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Abstract

This supplement provides statements and proofs of various subsidiary lemmas and proofs of the
main results given in the text of “Pythagorean Generalization of Testing the Equality of Two Symmetric
Positive Definite Matrices” by Cho and Phillips (2017).

1 Preliminary Lemmas and Proofs

1.1 Subsidiary Claims and Asymptotic Approximations

Lemma Al. Given Assumption A,

(i) T = 7o + k= 1t2[L, D] + Op(n~1);

(ii) On = 0, + k=L det[ D] V/*tr[Ly] + Op(n~1);

(iii) fn = 0o + k102 [L, D]/ (K ex[D,])? + Op(n™");

(iv) Gp = 0y + k~1t2[L, D,'] — k=1 det[ D, )Y/ *tr[L,] + Op(n~1);

) & = & + k~Wr[L, D] — k~Yr[L, D./]/(k~ tr[Dy])? + Op(n~1); and
(Vi) An = Y + kL det[D,]*tr[L,] — k= Yx[L, D.']/ (k= tr[D,])2 4 Op(n=1).

Lemma A2. Given Assumption A,



()

o = T + k~Htr[Lo (I — Up) D] + [tr[(Jj — PaAZ 0;A.) D)) (0, — 6.)}

+ k710, — 60,)'V2tr[D,] (0, — 0,)/2 + op(n™Y), (1)

where Jj = G — Hjpn;

(ii)

O = 60+ K~V det[Dy]k {tr[Ln] + (K1 = 1) te[Ln]?/2 + (tx[Po]? + tr[U2] — tr[W2])/2}
+ k1 det[ D] F [tr[Pa)tr[Rys] + t2[Jjm + UnA; ' 0;A. — W, B 10;B,)) (0, — 6.)

[

+ &k det[ D] 1B, — 6,) V2 det[D,](6n — 6,)/2 + op(nY);  (2)

(iii)

T = 1 + k' tr[Lo D]/ (k™ r[D4])?
+ (ke [Lo D)/ (k™ er[Di))* = (k™ te[LaWa D1}/ (k™ x[Ds])?
— (kM [trl(= Ty + PuB ' 0;B) D)) (B — 02}/ (k™ x[ D)
— k(0 — 0.)'V5te[D.] (0 — 0.)}/{2(k [ D.)*} + 0p(n");

(iv) If Ho holds, 1, = 0 + op(n™1), where

ny = kT[] 4 (KT [KG))? — k[ K, W
—k Y tr[(=Jjm + M B0, BI]) (0 — 0.) — k=16, — 0.)V2tx[D.] (0, — 0.)/2,

and M, = B;Y(B,, — A,). O

Lemma A3. Given Assumption A, we have:
(i) ifforall d > 0, B, # dA,,

(i.a) & = & + k™ Mx[Ln D,/ — k™ Yr[L, D.']/ (k= 0x[D.])% + Op(n 1),

(i.b) Fn = Yo + k= det[D,)Y*tr[L,] — K~ tr[L, D]/ (k~*tr[D,])% + Op(n~1);
(ii) if for some d,, > 0, B, = d, A,

(ii.a) &, = dy {k~"tr[L2] — k~2te[L]2} + op(n™!);

(ii.b) Fp = di {k1tr[L2] — k=2tx[Ly ]2} /2 + op(n?);



(iii) If in addition Hq holds,
(iii.a) & = k™ Yr[K2] — k~2tr[Kp)? + op(n1);
(iii.b) 3, = {k~1tr[K2] — k~2tr[K,)%}/2 + op(n™1). O

Corollary Al. Given Assumption A,
(i) if forall d > 0, B, # dA,,
(ia) B = (72 4 20.) + n{(7. + Vtr[D./L,) — (5. + 1)tr[Ln]} + Op(1);
(ib) BY = (52 4 20.) + n{te[D./ L) + (62 — V)tr[Ly]} + Op(1);
(ic) DY) = k(72 4 &) + 2{(27 + 1)tr[D./ L] — (1 + 1) 2tr[ D/ L)} + Op(1);
(id) DF = % (n? + &) + B{tr[Ds'Lo] + (20, — 1)(1 + 1) %t[ D/ L]} + Op(1);

k
o (
(i.e) 85 = k(62 + 2y,) + n{—(1 4 n.)2tr[D.' L] + (6. + 1)2tr[L,)} + Op(1);

)
(if) 6 = " (2 + 29,) + n{ (. — V(1 + 1) ?tx[Ds/ L] + (8, + Dtr[Ln]} + Op(1);
(ig) € = mk(72 4 24,) ¢ n{mr[D 'Ln] = (14 1.)%te[Dy' L] + (84 + 1)tr[Ln]} + Op(1);
(ih) € = (02 + 20.) + n{te[Dy/ Ln] + 1 (1 + 1) 2tr[D/ L] — (8, + Dtr[Ln]} + Op(1);

2
(i.i) €F) = (52 4 &) + 2{tr[D./L,) — (1+ n.)2te[ D/ L) + 26.(8. + Dtr[Ly]} + Op(1). O
Lemma Ad4. Given Assumption A, if for some d, > 0, B, = d,A,,
Vitr[Dy] + d2Viatr[ D Y] = 2d.[tr[R; . R; .])- O

We provide notations relevant to the main claims for the local asymptotic approximations of the tests.

