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1 Introduction

This note provides mathematical proofs of the results stated Cho, Ishida, and White (2013).

We avoid possible confusions by indicating the equation numbers in Cho, Ishida, and White

(2013) using square brackets.

2 Appendix

Proof of Lemma 2: (i) We note that

(1) ι′D3(d)MU =
n∑
t=1

(
k∑
j=1

Xt,jdj)
3Ut −

n∑
t=1

(
k∑
j=1

Xt,jdj)
3Z′t(

n∑
t=1

ZtZ′t)−1
n∑
t=1

ZtUt,

and that
n∑
t=1

(
k∑
j=1

Xt,jdj)
3Ut =

k∑
i=1

k∑
j=1

k∑
`=1

didjd`

(
n∑
t=1

Xt,iXt,jXt,`Ut

)
,

and
n∑
t=1

(
k∑
j=1

Xt,jdj)
3Zt =

k∑
i=1

k∑
j=1

k∑
`=1

didjd`

(
n∑
t=1

Xt,iXt,jXt,`Zt

)
.

We can also apply the CLT to
∑n

t=1Xt,iXt,jXt,`Ut and
∑n

t=1 ZtUt under Assumption 5, which

imposes the finite moment condition on |Xt,j | and |Ut| to apply McLeish’s (1974, Theorem 2.3)

CLT on MDA. Therefore, we now have{
1√
n

n∑
t=1

ZtUt,
1√
n

n∑
t=1

Xt,iXt,jXt,`Ut : i, j, ` = 1, 2, . . . , k

}
⇒ {Z,Zi,j,` : i, j, ` = 1, 2, . . . , k},

where Z and Zi,j,` are mean-zero normal random variables such that E[ZZ ′] = E[U2
t ZtZ′t],

and for each i, j, `, i′, j′, `′ = 1, 2, . . . , k, E[Zi,j,`Z] = E[U2
t Xt,iXt,jXt,`Zt], and E[Zi,j,`Zi′,j′,`′ ] =

E[U2
t Xt,iXt,jXt,`Xt,i′Xt,j′Xt,`′ ]. In particular, the weak limits are non-degenerate by Assump-

tion 5(iii). In addition, we can apply the ergodic theorem to the other components. In other

words,

(2)
1

n

n∑
t=1

Xt,iXt,jXt,`Zt
P→ ωi,j,` := E[Xt,iXt,jXt,`Zt] and

1

n

n∑
t=1

ZtZ′t
P→ E[ZtZ′t]

under Assumptions 1 and 5. Given the DGP and the moment conditions, this result easily

follows by the ergodic theorem. Thus, for each d ∈ Sk−1,

1√
n
ι′D3(d)MU =

k∑
i=1

k∑
j=1

k∑
`=1

djdid`
1√
n

n∑
t=1

UtV
∗
t,ji` + oP(1)⇒ G2(d).
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The weak limit is OP(1) uniformly in d by the fact that for each j = 1, 2, . . . , k, |dj | ≤ 1 and k is

finite.

We next show that {n−1/2ι′D3(·)MU} is tight as given in Billingsley (1999) and van der

Vaart and Wellner (1996). For this purpose, we show that for any ε > 0, there exists δ > 0

such that

lim sup
n→∞

P

(
sup

‖d−d̃‖<δ

∣∣∣∣ 1√
n
ι′D3(d)MU− 1√

n
ι′D3(d̃)MU

∣∣∣∣ > ε

)
< ε.

