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Abstract

Tests for regression neglected nonlinearity based on artificial neural networks (ANNs)
have so far been studied by separately analyzing the two ways in which the null of
regression linearity can hold. This implies that the asymptotic behavior of general
ANN-based tests for neglected nonlinearity is still an open question. Here we analyze

a convenient ANN-based quasi-likelihood ratio (QLR) statistic for testing neglected



nonlinearity, paying careful attention to both components of the null. We derive the
asymptotic null distribution under each component separately and analyze their inter-
action. Somewhat remarkably, it turns out that the previously known asymptotic null
distribution for the “type 17 case still applies, but under somewhat stronger conditions
than previously recognized. We present Monte Carlo experiments corroborating our
theoretical results and showing that standard methods can yield misleading inference

when our new, stronger regularity conditions are violated.

1 Introduction

Artificial neural networks (ANNs) have become increasingly of interest in a wide range
of applied disciplines. For example, in economics, ANNs now have their own Journal
of Economic Literature classification number, C45. This widespread interest in ANNSs is
due to their many useful properties. In particular, single hidden layer feedforward per-
ceptrons permit arbitrarily accurate approximation to broad classes of functions (see,
e.g., Hornik, Stinchcombe and White (1989, 1990)), supporting parametric or nonpara-
metric estimation of conditional mean, quantile, or density functions (see, e.g., White
(1990, 1992), Gallant and White (1992), Kuan and White (1994), White (1996), and
Chen and White (1999)). In what follows, we focus on these specific ANNs, and it
should be understood that although for convenience we refer to “ANNSs,” we always
have in mind this particular architecture.

This universal approximation property can also be exploited to test for neglected
nonlinearity in regression analysis, as in White (1989a) and Lee, White, and Granger
(1993). When suitably constructed, such tests can be consistent against arbitrary non-
linearity. Closely related methods can be found in the work of Bierens (1987, 1990),
Bierens and Hartog (1988), and Hansen (1996). As has been well recognized in this
literature, using ANNs can lead to nonstandard tests, falling into the category of tests
with nuisance parameters identified only under the alternative (Davies (1977, 1987)).

Although attempts have been made to accommodate the nonstandard nature of such
tests, the previous work has not satisfactorily examined their asymptotic null distribu-
tion. This is because a correct linear ANN specification can arise in two different ways.

First, the “hidden-to-output unit” coefficient, say \*, can be zero. Alternatively, 6", the



“input-to-hidden unit” coefficients on the explanatory variables, which determine the
hidden unit output, can be zero. We refer to these as “type 1” and “type 2” hypotheses,
respectively. The previous literature has focused separately on the type 1 and type 2
hypotheses in obtaining asymptotic null distributions. For type 1, these distributions
have a representation as a function of a Gaussian process indexed by the parameters
unidentified under the type 1 null, as shown by Bierens (1990) and Hansen (1996),
among others, using Wald- and Lagrange multiplier (LM)-type test statistics. For type
2, Luukkonen, Saikkonen, and Terdsvirta (1988), Terédsvirta, Lin, and Granger (1993),
Terdsvirta (1994), and Granger and Terésvirta (chapter 6, 1993) have proposed LM-
type tests for specific hidden unit activations. These tests have convenient chi-squared
asymptotic null distributions. So far, however, it is unknown how the type 1 and 2 hy-
potheses interact to determine the null distribution in the general case. This omission
means that the properties of general ANN tests for neglected nonlinearity are still an
open question.

Several possibilities arise when treating type 1 and type 2 hypotheses jointly: (7)
the regularity conditions for type 1 do not suffice for type 2, or vice versa; (i2) the
asymptotic distribution for type 2 differs from that for type 1; (¢72) both (z) and (i7)
hold; or (¢v) neither (z) nor (¢2) hold. It is not at all obvious a priori which of these
possibilities obtains. Our goal here, therefore, is to address these issues by carefully
analyzing the asymptotic null distribution of a convenient ANN-based quasi-likelihood
ratio (QLR) statistic designed to test for neglected nonlinearity. We first examine the
asymptotic behaviors of the QLR statistic under type 1 and type 2 nulls separately; we
then examine their stochastic interrelation.

Somewhat remarkably and rather fortunately, it turns out that suitably constructed
ANN tests for neglected nonlinearity fall into category (7): we require stronger regu-
larity conditions than previously recognized, but the asymptotic null distribution that
properly accounts for both type 1 and type 2 nulls and their interaction coincides with
that previously obtained by neglecting type 2. That is, the previous type 1 literature ob-
tained essentially the right answer for the general case, but without a proper foundation.
We say “suitably constructed” tests, as we also find that certain choices of the hidden
unit activation function (denoted W) can lead to test statistics that fall into category (2:7),

which is much less convenient, both analytically and computationally. In fact, as our



simulations show, choices that violate our conditions but are otherwise standard can
lead to misleading inference using standard methods.

The plan of this paper is as follows. In Section 2, we separately derive the asymp-
totic distributions of the QLR statistic under type 1 and type 2 nulls. The type 1 results
are essentially known; we apply results of Hansen (1996). The type 2 results turn out
to require use of a fourth-order Taylor approximation. Such approximations have been
studied in other contexts (Bartlett (1953a, 1953b); McCullagh (1987)), but their use in
the ANN context appears to be novel. Our methods are particularly straightforward, in
that we are able to avoid using the tensors employed by McCullagh (1987). Section
2 completes the analysis by deriving the stochastic interrelationship of the type 1 and
type 2 weak limits. Section 3 presents some Monte Carlo experiments using a first-order
autoregressive process, affirming the theoretical results of Section 2 and showing that
misleading inference can result from specifications that violate our new, stronger reg-
ularity conditions. Section 4 contains a summary and concluding remarks; we collect

formal mathematical proofs into the Appendix.

2 The DGP and Artificial Neural Network Model

We work with the following data generating process (DGP).

Assumption Al (DGP): {(V;, X)) € R (k € N) : t = 1,2,---} is a strictly
stationary and absolutely regular process defined on the complete probability space
(Q, F,P), with E(Y;) < oo and mixing coefficient 3, such that for some p > 1,
S T NE < .

T=

Here, Y; and X, are target and predictor variables, respectively. For convenience, X,

omits the constant. The mixing coefficients 3, are

fr = sup E[ sup [P(A]F° ) —P(A)]]

seEN AEFL

where F; is the c—field (“information set”) generated by (Y7, X, ..., Y s, Xi15). The
B,’s measure the time-series dependence in the data. For more on absolutely regular

(S-mixing) processes, see Doukhan, Massart, and Rio (1995, DMR hereafter).