We define

Won =B, (Bp — Bun);  Wam 1= By \(Bn — Bun);

)

Uom 1= A, (An — Aun); Uain = AL (An — Avn);

b}
Po,n = Wo,n - Uo,n; Pa,n = Wa,n - Ua,n;

Moy =B, (By — Ay — Bun + Asn);  Mag = B (Bn — Ay — Bun + Asn);
0

on = 0”+Z ]n_ ]*, Ko,n = Mo,n‘i‘Z(é\j,n_ej,*)Sj,*;
j=1

an:— anJFZ ]n* * i?lmajB*7n7A>k_,1lmajA*7n);

V4
Ka,n = Ma,n + Z(Hj,n - ejv*)B;,rlz(ajB*yn - 8]'14*7”),
j=1



where S, 1= A*_I(E)]B* — 0jA,). The inverse matrices in W, ,, U, ., and M, ,, are different from those
in W pn, Uq n, and M, 5, respectively. If the localizing parameters are zero matrices in the inverse matrices,
Wons U n, and M, ,, are reduced versions of Wy, ,,, U, », and M, ,,. Further note that A, = B, under H,,

sothat P, ,, = My, Rj« = Sj«, and L, , = K, 5. Using this fact, we let

Tom 1=k 1 [Kon(I — Uyp)]

kT e[ Tjom — Mon AL 0;AL) (0, — 0.) + (2k) (0, — 6.)'V3tr[D.) (0, — 6.);

don = K Mx[ Ko ] + (2k) 71 (K71 — 1) te[Ko ) + (2K) 7 (tr[M, )2 + tr[U2,] — tx[W2,])
+ k7 Mtr[Jjom + UonAZ 10, Ay — W, AT 0B, (0, — 05)

+ ke[ Mo )tr[S;.]) (6n — 65) + (2k) (6, — 6,)'V3 det[D,] (8, — 6.);

Nom 1=k 0[Kon] + (K t0[Kon])? — kM t0[ Ko Wo ]

— k7Y [tr[=Jj o + Mon B 0;B.]) (0, — 0.) — (2k) (8, — 0,)'tx[ D] (0, — 6,);

~

and define 0, , := To.n — Gon> Son = To,n — Nons AN Yo 1= 0 n — 7o,n, Where

Jiom = Gjon — Hjon =B 0j(By — Bupn) — A;10;(A, — Avp);  and

Jjam = Gian = Hjan = Bip0j(By — Bun) — AL30i(An — As ).
Lemma AS. Given Assumption B and H,,

(l) %\n - 7/:o,n = n_l/Qk_ltr[‘/*]
=0 PR [ B Wo — Culom] + 02k e[ Ko Vi) = (nk) ™ tr[CLVA]

+n Y2k r[Q) . — (Fu B 9B, — CL AT 0,A)]) (0n — 6.) + op(n™Y),



where () 4 1= B*_lajB* — A;lﬁjf_l*;

~

(ii) O — 0o = n~ 2k x[Vi] — n 2k [ FOW,,, — CuU, )
+ n_l/Zk_2tr[V*]tr[Koyn] + (2nk?) "Lt [VL]? 4 (2nk) 7L (tr[C?] — tr[F2])

+n Y2k r[Q) . — (Fu B 9B, — CL AT 0,A)]) (0n — 6.) + op(n™1);

(iii) T — Tow = n~ Y2k x[Vi] — (nk) Y[R Vi) — =Yk L[ K, Vi
+ 202k e [Vatr[Ko ] + (k) L tr[Vi)2 — 0~ V2T [Fa W, 0 — 0.U, 0]

+ 0 V2 t]Qg s — (BB 10 By — CLAT 0 A (B — 0.) + op(n™);

(i) Gn— o = (2k) " tr[(Kou + 0 V/2Va)2] — (2k3) "t [Kop + 0 /2V)2

- (2K2) K] — (20) M e[K2,] 4 op(n);

V) & — Eom = (nk)"Mtr[V2] — 20" 2K2) Yo [Va]tr [ Ko )

+2(n'2k) T [ K, Vi) — (nk2) Lt [Vi)? + op(n7h);
and

(Vi) A = Ao = (20k) " tr[VZ] = (n'/2K?) " te Vi) tr [ K]

— 2nk®) Va2 4 (nY2k) " Hr[K, o Vi) + op(n7Y). O

Lemma A6. Given Assumption B and H,,

(i) A;L = A7 —n V20,A7 + 01 C2AT + O(n3/2);

(ii) By} = Byt —n V2F.B;Y + n 'F2B; + O(n=2/2);

(iii) Ugn = Up o — n71/2C*Uo,n + Op(n=3/2);

(iv) Wan = Won —n~V2E W, + Op(n=3/?);

(v) AL Ben =1+ nY2V, — n71CV, 4+ O(n3/2);

i) By Avn =1 —n Y2V, + n LRV, + O(n=3/2);

(vii) Poy = Pop — 0" Y2(F W, — Chlyyp) + Op(n=3/2);

(viii) B; ,0; By = B;10;B. + n~Y2(B;19;B. — F.B;1'9;B.) + O(n™1);



(ix) A L0 Avn = A0, Ay + nT 12 (A710;A, — CLAT10;AL) + O(nh);

(x) Rjasn = B'0jBy — A7'0;Ax + 17 Y2(Qj — (FuB1'9; By — C.AT'0;AL)) + O(n™1), where
Rjasm = ByloiBn. — A7L0; A

(xi) Lag = Lo =17 2 {(FWon—CulUopn) = Y51 (010 —05,) (@« — (F. B 10;B. — CL AT 0, A0) } +
Op(n=3/%); and

(xii) Lan Ay i Bin = Lo — 0 V2 (FiWo — Culon) + 02 520 (00 — 0;,)(Qj — (FLB;'9; By —
CLATY0,AL) + n V2 Lo (Fy — C) = nV2(FW,p, — Culoy) + Op(n=3/2). O