Here, we note that∣∣∣∣ 1√
n
ι′D3(d)MU− 1√

n
ι′D3(d̃)MU

∣∣∣∣ ≤
∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

(djdid` − d̃j d̃id̃`)Wn,ji`

∣∣∣∣∣∣
+

∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

(djdid` − d̃j d̃id̃`)Wn,ji`

(
1

n

n∑
t=1

ZtZ′t

)−1
1√
n

n∑
t=1

ZtUt

∣∣∣∣∣∣ ,
where we let

Wn,ji` :=
1√
n

n∑
t=1

Xt,jXt,iXt,`Ut and Wn,ji` :=
1

n

n∑
t=1

Xt,jXt,iXt,`Zt,

for notational convenience. In addition, we note that

djdid` − d̃j d̃id̃` = djdi(d` − d̃`) + dj(di − d̃i)d̃` + (dj − d̃j)d̃id̃`,

so that∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

(djdid` − d̃j d̃id̃`)Wn,ji`

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

djdi(d` − d̃`)Wn,ji`

∣∣∣∣∣∣
+

∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

dj(di − d̃i)d̃`Wn,ji`

∣∣∣∣∣∣+

∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

(dj − d̃j)d̃id̃`Wn,ji`

∣∣∣∣∣∣ .
Further,∣∣∣∣∣∣

k∑
j=1

k∑
i=1

k∑
`=1

djdi(d` − d̃`)Wn,ji`

∣∣∣∣∣∣ ≤
k∑
`=1

|d` − d̃`|
k∑
j=1

k∑
i=1

|Wn,ji`| ,

∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

dj(di − d̃i)d̃`Wn,ji`

∣∣∣∣∣∣ ≤
k∑
i=1

|di − d̃i|
k∑
j=1

k∑
`=1

|Wn,ji`| , and

∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

(dj − d̃j)d̃id̃`Wn,ji`

∣∣∣∣∣∣ ≤
k∑
j=1

|dj − d̃j |
k∑
i=1

k∑
`=1

|Wn,ji`| .
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This implies that∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

(djdid` − d̃j d̃id̃`)Wn,ji`

∣∣∣∣∣∣ ≤ 3
k∑
`=1

|d` − d̃`|
k∑
j=1

k∑
i=1

|Wn,ji`| .

Similarly, it is not difficult to show that∣∣∣∣∣∣
k∑
j=1

k∑
i=1

k∑
`=1

(djdid` − d̃j d̃id̃`)W′n,ji`

(
1

n

n∑
t=1

ZtZ′t

)−1
1√
n

n∑
t=1

ZtUt

∣∣∣∣∣∣
≤ 3

k∑
`=1

|d` − d̃`|
k∑
j=1

k∑
i=1

∣∣∣∣∣∣W′n,ji`
(

1

n

n∑
t=1

ZtZ′t

)−1
1√
n

n∑
t=1

ZtUt

∣∣∣∣∣∣ .
This now implies that∣∣∣∣ 1√

n
ι′D3(d)MU− 1√

n
ι′D3(d̃)MU

∣∣∣∣
≤ 3

k∑
`=1

|d` − d̃`|
k∑
j=1

k∑
i=1

|Wn,ji`|+

∣∣∣∣∣∣W′n,ji`
(

1

n

n∑
t=1

ZtZ′t

)−1
1√
n

n∑
t=1

ZtUt

∣∣∣∣∣∣


and also that for any d and d̃,

P
(∣∣∣∣ 1√

n
ι′D3(d)MU− 1√

n
ι′D3(d̃)MU

∣∣∣∣ > ε

)

≤ P

3
k∑
`=1

|d` − d̃`|
k∑
j=1

k∑
i=1

|Wn,ji`|+

∣∣∣∣∣∣W′n,ji`
(

1

n

n∑
t=1

ZtZ′t

)−1
1√
n

n∑
t=1

ZtUt

∣∣∣∣∣∣
 > ε

 .

For notational simplicity, we also let

Sn,` :=

k∑
j=1

k∑
i=1

|Wn,ji`|+

∣∣∣∣∣∣W′n,ji`
(

1

n

n∑
t=1

ZtZ′t

)−1
1√
n

n∑
t=1

ZtUt

∣∣∣∣∣∣
 .

Given this and the assumptions, applying the ergodic theorem yields that for each j, i, ` =

1, 2, . . . , k, Wn,ji`
P→ ωji` and n−1

∑n
t=1 ZtZ′t

P→ E[ZtZ′t], and the CLT on MDA also yields

that {Wn,ji`, n
−1/2∑n

t=1 ZtUt : j, i, ` = 1, 2, . . . , k} ⇒ {Wji`,Z : j, i, ` = 1, 2, . . . , k}. Further,

Assumption 5(iii) implies that E[ZtZ′t]−1 is well defined. Therefore, for each ` = 1, 2, . . . , k,

Sn,` = OP(1), and if we let Sn := [Sn,1, Sn,2, . . . , Sn,k]
′ and |d− d̃| := [|d1 − d̃1|, . . . , |dk − d̃k|]′,