Al is appropriate for analyzing weakly dependent time-series data, such as non-
trending data arising in economic or biological systems. It has been adopted, among
others, by Hansen (1996, 2006) and Cho and White (2007). In particular, A1 helps
ensure the tightness used to guarantee that our main test statistic weakly converges to a
function of a Gaussian process. For this, we rely on results of DMR.

When interest focuses on forecasting Y; using the information in X, it is common
to forecast using an approximation to E[Y;|X;], the conditional expectation (“‘regres-
sion”) of Y; given X,. This conditional expectation gives the mean-squared-error opti-
mal forecast of Y; given X,. Here, we approximate F[Y;|X;] using a single hidden layer

feedforward network with the following structure:

Assumption A2 (Model): Let ¥ : R — R be such that V() is a non-polynomial
analytic function such that ¥(0) # 0. Let A C R, B C RE, A C R, and A C
R* be non-empty compact and convex sets, with 0 € int(A) and 0 € int(A). Let
fXisa,8,M,0) :=a+ X8+ \V(X}d), and define the model M as

M ={f(;0,8,\,0): (a,3,),0) € AxB x A x A}

Note that f is a feedforward network with direct linear input-output connections and
just one hidden unit. Our interest here is in testing whether a simple linear network
(no hidden units) provides an adequate approximation to E[Y;|X;] or whether there
is neglected nonlinearity, so that using hidden units can improve the approximation.
By choosing ¥ to be analytic (i.e., locally given by a convergent power series) and
non-polynomial, we ensure that W is generically comprehensively revealing (GCR; see
Stinchcombe and White, 1998). This then guarantees that a single hidden unit suffices to
detect arbitrary neglected nonlinearity (but also see Escanciano, 2009). Standard GCR
choices for W are ¥ = exp (as in Bierens, 1990), the logistic cumulative distribution
function (CDF) originally used by White (1989a), or the ridgelets of Candes (2003).
Below, we impose additional conditions on V.

Note that because X; omits the constant, ¥(X}d) does not contain an adjustable
input-to-hidden bias. Instead, we permit a fixed or “hard-wired” bias. This can be

arbitrarily set without any adverse effect on the test’s ability to detect arbitrary nonlin-



earity

Our null hypothesis is that £[Y;|X,] is linear. Formally, we test

Ho : For some (o, 3) € A x B, P[E(Y|X;) =a+X]3] =1 versus
H, :Forall (o, B) € A x B, P[E(Y,|X,) = a + X/3] < 1.

Under H,, the model is correctly specified as in White (1994).

Testing H, using ANNs is not standard, as has often been noted. For example,
White (1989b) and Bierens (1990) note that under H,, Davies’s (1977, 1987) iden-
tification problem arises, in which nuisance parameters are not identified under the
null. Davies (1977, 1987) proposes statistics whose asymptotic null distributions are
functions of Gaussian processes. White (1989a) and Lee, White, and Granger (1993)
consider statistics that avoid the need to work with functions of a Gaussian process,
essentially by selecting nuisance parameters at random. Bierens (1990) and Hansen
(1996) consider optimal choice of nuisance parameters, directly confronting the nui-
sance parameter problem. Hansen (1996) provides general regularity conditions.

Nevertheless, the literature does not take into account the twofold nature of the
identification problem arising here. Let (a*, 3%, \*, §") be parameter values satisfying
f(Xy;a*, B, A%, 6%) = E[Y;|X;] under Hy. Then H, consists of two sub-hypotheses:
Ho = Hor U Hoo, where

HOl :A*=0 and HOQ 0" =0. (1)

* .

Ho1 and Hgo are the type 1 and 2 hypotheses mentioned above. Under Hpy, 6 is
not identified; that is, the representation for E[Y;|X;] has many possible values for §*.
Under Hgg, only a* + A\*W(0) is identified, and there are many combinations of o*
and \* such that o* + \*W(0) is identical to the intercept in E[Y;|X;]. Thus, Davies’s
(1977, 1987) identification problem arises in two different ways, each of which requires
its own analysis. We therefore call this the twofold identification problem.

There are many examples of the twofold identification problem in the statistics lit-

IFor learning, it can be useful to permit input-to-hidden biases to adapt. Because
our interest here is not learning but inference (testing), there is no loss to fixing the
input-to-hidden bias. This also greatly simplifies the analysis.



erature. The first that we have been able to find is the mixture model of Neyman and
Scott (1965, 1966), where they illustrate use of the locally asymptotically optimal C'(«)
statistic, also advocated by Lindsay (1995). But their test of the mixture hypothesis us-
ing C'(«) only focuses on one of two hypotheses yielding their null. Another early
example is the conditional heteroskedasticity model of Rosenberg (1973); here also,
only one of the hypotheses comprising the homoskedasticity null is tested. There are
many other examples of models having twofold identification problems. Nevertheless,
almost all test just one component of the null.

Neglect of the twofold null is also common in the ANN context. The LM statistic in
White (1989a) and Lee, White, and Granger (1993) is designed specifically to test Ho;
only. They do not consider Hy,. Nor does Hansen (1996) accommodate the possibility
of Hgs. His regularity conditions may therefore not suffice under H,. The same is also
true for the specification test of Bierens (1990). In the ANN context, there is, to the best
of our knowledge, no analysis examining the linearity hypothesis under both H(; and
Hoo simultaneously.

Accordingly, we consider a test statistic that properly takes into account both
and Hos to test Hy versus H;. Specifically, the quasi-likelihood ratio (QLR) statistic
can serve for this purpose. In determining its asymptotic null distribution, we explicitly
accommodate the stochastic dependence between the weak limits obtained under H;
and Hos.

Our discussion follows the conventions in the literature. Specifically, Bierens (1990)
estimates the model of A2 by nonlinear least squares (NLS), which maximizes the
quasi-log-likelihood (QL):

n

Lu(o, 8,1, 6) := = > {¥; —a— X8 - \U(Xd)}’,

t=1

where n is the the sample size. The QLR test is then defined as
QLR :=n(1 =67, 4/670),

where

n
62 = mgl n Y {Yi—a- X8}, and
B a,
t=1



A2 . : -1 o - / 2
Opa 1= I0iD 0 ;{Yt a— X8 — A\ (X;0)}-.

The analysis of the QLR statistic differs between H(; and H,. For this, it is conve-

nient to consider three different representations for QLR:

QLR .= {n — minmin min % Z{Yt —a-X,8-— A@(X;&)}Q} :

A o, Un,O p—

1 n
(2) — B . . . o - ra / 2
QLR : {n min min min 57, ;{Yi a— X8 — AU (X}0)} }7 and

1 n
QLR® = {n — min min min —— Z{Yt —a—-X;8- )\\II(XQ(S)}Q} :

a6 AB Oy =

QLRS) is obtained by minimizing with respect to A before minimizing with respect
d; this makes it convenient for analysis under Hg;. Under H;, 6™ is not identified, but
this can be addressed by following the approach of Hansen (1996).