Lemma A7. Given Assumption B and H,,

(i) ke[ ByAvn] = 1= 07 V2R e [Vi] + 07 e e[ BV + O(n79/2);

(ii) (k= 'tr[B; L Avn])? = 1 — 20~ V26 2 [Vi] + 2(nk) " 'x[FLVi] + n~ Yk 2[Vi]? + O(n3/2);

(iii) (k™1 r[By LA n]) 7t = 1+ 0~ V26 V] — n =k Me [ VA] + n te 26 (V4] + O(n=2/2); and
(iv) (k= tr[By LA n)) 72 = 14 20126 e [Vi] — 2(nk) "M te[FLVA] + 3n k20 [Vi]? + O(n=%/2). O

Lemma A8. Given Assumption B and Hy ,

(i) det[ A, ] = det[AJ{1 +n7120[C.] + o (6]CLJ2 — lC2)} + O(n2);

(ii) det[B, ;)] = det[BJ{1 + n~V2tr[Fy] + o (tr[FL)? — tr[F2))} + O(n=/2);

(iii) det[A, ] 7t = det[A] {1 — n~Y2txr[C,] + L (tr[CL]% + tr[C2])} + O(n=3/2);
(iv) det[Dy p) = 14 n~124r[Vi] + 55 (tr[Vi]? + t2[CF] — te[F2]) + O(n=3/2);

(v) det[D ] /¥ = Vil + g (t[CF] — t[F7)) + o ta[Va]? + O(n=%7%); and

=1+ fk 2nk2
(vi) det[Dyp] /¥ tr[Lan] = ftr[Kon] + o tr[Viltr[Kom] — S tr[FsWon — Culon] + g [trlQ —
(F.B10,B. — CL. A0, A)]) (0, — 6.) + O(n=3/2). O
Lemma A9. Given Assumption B and H,,
(i) Tom = k™ 1r[Ko ] + Op(n™1);
(i) Do = ki~ M1[Kon] + Op(n1);
(iii) o = k~ Ler[ Kop| 4+ Op(n™ b;
(iv) &m =k~ 'tr[K2,] - (k~Yt1[Kpn])? + op(n~1); and
(V) Jon = (2k) 1tr[K2,] — (2k%) " Hr[Ko0]% + op(nh). O

Lemma A10. Given Assumption C and H,,

3 _3 1 b _ L e — el — 2
An —don fktr[V*] \/ﬁktr[F*Wo,n CiUop] + 5 k(tr[C | = tr[F7]) — 2k2tr[K n)
1 _ _ _
+ W[tr[cgj,* — (F.B;'9;B, — C. A0, A))) (00 — 0.) + op(n™1). O



Lemma All. If U, ~ IID N(0,A,.) or IID N(0, By.), where A, = B, +n"'2A, B, . =
B, +n~'2B,, and B,, A, and B, are symmetric and positive-definite matrices in R¥** (i) Ly, (Bp«) —
L (Ap ) 2 N(—3tr[V2], 3tr[V;2]) under Uy, ~IID N(0, Ay, ), where Vy := F,—C, := B; (B, —A,);
(ii) La(Bns) — La(Ana)

IID N(0, By, «) are mutually contiguous. O

N (3tr[V;2], 2tr[V2)) under Uy, ~ IID N(0, By, ,); and IID N(0, Ay, ) and

1.2 Proofs of the Preliminary Lemmas

Proofs of Lemma Al follow from lemma 4 of Cho and White (2014; CW, henceforth) and Lemma A2 in

our study. The proof is therefore omitted.

Proof of Lemma A2: (i and ii) Lemma 4 of CW provides the asymptotic expansions.
(iii) Lemma 4(i) of CW gives the expansion of tr[ﬁnﬁg 1], We apply this expansion to expand k:_ltr[ﬁ; o
by simply interchanging the roles of A,, and B,,. That is,

LoD - Lot = %MBPM+%Mmﬂy@
1 —~
+ %[tr[(—ij + P,B;'0;B.) B ALY (0, — 6.)
1 ~ ~
+ ﬂ(en —0.)'V2tr[D7 (6, — 0,) +op(n™t). (3)
We also note that by Taylor expansion of 2 yields that 1 — :;Tlo = 12 (x — x0) + m%(:r —20)? + R,
Eh) 0

where R is the remainder. We now let z and z¢ be tr[D 1] and #tr[D; '], respectively and also note that
= k/tr[D;1] — 1 and n, = k/tr[D!] — 1. We finally arrange the terms according to their convergence
rates to obtain the desired result.

(ii) If H further holds, n, = 0, B;'A, = I, L, = K,,, k" 'tr[D;'] = 1, and P, = M,,. If all these

equalities are applied to (3), the asymptotic expansion of 7,, reduces to the desired expansion. |

Proof of Lemma A3: (i) Lemmas A3(i.a and i.b) immediately follow from Lemma A1(i, ii, and iii).
(ii) (ii.a) From the fact that B, = d, A,, it follows that tr[D '] = k/d,, D, = d.I, and D;! = d; 1.

We now substitute these into 7),, in Lemma A2 and obtain

o= du — 1+ dok™ 0[] + du (B0 La))? = dek ™ [00[(= Ty + Pu B 05B.))) (B — 6.)