P
(

1√
n

∣∣∣ι′D3(d)MU− ι′D3(d̃)MU
∣∣∣ > ε

)
≤ P

(
3|d− d̃|′Sn > ε

)
≤ P

(
3‖d− d̃‖‖Sn‖ > ε

)
,

where the last inequality holds by Cauchy-Schwarz’s inequality. Given this, if δ ≥ ‖d− d̃‖,

P

(
sup

‖d−d̃‖<δ
3‖d− d̃‖‖Sn‖ > ε

)
≤ P

(
‖Sn‖ >

ε

3δ

)
,
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so that if we choose δ to be small enough, it is not difficult to show that lim supn→∞ P(‖Sn‖ >

ε/(3δ)) < ε. Thus, the tightness follows from this, and this implies that

(3) n−1/2ι′D3(·)MU⇒ G2(·).

Next, we note that

ι′D3(d)MD3(d)ι =

n∑
t=1

(

k∑
j=1

Xt,jdj)
6 −

n∑
t=1

(

k∑
j=1

Xt,jdj)
3Z′t(

n∑
t=1

ZtZ′t)−1
n∑
t=1

(

k∑
j=1

Xt,jdj)
3Zt.

Here, we can apply the ergodic theorem easily. For this application, we note that

n∑
t=1

(

k∑
j=1

Xt,jdj)
6 =

k∑
i=1

k∑
j=1

k∑
`=1

k∑
i′=1

k∑
j′=1

k∑
`′=1

didjd`di′dj′d`′

(
n∑
t=1

Xt,iXt,jXt,`Xt,i′Xt,j′Xt,`′

)
,

so that when the finite moment condition in Assumption 5(i) holds,

1

n

n∑
t=1

Xt,iXt,jXt,`Xt,i′Xt,j′Xt,`′
P→ E[Xt,iXt,jXt,`Xt,i′Xt,j′Xt,`′ ].

This fact and eq.(2) further imply that for each d ∈ Sk−1,

(4) n−1ι′D3(d)MD3(d)ι
P→ J2(d,d).

We here note that the ergodic theorem applies without associating it with its coefficient

didjd`di′dj′d`′ . Therefore, we can also claim the ULLN for the convergence in eq. (4), mainly

because the space of d is a bounded unit circle, and k is finite. That is,

(5) sup
d∈Sk−1

∣∣∣∣ 1nι′D3(d)MD3(d)ι− J2(d,d)

∣∣∣∣ P→ 0.

Finally, we can combine eqs. (3) and (5) by the converging-together-lemma.

(6) {n−1/2ι′D3(·)MU, n−1ι′D3(·)MD3(·)ι} ⇒ {G2(·),J2(·, ·)}.

(ii) We can derive similar results for other partial derivatives. That is, the moment con-

dition given by Assumption 5(i) is sufficient for McLeish’s (1974) CLT on MDA, so that all of

n−1/2ι′D5(·)MU, n−1/2ι′D4(·)MU, and n−1/2ι′D3(·)MU are OP(1) as desired. �

Proof of Theorem 2: We note that for each d ∈ Sk−1, if we let ĥn(d) maximize the LHS of eq.

[6], it asymptotically corresponds to maximizing the RHS of eq. [6] with respect to δn. We

4



obtain the following result:

1

σ̂2n,0

{
L(2)
n (ĥn(d)d;λ)− L(2)

n (0;λ)
}

=
1

σ̂2n,0
max

[
0,

ι′D3(d)MU√
ι′D3(d)MD3(d)ι

]2
+ oP(1)

⇒ max[0, G̃0(d)]2,

where for each d ∈ Sk−1, G̃0(d) := {σ2∗J2(d,d)}−1/2G2(d), and the last weak convergence

follows from the continuous mapping theorem. Thus, for each d and d̃, E[G̃0(d)] = 0 and

E[G̃0(d)G̃0(d̃)] = ρ̃(d, d̃). This is the desired result. �

Proof of Lemma 3: (i) We focus on ` = 5, as explained in the text. First, some tedious algebra

shows that

∂5

∂h5
Nn(h,d) =20{Ψ(3)(hd)′MU}{Ψ(2)(hd)′MU}(7)