In QLR%Q) and QLR%g), the order of minimization is reversed. This makes it con-
venient for analysis under Hg,. We first apply a Taylor expansion to QL with respect
to ; we then minimize the approximation with respect to A and « respectively. We
let mf) and mf’) denote the corresponding approximations. Here, we separately
consider mf) and mfj) to accommodate the fact that there is a continuum of com-
binations of o* and A\* such that o* + A*W(0) is identical to the intercept of E[Y;|X].
We overcome this difficulty by first fixing A\*. This enables us to identify the other pa-
rameters (o*, 8", 3") and apply a Taylor approximation to QL. We then optimize with
respect to A*. This approximation is denoted as mf). We then interchange the roles
of o* and \* to obtain mﬁg). Nevertheless, as it turns out, the asymptotic null behav-
iors of mf) and mf’) are equivalent, so that only one of them is relevant to the
null asymptotic behavior of the QLR test.

We note the following simple fact that

QLR, = max|QLR", QLRY, QLR = max[QLR" QLR,” QLR,") + 05(1).
2)
The asymptotic distribution of ()L R,, is thus determined by the weak limits of QLRS),



QLRS), and QLRS). We examine these limits and their relationship in detail in the

remainder of this section.

2.1 Asymptotic Null Distribution of the QLR Test under #;

The asymptotic null distribution of ()L R,, under Hy; is already available in the litera-
ture. We sketch its derivation to fix notation and motivate the assumptions. Concentrat-

ing QL with respect to (a, ')’ gives
L (3:8) 1= max Lo(a, B0, 6) = ~{¥ ~ PO YM{Y ~A2(@)},  3)

where M := 1, — Z(Z'Z)'Z'; Z := |1, X], with X the n x k regressor matrix with
rows X and ¢ the n x 1 vector of ones; ¥(§) := [¥(X}6), ¥(X%d),---,¥(X]I)];
andY = (Y1,Ys,---,Y,) . For now, we assume (Z'Z) ! exists. We ensure this below.

We define V() = ¥(X}d), U; := Y, — E[Y}|Xy and U := [U},Us,--- ,U,].
Since MY = MU under H,), it is standard that

sup{LV(X\; &) — LIV(0; 6)} = sup 2A¥(6)’MU — \*¥(5)M¥(4) (4)
A A

_ {¥()yMU}?
~ W(6)ME(s)

Thus,

/ 2

P52 B (6)ME(8) ©)

The asymptotic null behavior of QLR is determined by that of n~/2W¥(-)MU and
n~'é; W(-) M¥(-) under some regularity conditions. Theorem 1 of Hansen (1996)
derives the asymptotic null distribution of an LM statistic; his regularity conditions also

apply to QLR,(}). For this, we impose:

Assumption A3 (Moments): There exists a sequence of stationary ergodic random
variables {M;} such that |Uy| < M, |X¢;| < My, j = 1,2,--- ,k, and for some
k> 2(p—1), E]M™] < cc.

Assumption A4 (Martingale Difference): (i) E[U, | Xy, U;_1,X_1,--+] = 0; (i1)
E[U? | X,] = 02.

*



A3 and A4 ensure that 02, E[U}], and E[X}/], j = 1,2,--- , k, are finite.

A4 is not strictly necessary to obtain the asymptotic null distribution of QLRS). Nor
does Theorem 1 of Hansen (1996) require this. Nevertheless, the martingale difference
assumption of A4(7) can often be plausibly ensured by including sufficient lags of Y; and
other variables in X;, and it greatly simplifies the covariance structure of the Gaussian
processes relevant for our tests. The conditional homoskedasticity (constant conditional
variance) assumption in A4(¢7) yields further simplifications.

Next, we impose some bounds.

Assumption A5 (Bounds): (i) supsen |W4(0)| < My; and (ii) supsen |55 Vi(8)] <
M, j=1,.. k+1.

Assumption AS is used to show that the numerator of (5) is tight, as a direct consequence
of DMR. Assumption 2 of Hansen (1996) pertains here. By our A2, W is analytic in
each of its arguments, so both ¥, and (0/09,)V, are analytic for each X,. This ensures
that W, and (0/00,)V, are also Lipschitz continuous on A and therefore bounded for
each X;. A5 places moment conditions on these bounds. In particular, A5(iz) imposes
the moment condition for the Lipschitz constant as in assumption 2 of Hansen (1996).
Conveniently, we can assume that ¥ and its derivatives are uniformly bounded without
losing the GCR property that gives the ANN test its power.

The analysis of QLRS) requires care, since for every n, the numerator of H con-
verges to zero a.s.(—P) as 4 tends to O :

lim ¥(6)MU = ¥(0)/MU =0 a.s.

d—0

Because ¢ is a column of Z, the denominator behaves similarly:

lim ¥(§)MP¥(5) = ¥(0)>4/Me =0 a.s.

6—0
This creates difficulties in obtaining the asymptotic null distribution of QLRS) near
d = 0. For now, we avoid these by restricting the parameter space. For given ¢ > 0,

define

Ale) := {5€A:Z|5j|26}.

Jj=1

10



We let ¢ — 0 below. To ensure asymptotic non-degeneracy, we write Z, := (1, X))’

and impose

Assumption A6 (Covariance): For each ¢ > 0 and § € A(e), det V1(d) > 0 and
det Vo(d) > 0, where
ElUfW,(8)?]  E[U7V(8)Z]

Vi(6) = and
EUPZ,Y,(0)]  ElUPZiZi]

E[W,(8)’]  E[V:(8)Zi]

VQ((S) =
E[Z,9,(8)]  E[Z/Z

Our first formal result describes the null behavior of the numerator and denominator
in @) This is a corollary of Hansen (1996, theorem 1), and it states the weak conver-
gence in continuous function space. We write U} (4) := W,(8) — E[V(8)Z;]{ E[Z,Z]]
}1Z,.

Lemma 1. Given Al to A3, A4(7), A5, A6, and H;,
(i) 62, = o2 := E[UZ;
(i7) for each ¢ > 0, {n‘l/Q\Il(-)’MU,6g70n_1\Il(-)’M\Il(-)} = {Go(-), (-, )}

on A(e), where Gy is a zero-mean continuous Gaussian process such that E[Gy(8)Go(6)]

=T(9, g), where for each 6, J,
T(6,8) := E[U2V;(8)U;(d)] and J(8,8) = o2 E[T;(6);(d)];

(iii) if A4(ii) also holds, then T (8,8) = J(8,8).