2 o~
—%tr[Lan]—;j—;;(H — 0,)V2tr[DIY (B, — 0,) + op(nY). (4)



In the same way, we substitute tr[D; '] = k/dx, D = d.I, and D;! = d;'I into (1) and obtain

Tn = dy — 1+ dok~tr[Ly) — ik [ L, U]

dy

~ 1
A [tr[ij — PnA**la]A*ﬂ’(Gn —0.)+

%(@1 — 0,)V3tr[D.] (0, — 6.) + op(nY). (5)

_l’_

Therefore, the asymptotic expansion of &, is obtained as

-~

Ep =T — T = duk ™" t2[Lp Po] + duk [tr[PuRj.]) (On — 05) — duk~2tr[Ly,)?

+ i@" —0,) {V§tx[D.] + d2VEte[ D1} (B, — 0.) + 0p(n 1), (6)

Here, the definition of P, := W,, — U, is used to simplify the expression. Given this, note that Lemma A4
implies that V3tr[D,] 4+ d2V2tr[D; ! = 2d,tr[R; . R; .. Therefore,

&n = dik r[LoPo) 4 duk[tr[PaR; L)) (00 — 0.) — duk~2tr[Ly)?

+ dok ™ (0 — 0.) [tr[Rj s Ri 2] (0 — 6.) + 0p(n™1).
We recall the definition of L,, := P, + 2521 (6;.n — 0;+)R; ., and note that this implies

&n = dk r[P2] 4 2d.k [tr[ Py Ry L)) (O — 0.) — duk~2tr[Ly)?

+ d*k’_l(é\n - 9*)/[tr[Rj,*Ri,*H(§n - ‘9*) + OIP’(n_l)a (7

that is also equal to d.k~'tr[L2] — dik™2tr[L,)? + op(n™1).
(ii.b) Note that corollary 5(ii) of CW shows that 7,, = —deg tr[L,]? + g—;;tr[L%] + op(n~1). Also,

A 1= &n — Gp. Thus, Fp = 27 d, {k~1tr[L2] — (k= 'tr[L,])2} + op(n~") using (ii.a).

(iii) Given Lemma A3(ii), we let d. = 1 and L,, = K, to complete the proof. [
Corollary Al is implied by Lemmas A2, A3, and lemma 5 of CW.
Proof of Lemma A4: By lemma A5(i) of CW and the fact that A; !B, = d, I,

Ptr[Dy] = tr[A; T BA(B; 105 By — AL 03 AL) — (R AT 0 AL + Ri A0, A0}
= dutr((B;'0%,B. — AL 105A,) — (R AL 0i AL + Rin AL 10AL)).



The asymptotic expansion of 82 tr[ D 17is also obtained by simply interchanging the roles of A, and Bi:

O2ar[D; '] = tr[B; A (A1 0% AL — B1O3 B + (R B, 0By + Ri B 10, B,)}]

=d, "tr[(A; 105 A, — By '0%B,) + (R, B; '0;B, + R; . B; '0;B,)].

Therefore, 8]2»itr[D*] + dgajzitr[D*_l] = 2d,tr[R; «R; .| by noting that R; , := B7'0;B, — A;10; A, and
Rj7* = B;lajB* — A;lajA* [ |

Proof of Lemma A5: (i) We apply lemma 4(i) of CW and obtain the following expansion for 7,,:

1 1 ~
T = Ten + Etr[LavnA;,llB*’n] + %[tr[(ijaJL — Pun A0, A0 AT B (0, — 6.)

1

—%tr[La,nUa,nA;}le]—i—ﬁ(@ .YVt D] (B — 0.) + op(n ),

where 7., := k™ 'tr[B, , A ] — 1. We now use Lemma A6(ii, v, vii, and xii) for the first three terms and

obtain

1
T = [W

PSVETA —tr[Cy V] —

1 1
nk T%tr[(F*Woyn — C*Uo’n)]
+ o CtrlLonVa] + — k[tr[(Qj « = (BBI10;B. = CLAT A (0 — 0:)

1 1 .

+ %tr[Lo,n] + %[tr[(ij,n — P A0, AN ATTBL) (0, — 6.)
1

— —tr[LonUon)

? + i(@n — 0*)’V§tr[D*](§n —0,) +op(nh). (8

2k
Note that P, , = M, , Lo = K, under H, and also that

1

ﬂ@ —0,)'V2tr[D,)(6, — 6).

1 -~
—[tr[Jjom — Mon Ay 0 AL (0, — 0.) +

1
?a,n = Etr[KO,TL(I_ UO,”)] + k[

This represents the last second to the last fourth terms in (8). Substituting 7, ,, into these terms completes

the proof.



(i) We apply Lemma 4(ii) of CW and obtain the following expansion for gn:

{ (llc _ 1) tr[Lo,n)? — tr[Wf,n]}

+ 3 detlD. ] { S0Pl + 0fU2,]) + 1Pyl B — 0.}

==

1
+ —det[Dyn]™

~ 1 1
(571:6*” *dtD*n_it Lan
w7 detD | TF 0L + 5

k

=

1 ~
+ 7 det[D =% [tr[Jj o+ UnnAr 20 Ay — Wan B3 0B y])' (0 — 0.)
+ ﬁ det[Dyn]* (B, — 0,)' V2 det[D, ) (B, — 0.) + op(n ),

where 6., = det[B,, nA_l]l/k — 1. We note that Lemma A7(v) implies that 6., = \}ktr[V*] +
5oz (tr[C2] — tr[F2]) + 5oz tr[Vi]? + O(n =3/2), and the asymptotic expansion of det[D, ,]'/*tr[Lq,n]

is given by Lemma A7(vi). If we collect all these terms,

~ 1 1 1
5o =t + k(trm —alF2) + g tnlVi + porlKon] + g tnlVJel o
1 1 ) ) 1 /1 )
- ﬁtr[F*Wo,n] \fk tr[CeUon] + % o7 (tr[Mon]” + tr[U5,]) + ok (k: - 1) tr[ o]
1 S
- GptlWZ] 4 Qs — (B0, - C.AT AN B 0.