+ 10{Ψ(1)(hd)′MU}{Ψ(4)(hd)′MU}+ 2{Ψ(hd)′MU}{Ψ(5)(hd)′MU},

where for each m, Ψ(m)(hd) := (∂m/∂hm)Ψ(hd). We also note that for each m, limh↓0Ψ
(m)(hd)′

MU = cmι
′D(0)MU a.s.−P, so that

lim
h↓0

∂5

∂h5
Nn(h,d) =20c2c3{ι′D2(d)MU}{ι′D3(d)′MU}+ 10c1c4{ι′D1(d)MU}{ι′D4(d)MU}

+ 2c0c5{ι′D0(d)MU}{ι′D5(d)MU}

a.s.−P. We further note that c2 = 0, ι′D1(d) = d′X′, and D0(d) = In, so that exploiting the fact

that M is the idempotent matrix constructed by Z := [ι,X] implies that limh↓0(∂
5/∂h5)Nn(h,d)

= 0 a.s. −P. Second, we now examine the denominator. We note that some algebra yields that

(8)
∂5

∂h5
Dn(h,d) = 20Ψ(3)(hd)′MΨ(2)(hd) + 10Ψ(1)(hd)′MΨ(4)(hd) + 2Ψ(hd)′MΨ(5)(hd),

so that it now follows that

lim
h↓0

∂5

∂h5
Dn(h,d) = 20c2c3ι

′D3(d)MD2(d)ι+ 10c1c4ι
′D1(d)MD(d)ι+ 2c0c5ι

′D0(d)MD5(d)ι

a.s.−P. From the fact that c2 = 0 and M is the idempotent matrix constructed by Z, it also

trivially holds that (∂5/∂h5)Dn(h,d) = 0 a.s. −P.

(ii) We differentiate eq. (7) one more time with respect to h and obtain

∂6

∂h6
Nn(h,d) =30{Ψ(4)(hd)′MU}{Ψ(2)(hd)′MU}+ 20{Ψ(3)(hd)′MU}{Ψ(3)(hd)′MU}(9)

+ 12{Ψ(1)(hd)′MU}{Ψ(5)(hd)′MU}+ 2{Ψ(hd)′MU}{Ψ(6)(hd)′MU}

5



and obtain

lim
h↓0

∂6

∂h6
Nn(h,d) =30c2c4{ι′D4(d)MU}{ι′D2(d)MU}+ 20c23{ι′D3(d)MU}{ι′D3(d)MU}

+ 12c1c5{ι′D1(d)MU}{ι′D5(d)MU}+ 2c0c6{ι′D0(d)MU}{ι′D6(d)MU}

a.s.−P. We now note that c2 = 0, ι′D0(d)M = 0, and ι′D1(d)M = 0, so that

lim
h↓0

∂6

∂h6
Nn(h,d) = 20c23{ι′D3(d)MU}{ι′D3(d)MU} = 20c23{ι′D3(d)MU}2

a.s.−P, as desired.

(iii) We again differentiate eq. (8) with respect to h and obtain

∂6

∂h6
Dn(h,d) =30{Ψ(4)(hd)′MΨ(2)(hd)}+ 20{Ψ(3)(hd)′MΨ(3)(hd)}

+ 12{Ψ(5)(hd)′MΨ(1)(hd)}+ 2{Ψ(6)(hd)′MΨ(hd)}

and from this,

lim
h↓0

∂6

∂h6
Dn(h,d) =30c2c4ι

′D4(d)MD2(d)ι+ 20c23ι
′D3(d)′MD3(d)ι

+ 12c1c5ι
′D5(d)MD1(d)ι+ 2c0c6ι

′D6(d)MD0(d)ι.

We now note that c2 = 0, ι′D0(d)M = 0, and ι′D1(d)M = 0, so that limh↓0(∂
6/∂h6)Dn(h,d) =

20c23ι
′D3(d)MD3(d)ι a.s.−P. This is the desired result and completes the proof. �

Proof of Lemma 4: We simply note that

QLR(1)
n = sup

d∈Sk−1

sup
h

{Ψ(hd)′MU}2

σ̂2n,0Ψ(hd)′MΨ(hd)
≥ sup

d∈Sk−1

lim
h↓0

{Ψ(hd)′MU}2

σ̂2n,0Ψ(hd)′MΨ(hd)

a.s.
= sup

d∈Sk−1

{ι′D3(d)MU}2

σ̂2n,0ι
′D3(d)MD3(d)ι

≥ sup
d∈Sk−1

1

σ̂2n,0
max

[
0,

ι′D3(d)MU√
ι′D3(d)MD3(d)ι

]2
= QLR(2)

n + oP(1).