Applying the continuous mapping theorem and Lemma 1 delivers the asymptotic

null behavior of
'11(5)’1\/IU}2
LRW(e) := su A{ .
QL) = Sub 52 W (8)MU (8)

To state the result, let 7(8) = J(8,6) and G,(8) := T (6)/?Gy(6), so that for each
0 and g,

T(8,0)
(T(8,8)}1/2{T(8,8)}1/2

E[gl(6>g1(5)] = pl(d, g) =

11



Theorem 1. Given Al to A3, A4(i), A5, A6, and H;, for each ¢ > 0,
(i) QLR (€) = supsea( G1(8)%
(i2) if A4(1v) also holds, then

J(6,0)

1(6,68) = .
) = G I (6.5)]

Note that for each 4, G;(d) generally is not standard normal, although when A4(i7)
holds, we do have G,(d) ~ N(0,1). Assuming conditional homoskedasticity (A4(ii))
may restrict the application of the QLR test, as data often exhibit conditional het-
eroskedasticity. Thus, we will not demand that A4(:i) holds. Nevertheless, this sim-

plifies the analysis and yields more intuitive results, so we will record these.

2.2 Asymptotic Null Distribution of the QLR Test under #
2.1 Case 1: )\ given

We now examine the asymptotic null distribution of the QLR statistic under the type 2

hypothesis. Concentrating QL with given A yields
LIP(8;A) := max Ly, 8,1, 8) = —{Y = A()}M{Y —A¥(3)}.  (6)

Note that Lg)( 3 A) in @ is a function of &, whereas Lg)( -;0) in H is a function of
A

We derive the desired type 2 asymptotic behavior of the QLR statistic using a Taylor
series expansion in 4. In standard situations, a second-order Taylor expansion suffices.

This fails here, because VL' (0; \) = 0. Specifically, when Hgs holds (6" = 0),

a%Lf)(O; A) = =22, XM[Y — Aegt] = —2Me; XMU = 0,

with ¢; := D7¥(0),j = 0,1,2,-- -, where D’ is the jth derivative operator with respect
to the argument of ¥; and X; := [ X1, Xa,,- -+ , X,.4)  is the ith column of X. We have
X!M = 0, as M is an idempotent matrix of the form I,, — Z(Z'Z)~'Z’, where X is a
column of Z.

As it turns out, a fourth-order Taylor approximation suffices. The next lemma

12



collects together the relevant higher-order derivatives under Hy,. For this, let D; :=
dlag{XZ}, Dij = DiDj, Dijg = DiDng, and DijZm = DiDngDm, i,j, E,m =
1,2,--- k.

Lemma 2. Given Al and A2, fori,j,{,m =1,2,--- | k,

(i) Z LD (0;)) = 0;

(ii) 8;3;5 L(2>(0- \) = 22’ D;;MU;

(i) 55 i (0 1) = 2\t Dy MU and

(i) g L (03 A) = 224t/ Dyjin MU — 2X2¢31/[D;;M Dy, + D MDD, +
D;,,MD/c.

As these results are easily derived, we omit the proof from the Appendix.
We can apply the law of large numbers and central limit theorem (CLT) to the
second-, third-, and fourth-order derivatives above. For this, we strengthen A3 to ac-

commodate the higher order terms of the quartic expansion.

Assumption A3* (Moments): E|U;|® < oo and E|X;;|® < oo; or E|U|* < oo and
B|X1% < o00,i=1,2,--,k

Lemma 3. Given Al, A2, A3*, A4(1), A6, and Hs, for i, j,0,m =1,2,--- k,
(i) /D MU = Op(nt/?);
(i1) V' Dy;eMU = op(n/*);
(11%) ¢'D;jen MU = op(n); and
(iv) ¢’ D;;MDyt = Op(n).

Lemma 3 also implies that the other terms in Lemma 2(iv) are Op(n), allowing us to

write

k k
L&\ — LP(0 A2 Y (¢DyMU)S, (7)

i=1 j=1

k k k k
)\ZC Z Z Z Z(L/DijMngb)(sidjégém + Op(nil/zl).

i=1 j=1 (=1 m=1

>J>I»—\

We see that the second- and fourth-order terms are the main factors driving QLR asymp-

totically under Hgo, provided co # 0. (Note that when A = 0, the left hand side of

13



vanishes, so A\ and ¢, play different roles here.) To avoid the complexities introduced

when ¢, can be zero, we impose
Assumption A7 (No Zero): c; # 0.

This rules out choosing ¥ to be the logistic CDF or a ridgelet with zero input-to-hidden
bias. But one can simply “bias-shift” X}d to ¢ + X}d, where c is chosen explicitly to
ensure ¢y # 0. For this, we can replace V(X}d) with U.(X}6) := ¥ (c+X,d). We leave
such shifts implicit in what follows. Alternatively, exp(+) or antiderivatives of CDFs
are convenient admissible choices. The latter are appealing, as A3 often suffices to
ensure that AS holds for these. Further, closed form expressions exist for useful classes
of antiderivatives; see, for example, Giacomini, et al. (2008), who give convenient
expressions for antiderivatives of the Student {—distribution CDF.

Assumption A7 can be relaxed, but at a material cost. Specifically, when ¢, = 0,
sixth- or even higher order Taylor expansions are required. This requires additional
moment and other regularity conditions, and the resulting asymptotic distributions in-
conveniently differ from those under A7.

The quadruple sums can be simplified using matrix notation. Forz, j,{,m = 1,2, ---,
k, let

M := [/D;MU], W :=[W;], W, =[/D;MD,].

Note that W is a k? x k2 matrix. Then eq. (7)) becomes
)2
LP(8:N)—LP(0; \) = Acy6'M6 — ch{a’(lk ®8)W(I,268)8} +Op(n~ ). (8)

The first two terms on the right survive asymptotically, and the third vanishes. We thus

write

2)

QLR (5:\) = (% {ACQ(&M’a) _ ivcg{a’(lk % 8YW (I, @ 5)5}} o
n,0

As in the standard case, the asymptotic distribution of the QLR statistic under H s
obtains by maximizing (9) with respect to §. Nevertheless, maximizing a quartic with

respect to & is much more cumbersome than maximizing a quadratic. We simplify by

14



decomposing & — 4, into a direction d and a distance h:
6=46"+hd, (10)

where h € R and d € S¥1:= {§ € RF : §'d = 1}. Under Hgp, § = hd; then
(2

maximizing QLR,, )( -3 \) with respect to § can be written as a two-stage problem:

QLRS)(/\) ;= sup mf)(é; A) = sup sup éﬁﬁf)(hd; A). (11)
5

deSk—1 heR+

Combining (9) and gives

- 1 — 1
QLR (\) = sup sup —— {Ac2(d’Md)h2 - NH{d (L d)W (L, © d)d}h4}

deSk—1 heR+ Op 0
(12)
. max[d'ﬁd, 0]2
et 52 {d (L 2 YW (I, @ d)d}
d'Md .
= Su max
v o {d (I © dyW (I, ® d)d} /2’

2
—FO]I»(l),

where the max operator accommodates A > 0. If d'Md < 0, then maximizing with

respect to h gives h = 0, which implies that QLRS) (A) = 0, as when A = 0. Otherwise,

. 2(d'Md)
C de{d (I, ® d)W(I, ® d)d}

Thus, QLR(2)

. (A) has mass at zero under Hgy. Also, the factors A and ¢, cancel in the

maximization, so the Hy, asymptotic distribution is nuisance parameter-free. Thus, we
write QLRS) = QLRS)()\). This and eq. (7) also imply QLR = QLRE?) + op(1).