~

1 ~ 1
+ %[tr[UomA*_lé?jA* —~ WonB: 0B (0, — 6.) + AT Mon] [tr[S; )]/ (0 — 04)

L G = 0.y =V2det[D.] (B — 0.) + op(nY). (9)

1 N
Il Bn = 0.) + o

+/<:[

This equation is derived by using the fact that L, ,, = K., Rj« = Sj«, and P,,, = M, , under H,. We
now note the definition of Somz

5 Lt s 2 (L) 5 e+ 2] 2
Oom 1= tr[Ko’n]+2k (k: 1) tr[Kon) —l—2k(tr[Moyn] +tr[Us,] — tr[W5,])

1 ~
Sl on + Uon AL 95 A = Wou AT 0;B) (6, — 0.)
~ 1

1 /
[0 [MotrlS)) B — 0.) + o

_l’_

(0, — 6,)'V2 det[D,](6,, — 6s).

If the right-side terms of (9) that correspond to the definition of go,n are collected into go,n, the desired result

follows.

10



(iii) Note that Lemma A2(7) is simplified into

=N + k0 [Lan By ) As ] /(K7 t2[D; 1))

+ (k™ Mr[Lop])? — kM0 [LonWon] — kL tr[(=Jjn + PomB;l&jB*)B;lA*]]’(@\n —0,)

= (2K) 7 (B — 0.)' Ve[ D] (B — 02) + 0p(n ") (10)
under H,, where 1,5, := (k™ 'tr[B;} A, »]) =" — 1. Given this, we further note that

k™[ Lo By As ] /(k‘ltr[D* )2 = kN [Lop] — 07 Y2k e [FuW,  — CulU, ]
_1/2k ! Z 7m ] * Q] * T (F*B*_lajB* - C*A*_lajA*)]

—n Y2 e[ Lo Vi) + 207 Y2k 2t [Vitr [ Lo ) + op(n™Y) (1)

using Lemmas A4(vi, xi) and A6(iv). If we substitute (11) into (10) and use Lemma A4(vi), the the desired
result is obtained.

(iv) We now use Lemmas A5(i and ii) and compute 7, by its definition. That is,

1 (1 2 1
Gn i=Tn = 0n = Gon + o { tr[V,2] + \/ﬁtr[K,,,nV*] + tr[Kgm]} — %tr[[(ozm]

_ 27]12 {TlLtr[‘/*]Q + ;ﬁtr[‘/*]tr[Ko,n] + tr[K ] } + 27]12131"[[( ]2 + Op(n_l).

Note further that 2tr[V;2] + %tr[KOmV*] +tr[K2,] = tr[(Kon + n~Y/2V,)?] and 1tr[V,]% +

tr[ K] + tr[Kon)? = tr[K,,, + n~1/2V,]%. Using these facts, we obtain that

2
e[V

1 1
Bn = Gom + o (0K 17 2Va)2) = (K2, ]} = o (0K + 0 V2V — [ Kol?} + 0p(n 7).

This is the desired result.
(v) Note that &, = 7, — 7, and that the asymptotic approximations of 7,, and 7),, are provided in Lemmas

A5(i and ii).

&n = Tom = Tlo + (k) 1tx[CF — 2C. Fy + F2] 4 2072kt [, Vi)

—n e [VL)? - 2n*1/2k*2tr[V*]tr[Ko7n] +op(n™1). (12)
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Note that tr[C? — 20, F, + F?2] = tr[(F, — C,)?] = tr[V;?]. The desired result follows from this.
(vi) Note that 5,, = En — 0p,. Furthermore, the asymptotic approximations of En and &, are provided in

Lemmas A5(i and iii). From these, it follows that

Vi = Eom — Gom + (2nk) "t[V2] — n 2k er[Va]tr [ Kon)

— (2nk) T W [Vi]? 4+ 02k [ K, 0 Vi 4 op(n7h).

We finally note that am — Oo,n = Yo,n to complete the proof. [ |

Proof of Lemma A6: (i) Note that Ay} = [I — n~Y/2A;1(—A,)]7 A7 L. For large enough n, [I —
nV2AN(=A)) =T —n V2ACTA, + P AT ALAC A, + L, which implies that

A== 1 PAN (A AL
= AT = PATAAT $ T AT AT AT + O

= A = 2O AT T AT O,

(ii) This follows from Lemma A6(i) and the symmetric structure between A, ,, and B, ,,.

(iii) Note that U, ,, = Ay L (A, — Avp) = A7V (A, — Avy) —nV2CL AT (AL — Av ) + Op(n=3/2)

*,1
by Lemma A6(i). Here, the right side is U, ,, — n_l/QC’*Uo,n + Onm(n_3/2) by the definition of U, ,,.
(iv) This follows from Lemma A6(iii) and the symmetric structure between A, ,, and B, ,.

(v) Note that

ApBun = (AT =07 2OAT 407 C2AT 4 O(n ™) (B, + 7 °B.)
=171 + n*1/2(A;1§* - A;lA_*) + n*I(CnglB* o C*Agl_é*) + O(n,3/2)

=TI 4+n"Y3(B'B, — A7'A,) —n 'C.(B; B, — C.) + O(n3/?)

by Lemma A6(i) and the definition of B, ,,. We now note that V, := B, 'B, — A;'A, = B;'B, — C..
(vi) This follows from Lemma A6(v) and the symmetric structure between A, ,, and B, ,.

