Hop1,, without the constraint h(¥) = 0. Therefore, Hyon = Ha
given the fact that Hy, = Ho + Hi as given in (14). Thus, LR = ;i + H, from the fact that
(Hotn, Han) = (Ho + H1, Ha).

(iv) The desired result holds by continuous mapping because it follows that (KRS) , L’Rg)) = (Ho +
Hi + Ho, H1 + Hz) as shown in (i) and (iii). [ |

Proof of Theorem 3: We exploit (13) further. First, applying the CMT to Theorem 1(i) shows that
(n=2DL) (1), n DL () = (2(), AT (). Thus,

sup 2DLy(0,:8:)h™) + DLy (0,:8:)(h™)2 = sup 22 (s,)h™ + AT (s,) (A2,
Vnh(T) h(T)eR+

so that \/ﬁﬁ%‘r)(s.,-) = max]0, {—ASFT’T)(ST)}_lz(")(sT)] = max[0,G(7)(s,)]. This holds even as a
function of s.. That is, \/ﬁﬁq(f)() = max[0, (7 (-)].
Next, for any h(™d, such that h(™) € Rt and d € A(mw,), there are h(¥) € Rt, h®) € R*, and
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(81,5x) € A(vy) X A(X,) such that A(Md,. = [h(V)s,/, ho‘)s)\’]/. Therefore,

sup{2D Ly, (0.5 dre) 2™ + D* L (8. (W)}
h(m™)

= sup  2{DLn(0.;55)h") + DL, (0,;s3)h™N + DL, (0,; s, sx)h VA N}
(h() h(N)

+ DLy (8. 85) (W) + D?Ly, (045 52) (hV)?

= sup  2{Z(su)hV) +HhZMRN 4 s&ASf"v)(sv)h(U)h(A)}
(h(v) h(N)

+ A (80) (B)2 4 hAPN 55, (hV)2, (15)

Given this, A(*) and h(™ have to be at least greater than or equal to zero. This implies that the follow-
ing four different inequality constraints can be possibly associated with this maximization process: first,
if any equality condition does not bind, \/ﬁ(ﬁg)(sv, Sx, s,),ﬁﬁﬁ)(sv, sAsT))/ = G™(s,,sx) by the
standard first-order condition and Lemma A1. This occurs if every component of G () (Sv, Sx) is strictly
greater than zero. Second, if G(¥)(s,,, sx) < 0, it simply holds that 2 (s,,, sx) = max[0, G (sy,, s1)],
and /(h) (80, 53, 87), BN (80, 83, 87)) = (0, max|0, GM (sy, 82)]). Third, it A (54, 85) = 0
in the right side of (15) because G (s, 8x) < 0, h(¥)(sy,5x) = max[0,G®)(s,, sx)]. This implies
that \/ﬁ(ﬁ,(@v)(sv, sA,s.,.),ﬁgl)‘)(sv, Sx, s.,.))/ = (max [0,G(®)(s,,5)],0). Fourth, it must follow that
\/ﬁ(ﬁﬁf)(sv, Sx, S7), ﬁff‘)(sv, S, 37-))/ = (0,0)’ for any other case. Therefore, if we combine all these

and apply Theorem 1(i),

() g)() max[0, 6 ()] gw) (1505603 ()}
Vi Y = | GV | Lm0, gorz0p T | max(0, 6N O Lgo (ysosgm | -
) 0 max[0, G ()]

and this implies that
\/ﬁﬁ%’v) () = Hla.X[O, g(v) (')]l{min[g(“)(-),g()‘)(-)}20} + maX[O, Q'(v) (')]1{g(u)(.)20>g(>\)(_)}
under Hj. Therefore, it now follows that

W= CAL )max[ovg(v)(svvSA(SU))PE’(:J,U)(SU)1{min[g<v)(su,sx(su)),g(k)(sv,SA(Sv))]>0}
SvEA (Vo

+max[0, G (50) 2 AL g0 (a1 51 (30)) 2050 (50,5 (30}
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where for each s,,,

-1

—Afkv’v) Sv —s ’AS}’”) Su zW)(s,
5x(50) 1= argsup 2 (s,) 53’2 o)A (o) (o) 1
sx —s)\/Ai ’v)(sv) —SA’ASk ’ )8)‘ s\'ZX

Here, for a given s,,, optimizing process with respect to 5x(sy) lets G (s, 5x(8)) > 0 because A, is

an interior element of A. Therefore,

Wy, = sup max[o,g(”)(sv,5,\(3,,))]225}”“): sup  max[0, V) (s,)])? = Ho,
suE€A(vo) SvEA(UL)

and this completes the proof. |

Proof of Theorem 4: For notational simplicity, we suppose that 7, is known. By Theorem 2(i), this
supposition simplifies our proof without losing generality.