That is, QLR(1)
n ≥ QLR(2)

n + oP(1). This is the desired result. �

Before proving Lemma 5, we first prove the following preliminary lemma, which is elemen-

tary by the given conditions. For notational simplicity, we let T (`,m)
2 (hd, h̃d̃) := (∂`+m/∂h`∂h̃m)

T2(hd, h̃d̃) and J (`)
2 (hd, hd) := (∂`/∂h`)J2(hd, hd).

6



Lemma A1 Given Assumptions 1, 2, 3, 6, 7, and H0 : λ∗ = 0 or δ∗ = 0, the following holds.

(i) For j = 0, 1, 2,, limh↓0 T
(j,0)
1 (hd, h̃d̃) = 0;

(ii) limh↓0 T
(3,0)
1 (hd, h̃d̃) = c3T3(d, h̃d̃);

(iii) For j = 0, 1, 2, 3, 4, 5, limh↓0 J
(j)
1 (hd, hd) = 0;

(iv) limh↓0 J
(6)
1 (hd, hd) = 20c23J2(d,d);

(v) For j = 0, 1, 2, 3, 4, 5, 6, lim
h̃↓0 limh↓0 T

(j,0)
1 (hd, h̃d̃) = 0;

(vi) For j = 1, 2, 3, 4, 5, lim
h̃↓0 limh↓0 T

(j,1)
1 (hd, h̃d̃) = 0;

(vii) For j = 2, 3, 4, lim
h̃↓0 limh↓0 T

(j,2)
1 (hd, h̃d̃) = 0; and

(viii) lim
h̃↓0 limh↓0 T

(3,3)
1 (hd, h̃d̃) = c23T2(d, d̃). �

Most parts follow by repeatedly using Lebesgue’s dominated convergence theorem and the

facts that 1−E[Z′t]E[ZtZ′t]−1Zt = 0, Xt−E[XtZ′t]E[ZtZ′t]−1Zt = 0, and the condition that c2 = 0.

We omit the proofs for brevity.

Proof of Lemma 5: (i) For this proof, we apply Taylor’s expansion with respect to h. In other

words,

T1(hd, h̃d̃) = lim
h↓0

3∑
j=0

1

j!
T (j)
1 (hd, h̃d̃)hj + o(h3) =

c3
3!
T3(d, h̃d̃)h3 + o(h3)

by Lemma A1(i and ii) and

J1(hd, hd) = lim
h↓0

6∑
j=0

1

j!
J (j)
1 (hd, hd)hj + o(h6) =

20c23
6!
J2(d,d)h6 + o(h6)(10)

by Lemma A1(v). This now implies that

lim
h↓0

ρ̄(hd, h̃d̃) =
c3T3(d, h̃d̃)

{c23σ2∗J2(d,d)}1/2{σ2∗J1(d̃, d̃)}1/2
= sgn[c3]ρ̂(d, h̃d̃),

as desired.

(ii) We again apply Taylor’s expansion to T1(hd, h̃d̃) with respect to (h, h̃). We note that

T1(hd, h̃d̃) = lim
h̃↓0

lim
h↓0

6∑
i=0

i∑
j=0

1

i!

(
i
j

)
T (i−j,j)
1 (hd, h̃d̃)hi−1h̃j + o((h3 + h̃3)2)

=
c23
6!

(
6
3

)
T2(d, d̃)h3h̃3 + o((h3 + h̃3)2)

by Lemma A1(v, vi, vii, and viii). Using this lemma and eq. (10) yields

lim
h̃↓0

lim
h↓0

ρ̄(hd, h̃d̃) =
c23T2(d, d̃)

{c23σ2∗J2(d,d)}1/2{c23σ2∗J2d̃, d̃)}1/2
= ρ̃(d, d̃).

This is the desired result and completes the proof. �
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