(vii) This follows from the definition of P, ,, := W, ,, — U, and Lemmas A6(iii and iv).

12



(viii) By Lemma A6(ii),

B }0;Buyn = (B! —n Y2EB + 0 F2B + O(n%/2))9;(B, + n” /2B,

= B7'9;B. + n Y*(B;'9;B. — F.B;'9;B.) + O(n™).

(ix) We can apply the proof of Lemma A6(viii).
(x) Apply Lemmas A6(viii and ix) to obtain the desired result.

(xi) By Lemmas A6(vii and ix),
é ~
Lom = Pop+ Y _(05m — 0;.)(B;'0;B, — A1 0;A.) — 0™ V2 (FWop — CulUspn)
j=1
E ~
+ 72N (O — 0,.)(Qjx — (FBI10; By — CLAT 0,AL)) + Op(n™/?),
j=1

The desired result follows from the definition of L, ,,.
(xii) We combine Lemmas A6(v and xi) and collect the terms according to their convergence rates. This

completes the proof. |

Proof of Lemma A7: (i) This immediately follows from Lemma A6(vi).

(if) This immediately follows from Lemma A6(vi).

(iii) Taylor expansion of 1/z atz = 1 gives 1/r =1 — (z — 1) + (z — 1) — (z — 1)3 + .... We now
let x be k:_ltr[D; 11 and use Lemma A7(i). If the terms are rearranged according to their convergence rates,
the desired result follows.

(iv) This immediately follows from Lemma A7(iii). [
Proof of Lemma AS8: (i) By the proof of lemma A2 (i) of CW,

det[A,] — det[A,] = det[A.]tr[A; 1 (A, — A,)]

+ % det[A{tr[A (An — A)]? — tr[A7N(An — A)ATN(An — A} + Op(n™/?).

We now simply let A,, be A, , and note that C,, = A;l(A*yn —A,) = A*_lf_l* under H,. This yields the
desired result.
(ii) This immediately follows from Lemma A8(7) and the symmetric structure between A, ,, and B, ,,.

(iii) Lemma A2(iii) of CW shows that det[A4,] ™! — det[A,]™1 = —det[A.] 7 (tr[Uy] + Str[U,]? —
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3tr[U2]) + Op(n~1). Under Hy, Uy, = C.. If we further let their A, be A, ., then

det[A, ]! — det[A,] ™t = — det[A,] Htr[A; (Av — AL

F AT (Aep — AP — S{AT (Aen — A7)} + Op(n™2)

The desired result follows by noting that Cy, = A1 (A, — A) = A7 A,

(iv) Note that

det[D, ] = det[A, ]! det[Bs ]

- {1 + \}ﬁtr[F*] + %(u[m? _ tr[Ff])} {1 _ \}ﬁtr[C’*] + %(u[@ﬁ + tr[cf])} +On32),

where the second equality follows from Lemmas A8(ii and iii) and the fact that det[D,| = 1 under H,.

Thus,

_ L o i o 2 A 2 -3/2
detlDyn] = 1+ —=trlF, = Cu] + 5 (lFy = O 4 1r[C2) =l F2)) + O(n =),

We further note that V, := F, — C\ to yield the result.

1/k

(v) Taylor expansion applied to det[D, ,]'/* gives

det[ Dy n]M/* = det[D,]/* + %det[D*,n]l/’f—l{det[D*,n] _ det[D.]}

1 /1 2
+ T (k‘ - 1) {det[Dy ] —det[D,]}*+.... (13)

Lemma A8(iv) implies that det[D, ,,] — det[D,] = %tr[v;] + o (tr[Vi]2 + t2[C2) — tr[F2]) + O(n~3/2)
by noting that det[D,] = 1 under H,. We now substitute this into (13) and arrange the terms according to
their convergence rates. This yields the desired result.

(vi) To show this, we combine Lemmas A6(xi) and A7(v) and rearrange the terms according to their

convergence rates. This completes the proof. |
As Lemma A9 is immediately obtained by applying Lemmas A1 and A3(ii), we omit the proof.

Proof of Lemma A10: From the definition of Xn, if we approximate the log function around unity, it follows

that

14



By Lemma A5(ii), 6, = n 2k [Vi] + k[ K, ] + Op(n~1), so that %33 = (2nk?)"Mtr[Vi]? +
n V2240 [ Ky Jtr[Vi] 4 (2k2) M1 [K, pn)? + op(n~t). Therefore, if we combine this result with Lemma
AS5(ii),

—~ —~ 1 1 1 1
n — Oon *| F* on — UxUon 2] — F2 - Kon2
A don + \/ﬁktr[V] \/ﬁktr[ Won — CiUopn] + 2nk(tr[0*] tr[F7]) 2k2tr[ )
1 _ _ ~ _
+ W[tr[Qﬁ* - (F*B* 18.73* - C*A* 18]‘4*)]],(9% - 0*) + OP(n 1)5
as desired. |

Proof of Lemma A11: (i) Note that

Lu(Bue) = LalAn) = =5 log(det[ B A L) — Strl(B, L = 471)B).