To show the given claim, we derive the convergence limit of each component that constitutes the LM
test statistic. First, there is n* a.s.—P such that if n > n*, A(X,) = A(X.). We note that A, is an interior
element by Assumption 7(vii), so that A(A,) = {x € R™ : ||x|| = 1}, and further for an open ball
with radius e > 0 denoted as B(, €) such that B(A,,e) C A, there is n(e) a.s.—P, so that if n > n(e),
An € B(A, €) by Theorem 2(ii). This implies that X, is an interior element, too. Thus, if we let n* > n(e),

A(A,) = {x € R : ||x|| = 1}, which is A(X,). Second, n=/2DL,(0,; -) = Z®)(-;5,). Applying

the mean-value theorem shows that for each s,, there is X(su) such that

DLn(én§ 8v) — DLp(04; 8y) = {DLy(vo, j‘n(sv% T x; Swv; é)\,n)}{hg\)(é&n)}

= DLn('U07 ).‘n(sv)a Tx; Sv; :s')\,n){_DQLn(U& 5‘n(sv)a T3 éA,n)}_lDLn(o*; éA,n)a (16)

where (iiﬁf) (8xn), 8an) = argsupy,x) g, Ln(vo, As + hM sy, T.), and the last equality follows from the

mean-value theorem: there is Xn(sv) such that (16) holds. Given this and Theorem 2(ii), we can apply the

ULLN:

sup [n " DLy, (vo, An(Sw), Tx; Svi Sx) — .S’AASFU’)‘)(.SU)\ L 0, and
Sv,8x
_ N A P
sup |n 1D2Ln(vo,)\n(sv),'r*;s>\) — s’)\AEk ’ )S)\‘ = 0.
Sv,S\

Furthermore, it trivially holds that n="/2(DL,,(8s; - ), DL,(84;8x.0)) = (2®)(), 8,Z™) by the facts
that n=1/2(DL,,(0,; Sv), DL, (04;sy)) (as functions of s, and sy, respectively) weakly converges to

(Z0)(), (-)'Z™)) and that max[0, DLy, (0+; )] {=D?Ly,(0; 3x,)} ' = max[0, YN (35)]2, where
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Sx 1= argsupg, cA(a,) max[0, YN (sx)]2. Thus, it follows that n='/2 DL, (8,; -) = Z®)(-;3y) by

continuous mapping, where

Z0)(54585) 1= 2V (s5,,) — (A AN (5,,)) (3A AN 55) 712V 5y

We note that Z(V)(s,,;55) = Z(V)(s,,) — AS}”A)(sv)’{AS‘)"A)}_lz(A) by the definition of § and Corol-

laries 1(iv and v). Note that the final entry was defined as Z (”)(sv) earlier. Third, we apply the ULLN
50,52) In"1D? (B,,; 80, 82) — g,(kv’v)(sv, sa)| — 0 a.s.—P, where E&U’U)(sv,sk) =

AV (8v) — s’)‘Afkv’)‘) (sv)(sg‘Afk)"A)sA)*lAS‘)"v) (8v)"sx. Therefore, it now follows that

and obtain that sup

LM, = sup (

sv€A(vo)

max[0, Z®)(s,)]? )

infsAEA()\*){_‘zﬁk’U’v) (va SA)}

T(vv v,V v !
Here, notethatinfskeA()\*){—A(k ’ )(sv,sx)} =AW )(SU)—FsupsAeA()\*){ASk ’)‘)(sv) sA}{s)\’A,(k)")‘)
sx) s AP (5,0} = — {4 (s,) — ALV (5,) (AP} 1ARY) (5,1} = — APV (s,,). There-

fore, LM, = Sup,, ca(vy) max|o, V@) (s,,)]2 as desired. [
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Figure 1: EMPIRICAL AND ASYMPTOTIC DISTRIBUTIONS OF THE QLR TEST STATISTIC. This figure
shows the null limit distribution of the QLR test statistic and the empirical distributions of the QLR test
statistic for n = 50, 200, and 1,000. The number of iterations is 2,000.
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