The quartic structure of eq. (I2) is similar to the conventional quadratic approx-

imation. That is, the second-order derivatives determine the asymptotic distribution,
whereas the fourth-order derivatives converge to a deterministic matrix. This cor-
responds to the standard quadratic approximation, where the first- and second-order
derivatives determine the asymptotic distribution and converge to a deterministic ma-
trix, respectively. Further, the fourth-order derivatives are closely related to the asymp-

totic covariance of the second-order derivatives. This is similar to the quadratic ap-
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proximation, where the second-order derivatives are closely related to the asymptotic
covariance of the first-order derivatives. This can be clearly demonstrated by noting
that d'Md =vec(dd')'vec(M), d'(I; ® d)W (I, ® d)d = vec(dd') Wvec(dd'), and
vec(dd') vec(dd') = 1. Letting b :=vec(dd') € SF’~1 := {b € S~ : b = vec(dd),
d € S}, we can write mf) more compactly as

b'vec(M)

A7 52)
LR, = sup max |— ,0
@ okt 1 [{agob’Wb}m ]

It is not hard to show that the variance of n~'/2b'vec M is asymptotically equivalent to
n~'é; (b"Wb under conditional homoskedasticity, as we see below.

The limiting distribution of mff) is driven mainly by the terms in Lemma 3(7),
with typical element

1, R~
— Di-MU:—E X, XU,
LDy \/ﬁﬁ tivt,5 Ut

NZD
-1
1 n . 1 n . 1 n
- (= > XX ,Z - > 7.2, NG >z |,
t=1 t=1 t=1

where n= V23" X, X, ;U; and n=Y/2>°" Z,U; are scores from the second- and
first-order derivatives respectively. The joint asymptotic normality of these terms holds
by the multivariate CLT. No further terms contribute, due essentially to the degeneracy
of third-order derivatives under Hgs.

To ensure the non-degeneracy of the relevant limiting distribution, we impose

Assumption A6* (Covariance): Let C; := vech(X;X}). Suppose det V, > 0 and
det \72 > 0, where

E(U?Z:Z;) FE[U?Z,Cy = E[Z,Z)] E[Z,C)]
and Vg, :=

v, -
| Bwpez) BUzC,c) E[C,Z) E[C,C]

We use the vech operator to avoid entering the common elements of X, X twice.
. N . ———(2 .
We can now obtain the limiting behavior of the components of QLRiL ) For this, we

let C* = Xt,iXt,j — E[Xt7iXt7jZ;]{E[thg]}_lzt, and C: = [C*

iy Fi)> @k x k matrix

16



with Cf

t; as its i-th row and j-th column element.

Lemma 4. Given Al, A2, A3*, A4(1), A6*, and Hs, for each b € S'f_l,

(i) n~/2b'vec(M) = b'vec(M), where M = [M;;] is a k x k symmetric matrix
of jointly normal random variables such that for i,j, 0, m = 1,2,--- .k, E(M,;;) =0

(11) nT'O'Wb — b'W*b a.s., where W* := [Wy] and W}; = [T;jom], where
Tijem :E(CZ” Z@m)’

(iii) if A4(ii) also holds, for i,j,0,m = 1,2,--- |k, E(M;jM,,) = o2E(C;

2]

t*,ém)'

We use Lemma 4 to obtain the asymptotic behavior of under Hs, as

1 S
sup =5 {17 (8:3) ~ LP(0: 1)} = QLR,” + o2 (1)
n,0
b'vec(M) 0] ?

= Sup max {W’

besk® -1
Formally, we have
Theorem 2. Given Al, A2, A3*, A4(i), A6*, A7, and Ho,

(2) QLRS) = SUp, k21 max|Go(b), 0]2, where G, is a Gaussian process defined
on S¥*=1 such that for each b and b, E[Go(b)] = 0 and

K(b,b)
Z(b,b)/2Z(b, b)1/2’

E[G(b)G2(b)] = p2(b, b) := (13)

where K(b, b) := b E[Uvec(C;)vec(C; )b, and (b, b) := o2b'W*b;
(22) if A4(12) also holds,

~ Z(b,b)
Pl ) = e )

Note that the Gaussian process in Theorem 2 is defined simply by

b'vec(M)
g?(b) = {Jfb/W*b}l/Q :
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We offer several remarks before proceeding. First, note that G, is indexed by a di-
rection d from the origin (through b) rather than by the parameter A unidentified under
Hoo. QLR is thus nuisance parameter-free under H., a remarkable fact. As we show
in the next subsection, G,, indexed by d, is a special case of G;, indexed by 4. This
implies that under H,,, the asymptotic distribution of QLR is essentially governed by
Ho1, justifying the use of G; previously employed for hypothesis testing in this con-
text. We provide further details in Section 2.3 below. Second, the fourth-order Taylor
expansion has previously been found helpful. Bartlett (1953a, b) first examines quartic
approximations of statistical models. McCullagh (1987) also considers quartic approx-
imations using tensors. Here, using h and d, we can avoid the more cumbersome use
of tensors, permitting us to apply the methods of Cho and White (2009) and enabling
us to readily associate the asymptotic distributions under Hyy and H;. Third, the ap-
proximation is especially straightforward if k = 1. Then S¥=! = {—1,1}, so for each
d € S*!, b = 1, implying that G, is free of b and mf) = max|Z,0]?, where
Z is normal with mean zero under Hy,. Under conditional homoskedasticity (A4(i7)),
Z ~ N(0,1). Further, under A4(ii), the moment conditions in A3 can be relaxed to
require only F |Xm-|6 < o0, without adverse consequences for Lemma 2(2:¢) or Theo-
rem 2(72). Finally, similar approaches are those of Dacunha-Castelle and Gassiat (1999)
and Cho and White (2007). These authors treat a one-dimensional version of this case
in obtaining the asymptotic null distribution of a likelihood ratio statistic for testing a
mixture hypothesis. The current results extend this to the multi-dimensional case and

resolve the associated difficulties by use of h and d.