)

Given this, we note that (B, — B,) = Op(n~'/2) from that U, ; ~ IID N (0, A,,.,.) and apply Lemmas A6(i,

i) to obtain that

—ntr((B, — A, 4)Ba] = —ntr[(By L — A L)(By — B+ ntr(B, L — A1) B.]

mn,*

= tr[V. B 'v/n(By — B.)] — tr[F2 — CZ = n'/?V.] + 0p(1).
Next, we apply Lemma A8(iv) and obtain that
—nlog(det[By A, ]) = —nlog(det[ Dy .]) = —n2r[V,] + %(tr[Ff] — tr[C2]) + o(1),
implying that
La(Boe) — LalAns) = 3 (6[F2] — x{C2)) + SurlVa B V(B — B + 0s(1).
Given this, we note that

tr[ViB. ' v/n(B, — By)] = vec|B. 'V!)'vec|y/n(B, — B,)] = vec|[V!]'(I; ® B ")vec|v/n(By — B.)],

and we apply the multivariate central limit theorem to \/ﬁ(ﬁn — B,) using the fact that U, ; ~ IID
N(0, Ay, «), so that
vec[v/n(B, — B,)] & Nlvec[4,], (I2 + Py )(Bs ® B,)]

15



by the covariance matrix formula of vectorized Wishart radome variable, where Py is the transposition
permutation matrix such that Py vec[y/n(By, — B,)] = vec[y/n(Bn — B,)']. Given that \/n(B, — B,) is
symmetric, Py = I;2, leading to that (I;,2 + Py ) (B« ® By) = 2B, ® B,

vee[VL) (I © B V) (I + Py)(B. @ B.)(Iy © By Vvee[V] = vec[V!]'(B, & BZ )vec[V!]

= vec[V/]'vec|B; 1V!B,] = vec[V/]'vec|B; ! B, B, ' B,] = vec[V] = vec[V,] = tx[V?],

and

vec[V/] (I, ® B V)vec[A,] = vec[V!]'vec[B; 1 A,] = tr[V.C.].

Therefore, it follows that

vee[V!] (I, ® B Yvee[y/n(B, — By)] & N[tr[V.C.], 2tr[V2],

£alBo) ~ LaliAn,) = 4 (6lF2] ~ ulC2) + JulV. B Vi(B, — B A N (~JulvZ] julv?]).

(ii) Given (i), we can apply Le Cam’s third lemma.

(iii) Given (i), the desired result follows from Le Cam’s first lemma. |

2 Proofs of the Main Claims

Proof of Lemma 1: (i) If A = B, then clearly tr[D] = tr[A™'B] = tr[I] = k and tr[D~!] = tr[B~1 A] =
tr[I] = k. For the converse, note that k! Z?Zl Aj = 1, where \; is the j-th largest eigenvalue of D and
so tr[D] = k. In addition, k~'tr[D~!] = 1 implies that k—* Z?Zl )\j_l = 1, so that the harmonic mean of
the eigenvalues of D is 1. That is, the arithmetic mean of the eigenvalues is identical to the harmonic mean.
Therefore, for some A\, A = A\; = ... = A\g. The given condition also implies that A = 1. If we now let C
be the orthonormal matrix of the eigenvectors of A2 A—Y/ 2 AV 2BATY2 = CIC = 1. Therefore,
A~Y2BAY? = [ implies AY2A-1/2BA1/2A1/2 = AY/2AY/2 which simplifies to B = A.

(if) We can combine Lemma 1(i) with lemma 1 of CW. |

Proof of Theorem 1: The proof follows as corollaries of theorem 1 of CW and Lemmas A1 and A3(iii).

We particularly note that D, = ZND* = I and L,, = K,, under H. From this, all of ‘%q(f ), @S ), é% ), and @SLJ )
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(i =1,2; j = 1,2,3) are equivalent to 3tr[K?] + op(1). Furthermore, all components that constitute M,

are equivalent to 2tr[K?2] + op(1), so that M, = 2tr[K2] + op(1) by its construction. [ ]

Proof of Corollary 1: From the given condition, we obtain that 2tr[K?2] = 1tr[A;2(Zp — Za + (Z) ®
NQ.)? = tvec((Zp — Za+ Q. (Zg® 1)) A7) vec(A; W (Zp — Za + (2 ® I)Q.)) from the fact that for

general matrices A and B, tr[AB] = vec[A’]'vec[B]. We also note that

vec(A;l(ZB —ZA+(ZypoD)Q.)) = vec(A;l(ZB — ZA) ) + Vec(A;l(Zé ® I)Qx))

= (I, ® A )vee(Zp — Za) + (Q) ® AL Y)vee(Zy @ Ii),
and we similarly obtain that

vee((Zp — Za+ QL(Zo ® 1) ALY) = vec(Ix(Zp — Za) AL ) + vee(Q\(Zg ® I) AL 1))

= (A7 @ I)vec(Zp — Za) + (A7 @ QL)vec(Zy @ I,).
From these two equalities, we obtain that
1
gvee((Zp = Za+ QL(Zyg @ 1) A vec(A; N (Z — Za+ (Zh @ QL)) = 2'02Z,

as desired. [ |

Proof of Theorem 2: Before proving the given claims, we note that from Lemmas A5(i and iii), it follows

that

72 = (T +n 2k 0 [VA))? + op(n ) = (k™ Mr[Kop] + 0 Y2k~ V4] + Op(n 1)) + op(n™)

= (k" Wr[Kopm + 0~ Y2V,]))% + 0p(nY), (14)
and

2 = Tom + n V2Lt [Vi])2 + 0p(n ™) = (B~ 0 [ Ko ] + 072k M [Vi] + Op(n™Y))? + op(n ™)

= (k7 tr[Kom + 07 Y2V0))2 4 0p(nY), (15)
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where the second equality holds by Lemmas A9(i and iii). We also note that from Lemma A5(ii),

62 = (B + n Y2k M [VA])2 + Op(n~%/?)
= (k7 tr[Kon] +n Y2k Vi) + Op(n ™)) + Op(n3/?)