2.2 Case 2: o given

We continue our analysis of the QLR statistic under the type 2 hypothesis, but now we

suppose that « is given and concentrate QL with respect to A and 3. Then
L¥(8;0) := max Lo(a,8,1,8) = —(Y —ar)P(8)(Y — an), (14)

where P(8) := 1 — Q(8)[Q(8)'Q(d)]'Q(d), and Q(4) := [X, ¥(§)]. Note that the
concentrated QL here corresponds to Lq(lz)( -3 A\) in eq. @) Lg’)(-; «) is a function of 4,

but « is now given, unlike eq. (6)), where A is given.
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This separate approach is needed, as fixing « could, in general, yield an asymptotic
null distribution different from that of Theorem 2. For example, if the hidden unit
activation is generalized to W (X, d), so that § can interact arbitrarily with X;, we
can show that a different asymptotic null distribution is obtained. This motivates us
to separately consider the fixed-a case. As we now show, however, the asymptotic
null distribution does turn out to be the same for our specific case. The intuition is
straightforward. As one of the referees points out, we could reparameterize the model
in A2 as

f(Xs;0,8,X,8) := a+ X8 + A\[¥(X;8) — U(0)]

and test Hoo. In this case, A, is not identified but (cv, 3,) is identified; further, we
can obtain the same conclusion as in Theorem 2 by the invariance principle. This also
implies that the fixed-a case should yield the same conclusion as in Theorem 2. We
now confirm this intuition under A2.

We first examine the derivatives of LS’)

, s We again require a quartic expansion.
We also exploit the direction and distance method of Section 2.2.1, imposing H, and

letting & = hd as in eq. (10).

Lemma 5. Given Al and A2,

(i) £ L (0; o) = 0;

@) WL (05 ) = 49" J,MU + 2U/JOH_IJ' MU, where v* := [3*"" — ) /ey,
Jj = g1 (hd)\h o H; = 6hJQ(hd)’Q(hd)|h 0 =012,

(1) 2 W $(0;a) = */J’ 2 8h3 P (hd)|n_o)Jo7* + op(n4);

(iv) 2 8h4 ( a) = —64* I,MJIov* + op(n).

Here, v*, J;, H; are in fact functions of « and/or d. We suppress this dependence
for notational simplicity. Also, the given derivatives are well defined, as the associated
parameters c;’s are well defined under our assumptions. In particular, A2 ensures that
co # 0, so that ¢, !is also well defined.

The derivatives in Lemma 5 are not identical to those in Lemma 2, but they are

asymptotically equivalent, as the following lemma shows.

Lemma 6. Given Al, A2, A3*, A4(i), A6, and Hos,
OF: 6h2 (0 a) =2(a* — a)(ez/co)d’ Md + op(n/?);
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(i1) aa—};L,(@S)(O; o) = op(n®*); and

(i) 25 LY (0;0) = —6(a* — a)(ea/c0)?d (I @ d) W (I}, @ d)d + op(n).

By Lemma 6, all but the second and fourth-order derivatives vanish in probability. We

can therefore proceed in a manner parallel to Section 2.2.1. That is, if we let

g 1 _
QLR (hd: ) = (9) (0" — o) d'Md 12

n 2 CO

Q
3
()

11 2
442 (?) (o = a){d' (I ® d)W(I; © d)d}h’
n,0 0
and
——(3) ———(3)
QLR, (o) := sup sup QLR, (hd;«),
deSk—1 heR+
then it follows that
———(3) max[d'ﬁd, 0]2
LR = 15
QLE, (a) = sup, 72 {d (T, dyW (I, @ d)d}’ (15)

and we can write QLRS) = QLRS’)(a), as a does not appear on the RHS of .
Further, the RHS of is identical to that of (I2), and this implies that the asymptotic
distribution of QLRS) coincides with that given in Theorem 2. We summarize with the

following corollary.

Corollary 1. Given Al, A2, A3*, A4(i), A6*, A7, and Ho,
(7) QLRS) = sup, _ci2-1 max|Ga(b), 0]%; and
(ii) QLR — QLRY = op(1).

The proof of Corollary 1(7) is identical to that of Theorem 2. Corollary 1(z¢) immedi-
ately follows from the fact that the RHS of is identical to that of (12). We thus do
not prove Corollary 1 in the Appendix.

Since the weak limits are the same for both cases of Hs, it now suffices just to
relate the weak limit of Theorem 2 to that of Theorem 1 to obtain the asymptotic null

distribution under H,.
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2.3 Asymptotic Null Distribution of the QLR Statistic under %,

The behaviors of QLR and QLRS) (equivalently QLRS)) are related under H,.
Specifically, we show that QLRS) converges to QLRS) as & converges to 0. For this,
let & = hd as above, and define

No(h,d) = N, (8) := {®(5)MU}2  and Dy (h,d) = D,(8) := &(6)ME(3).

Then we can write sup,{ L, (\; 8) — L,(0; )} in eq. (4) as

N,(h,d) {¥(6)MU}?
Dy(h,d) W (5)YM®(5)

Our next result describes the behavior of this ratio as /& converges to zero.

Lemma 7. Given Al and A2, for each n and d,

(@) fort =0,1,2,3, hmth (h d) =0as. andhmth (h d) = 0a.s., where
N (h,d) := (8*/Oh*)N,(h,d), and DY (h d) := (0°/0h*)D,(h,d);

(i) limp 0 NS )(h d) = 6c3{> | S2h vDyMUdd;}? as.; and

(443) limy, D (h d) = 63{>F ZJ S S VD MDy did;dyd,, } as.

As Lemma 7(z) trivially holds, we prove only Lemma 7(¢: and %) in the Appendix.

Given Lemma 7, L’Hospital’s rule gives

lim N, (h d) - hmth (h d) _{ VCC( )}2
o 620Dy (h,d) limy,0 62 DY (h, d) G 0b'Wb

a.s. (16)

This implies QLR(I) > QLR(Q)

{®(h,dyMU}? {®(h,dyMU}?

LRY = > li
QLE, o 020U (h, dYMW (h,d) = gt nl0 62, (h, d)M® (h, d)
—~ 2
{b Vec( )}2 b'vec(M)
_ 1w vec(M);” 0
pomkt 1 020 WD bsggi)_l M 62 Wb
— QLR (17)
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Because QLR = QLRS) +o0p(1) = QLRY) = QLRS’) + op(1), this gives

—

QLR, = max[QL QLR® QLR

QLR” QLR

2
4 0p(1) = QLRY + 0p(1)

R,
Ry,

:@:

= max|[Q)L

and shows that the limiting behavior of ()L R,, is determined by that of QLRS).