= (k™ Mr[K,, +n7V2V0)))% + Op(n™3/2), (16)

where the second equality holds by Lemma A9(ii).

We now first note that B := %k(?,% + 26,,). Therefore,

~ k 1 1
B = TR+ nkGon + Ve[V P + - tr Vi + (Vi + ViKon)?]
1 1
— g trlVe VKo Strl Kol — SurK2, ]+ 0p(1) = Srl(Va + VinKon)?] + op(1),

where the last equality holds by virtue of the definitions of 7, ,, and 7, j,.

Second, the structure of %%2) is symmetric to that of %53). In the same way, it follows that %2?) =
La(Va + VitK o)) + 08(1).

Third, from the definition ”}57(11) = %k(?,% + {An), if we combine this with Lemma A9(iv) and (14), it

follows that

~ k
lel) _ §{k_2tr[‘/:k + \/’TlKo’n]Q + k‘_ltl“[(v* + \/ﬁKo,n)2]

— k20(V, + VRKon]?} + op(nt) = %tr[(V* Ko )?] + op(n ).

This is the desired result for 3321).
Fourth, from the fact that (14) has the same asymptotic approximation as that of (15), the asymptotic
approximation of 5512) is identical to that of 55%1).

Fifth, from the definition of &', := 2 (52 4 29,,), it follows that

S = g{k*%r[v* + VnKon)? + k7 [(Ve + vViKon)?
— b 2tr[Vi + VKo u)* +op(nh) = %tr[(V* +VnK,n)? + op(n™t)

by using Lemma A9(v) and (15). This is the desired approximation for éﬁf).

Sixth, (16) has the same asymptotic approximation as that of (15), and this implies that the asymptotic

expansion of éﬁf) is identical to that of éE}’.
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Seventh, Theorem 2 and (2) in Cho and Phillips (2017) imply that the asymptotic approximations of
@(1) @(2) and @5{3) are obtained as ltr[(—V — /nK, )% + op(1) under H,. Therefore, @7(11), @7(12), and
QSEL ) are asymptotically equivalent to %(1) %(2) @%) @5,, ), 6(1) and 6,(1) under H,.

Finally, from these nine facts, all of %%), 33,(;), 6(1) and 6 (z =1,2; 5 = 1,2,3) are equivalent to
$tr[(Vi + v/nKo )% + op(1). Furthermore, all components that constitute M, are equivalent to str[(Vi+

V1 Kon)?] + op(1), so that %tr[(V* + K, )% + op(1). [ |

Proof of Theorem 3: The claim structures given for the statistics in Corollaries Al(i.a — i.i) are symmetric
and similar. We therefore prove only the claim on ‘%S) in (i.a), and E)S) in (i.c) to save the space. The
others are proved in a similar fashion.

(i.a) For %%1) to have the greatest leading term, it has to be greater than those of the other tests. By (i),

we compare the leading term of %S) with those of other test statistics:

2> 62, 17

Tx > Yy (18)
240, > 02, (19)
724 20, > 62 + 2., (20)
72 420, > 02 + 27, 1)
s > Vs (22)
240, > 02 4, (23)
2 >3, (24)

Each inequality is obtained by letting the leading term of Corollary A1(i.a) be greater than the leading terms
of Corollaries A1(i.b, i.c, i.d, i.e, i.f, i.g, i.h, i.i), and the fact that £, = 0. + .. These 8 inequalities are
necessary for the desired condition.

Given this, note that (17), (18), and (24) are the conditions for %9) to have the greatest leading term that
are given by Theorem 3(i.a). This proves sufficiency. For necessity, note that (18) is identical to (22); (17)
and (18) imply (20) and (23); (18) and (24) imply (19) and (21). The same proving methodology applies to
the proof of (iii, vi, vii, viii, and x).

(i.¢) Given the conditions, we note that /., is equal to 2 (T + 2+, ) that is achieved by %(1) ’D(l)

@( ). This proves the sufficiency. For necessity, we compare the leading term of 9( ) with those of other
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test statistics as before:

Ve > O, (25)
2 4, > 62 + o, (26)
2>, 27)
24 00 > 62 4 e, (28)
240, > 02+, (29)
2400 > T2+ v, (30)
72 > §2 (31
T2 4 7% > 02 + 0. (32)

Each inequality is obtained by letting the leading term of Corollary A1(i.c) be greater than the leading terms
of Corollaries Al(i.a, i.b, i.d, i.e, if,i.g,i.h,ii). These § inequalities are necessary for the desired condition.

Given this, note that (25) and (30) are contradictory, implying that u, cannot be uniquely maximized
by the leading term of C‘SS). We therefore let v, = o, and allow for the existence of multiple maximizers.
Then, (25)—(32) reduce to the necessary conditions. The same proving methodology applies to other cases.

(if) Given Corollary A1, we note that D, = d, [ and D, = d;'I. We apply these two equalities to the

results in Corollary Al and obtain the desired results. This completes the proof. |

Proof of Theorem 4: Using the equality that £R,, = nk(7, — Xn) and Lemmas A5(i) and A10, we obtain
that

9 = (o — Bn) + VKo Vil — 1{CV] — (0102 — tx{F2) + e trlKo]? + 00 (1)
= POr[K3,] e[ Vi) — GV — L (602 — el F2]) 4 o (1)
1
= Sr[K2,] + Vate[Ko V] + St(V2) + op(1)

= %tr[(V* +VnKon)?] + op(1)

using the fact that G, := Ty — Op.n = —(2k2) " 1r[Kon]? + (2k)~'tr[K2 ], where the second last holds

by the definition of V, := F, — C\. Note that the final right side is the desired result. [ |
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