So far, however, we have only established the asymptotic behavior of QLRS)(E),
not that of QLR. Recall that QLR (¢) is based on eliminating 0 from A, whereas
0 € int(A) is explicitly assumed for QLR Thus, QLR (¢) does not immediately
provide the desired asymptotic distribution. This also implies that the asymptotic null
distribution in Hansen (1996, theorem 1) cannot be literally regarded as the asymptotic
null distribution of the QLR test because his regularity condition assumption 1 does not
hold when O € int(A). This necessitates a further analysis of the QLR test treating O
as an element of int(A). Interestingly, it turns out that the asymptotic null distribution
we obtained in Section 2.2.1 is closely related to that of QLRT(ZD

We proceed by examining how the asymptotic null behavior of QLRS) (€) varies as
e tends to zero. It turns out that mf) plays a key role here. To provide sufficient
conditions for this, we combine the moment conditions of A3 and A3* and similarly

combine the covariance conditions A6 and A6*.

Assumption A3** (Moments): E|U;|® < oo and E|X;|® < oo; or for some k >
2(p - 1), .E'|Z‘J1g|4+2H < 00 and E‘Xt’i‘lﬁ < 00, 1= 1, 2, s ,k‘.

Assumption A6** (Covariance): For each ¢ > 0 and § € A(e), det V,(8) > 0 and
det V(8) > 0, where

E[U9.(8)] E[UY:(8)Z)] EUY(6)C]]
Vi(0) := | E[U?Z,V,(8)] FE[UZ.Z;) EU?Z,C)] |, and
E[UC,(0)]  E[UfCZ]  E[UfCC]

E[V,(0)’] E[V(8)Z)] E[T:(8)Cj]
d)]  ElZZ]] E[Z,C]
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These new conditions accommodate the fact that the score of the QL function under
‘Ho1 turns out to be identical to the score obtained under H(, when direction d is given,
and d goes to zero in the direction d by sending h to zero. Our next result involves the

joint asymptotic behavior of the random functions G; and G, separately derived above:

Theorem 3. Given Al, A2, A3, A4(2), A5, A6™*, A7, and H,,
(i) QLR, = QLR + op(1); and
(i1) QLR,, = sups G(6)?, where

o) | GO FhA0: s)
Ga(b), otherwise.

In previous works, the asymptotic null distribution of ()L R,, has been given as sups G1
(6)2, but this neglects the twofold identification problem. The true asymptotic null
distribution may differ from sups; G;(8)?, because this does not properly handle the
asymptotic null distribution under H,,, mainly due to the regularity conditions needed
for the quartic approximation. Properly accounting for Hy» shows that this distribution
is actually sups G(8)?, which depends on both G; and G,. The stronger conditions A3**,
A6, and A7 are not required for H(; but are key to ensuring the validity of the quartic
approximation. These conditions and the reparameterization in (I0) permit Theorem 2
to extend Theorem 1 to hold on all of A, including 0. Theorem 3 then holds as an easy
corollary, exploiting and (I7)). We thus do not provide a proof of Theorem 3 in the
Appendix.

The covariance structure of G necessarily accommodates the covariance of G; and

Gs. Specifically, for cach & = (h,d) and & = (h, d), E[G(8)G(d)] = p(8,8), where

p1(8,8), ifh#0andh +0;
p(8,8) =14 pa(b,b), ifh=0andh=0;

p3(b,8), ifh=0andh #0,
with

~ H(b, )

p3(b, ) = ooV and H(b,8) := E[Ub'vec(C;)U;(d)].
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Thus, H (b, 5) represents the covariance between the scores for Hg; and Hoo. If Ad(i)

also holds, then H(b, 8) = o2b' E[vec(C;)W;(8)]. In this case,

pg(b,g) _— b’ Elvec(C;) U (4)] _ |
{b'E[vec(C;)vec(C; )b} /2{ E[V;(§)2]}1/?

The covariance structures ps (b, b) and ps(b, 8) are related to p; (8, &). Specifically,
they essentially represent the limits of p; (4, 5) as h and h tend to zero, respectively. To

show this, we define
0y(8,6) := U, (8)W,(8) and Y. ;(8) =V (8)Z,, j=1,2,-- k+1.

We ensure the applicability of the Lebesgue dominated convergence theorem by impos-

ing the following:

Assumption A8 (Domination): (i) For { = 0,1, - -- ,4, and each j, E[supg |(0°/Oh*)
Y, ;(8)*] < oo; and
(i1) for £, m = 0,1, -, dsuch that (+m < 4, E[sups 5 (84 ™ /ORLOR™) D, (8, 8) 2]

< 00.
We have the following formal result:

Lemma 8. Given Al, A2, A3**, A4(i), A5, A6**, A7, A8, and H,,
(i) limpo p1(0, 8) = sgn[ez]ps(b, 8); and
(1) limpyo limg , p1 (8, 8) = pa(b, b).

Note that sgn[cy] appears in Lemma 8(i), so that we do not necessarily have G; L

G, where 2 denotes equality in distribution. Nevertheless, squaring these Gaussian
processes makes this sign irrelevant, so that G7 < G2 and QLR, = supsGi(d6)* by
Theorem 3(iz). The following states this formally.

Corollary 2. Given Al,A2,A3**, A4, A5, A6**,A7, A8, and Hy, QLR,, = sups; G1(8)>.

This follows directly from Lemma 8 and our earlier discussion, so we do not prove this
in the Appendix.
Under the further conditions of Corollary 2, the asymptotic null distribution G,

previously derived in the literature for ()L RR,, by neglecting the twofold identification
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problem is indeed correct. Nevertheless, properly accounting for H,, introduces reg-
ularity conditions stronger than previously recognized. The given conditions have the
advantage of permitting a straightforward treatment of the twofold identification prob-
lem. Although it may be possible to find weaker conditions ensuring the conclusion of
Corollary 2, A7 is crucial, as different null distributions may pertain when c, = 0. We
demonstrate this in our Monte Carlo experiments below.

A practical implication of Corollary 2 is that the QLR test can test Hy; and Hoo
simultaneously under the given regularity conditions. This is an improvement, in the
sense that previous statistics in the literature have been designed to test Hy; and Hoo
separately. But applying different tests sensitive to different alternatives can lead to size
distortion when the null hypothesis is arbitrary neglected nonlinearity. On the other
hand, the QLR test studied here obviates this problem.

The most crucial condition for the success of the QLR test is A7, as we emphasize
above. If A7 is violated, but the researcher ignores this, the size of the test may not
be properly controlled. Indeed, methods for constructing proper critical values for this
case are unknown, as higher order approximations are required to derive these, and this

is a topic requiring further research.

3 A Modeling Exercise and Monte Carlo Experiments

3.1 An AR(1) Example

In this section, we illustrate our theory using a Gaussian AR(1) process with DGP
Vi=0.+8Y 1+ U, t=1,2,---,
where |8, < 1 and {U;} ~1ID N(0,02), so that k = 1 and
EY|Yio1,Y 0, Y5, -] =0, + B.Y;1.
To test Ho, we take ¥ = exp and specify the alternative model with

f(Yt—l y O 57 )\7 5) =+ BYt—l + )\exp((SYt—l)-
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We take 6 € A := [0, 6], where —00 < § < 0 < § < o0.
First, we examine the behavior of QLR under Hp;: A\, = 0. Letting ¥(0) :=
lexp(0Yp), exp(dY7), -+, exp(dY,_1)], Theorem 1 gives

{UM¥(4)}? 2
QLRS)(E) = sup - = sup Gi(9)7,
5€[8,—€]Ue,3) 0270\11(5)/1\/[\11(5) 5€[8,—€]Ue,0]

with mean zero Gaussian process G; such that

N j((sv )
EGi(6)G:1(0)] = (70, 5)}1/2{j(5,5)}1/2’

and, for each non-zero ¢ and 9,

J(5,6) :=0?Elexp(Y(6 + 9))]

-1

_ | Elem(Yo)] 1 E[Y] Blexp(Y)] |
EY;exp(Y,0)] | | E[Yi] E[?) E[Y; exp(Y,0)]
Defining
M(6):=exp { | 3*5*5—# 2(1?52)52} and
J(8,8):={exp|[var(Y;)30] — 1 — var(Y,)30},
we have

T(6,3) = oM (8)M(3)J(5,9).

Note that M (0) = Elexp(dY;)] is the moment generating function of Y; ~ N[0, /(1 —
B.),02/(1 — B2)]. It follows easily that

pl(&g) — j((Sv >~~ _ J((sv )~~ ‘
{7(5,0)3/{T (6,0} {J(6,0)}/*{J(6,6)}/

Now G; is indexed by d. We also have 6 = hd, with distance h € R™ and direction
d = =+1.
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Next, consider the behavior of QLR under Hgs: 0, = 0. Theorem 2 gives

— @2 max[¢/D;;MU,0]?
LR~ = 1
QLE, 6% ot'D1MDye + oz (1),

where Dy := diag{Y?, Y?,---,Y? .},

VDyMU =) Y2, U,
t=1
/ —1

Z?=1 }/;52—1 n Z?:l Yig Z?:l Uy
D1 Y S Y Y YA S YU,

and

D 1MDye = Z Y;il

t=1
/ —1

Z?:l Y?—l n E?:l Yia Z?:l Yil
Z?:I Ytg—l Z?:l Yt—l Z?:l Y?—l Z?:l Yt3—1

As mentioned at the end of Section 2.2, the fact that & = 1 makes the role of d in

Theorem 2 trivial, because d € {—1, 1}. Thus, Theorem 2 implies
mf) = max][0, G]?,

where Gy ~ N (0, 1). This holds because

n’16i70L’D11MD11L

1
var(Y;)

1= {E[Yf] - (B - 2B BV B + E[Y;”P}}

Further, Y; ~ N[0,/(1 — 3,),02/(1 — 3?)] implies Z = 202 var(Y;)?, as well as
n~12,/D; MU 2 N0, 202 var(Y;)?], so G, obtains as the weak limit of

n_1/2L/D11MU
{O'zn*lLIDHMDHL}l/Q .

Finally, we combine these separate results. By Theorem 3, we have QLR, =
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supsea G(6)?, where

g1(5)7 lf(s 7é O;

G(d) =
Go, otherwise,
with _ B
p1(0,0), ifd # 0and § # 0;
E[G(6)G(0)] =4 1, if § = 0and é = 0;
p3(8), ifd=0andd 0,
where
G MO H(0)
P {T0,0) /T2 {oZM(0)M(6)J(5,0)}/2{T}1/?
with

H(0) = o E[Y exp(Y;0)] — —Vaj(*Yt) (B[ - BV EYZ) Elexp(6Y,)]}
B Va:(*m {(E[Y}®] = ElYE[Y?])E[Y, exp(3Y;)] } .

Using the normality of Y; and its moment generating function M (4), it is straightfor-

ward to show that H(0) = o2 var(Y;)2M (§)6?. Using the definition of (4, §) and the
fact that Z = 202 var(Y;)?, we have

var(Y})6?

p3(0) = {2[exp|var(Y;)d?] — 1 — var(Y;)d2]}1/2°

Finally, we find that the covariance kernel of G is just p; (9, §). This follows because

lim lim p;(8,6) = limlim p1(6,6) =1 and  lim p1(6,0) = p3(9).
6—0 6—0

=050 5090

These represent £[G(§)G(0)] and E[G(0)?] respectively.
Thus, G 4 Gy, so that QLR,, = supca G1(0)? under Hy.

3.2 Monte Carlo Experiments

In this subsection, we present the results of Monte Carlo experiments designed to in-

vestigate how well our asymptotic results approximate the finite-sample null behavior
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of our QLR statistic. We continue to study the AR(1) example. For conciseness, we
restrict attention to behavior under the null, as the power of such tests under this dis-
tribution has already been well studied, both theoretically in the context of contiguity
(e.g., Le Cam (1960), Hajek and Sidék (1967), and van der Vaart (1998)), and via Monte
Carlo experiments (e.g., Bierens (1990) and Hansen (1996)). We first discuss a method
for obtaining the asymptotic null distribution alternative to that of Hansen (1996), and
we show how this embodies the features of the QLR statistic developed in Section 2.
We then examine the performance of Hansen’s weighted bootstrap, paying particular

attention to what happens when A7 holds or is violated.

3.1 Simulating the Asymptotic Null Distribution

Hansen (1996) proposes a bootstrap procedure for constructing critical values for tests
of the sort considered here; we discuss this in the next section. Because this procedure is
computationally very intensive, we first discuss a less demanding procedure, available
in particular cases. This method directly constructs and simulates a Gaussian process
equivalent to that obeyed asymptotically by the statistic of interest. This approach has
been taken by Phillips (1998), Andrews (2001), and Cho and White (2007, 2009, 2010),
among others. This method is feasible for our AR(1) example, due to the assumed
normality and conditional homoskedasticity. For other distributions or with conditional
heteroskedasticity, this approach may not be possible; Hansen’s method is especially
useful in such cases.

Specifically, a process identical in distribution to G 4 G, of Section 3.1 is

Gosy o o {var(Yo) 20N 2, VR
90) = {exp(var(Y;)02) — 1 — var(Y;)02}1/2’

with {Z;} ~ IID N(0,1). To show this, we note that for any & and & in A, E[G(5)] =

E[G(6)] and E[G(6)G(3)] = E[G(5)G(5)]. Thus, G < G; < G by a well known property

of Gaussian processes. Further, lim;_. G (0) = Zy a.s. and

var(Y;)d?
{2[exp|var(Y;)d?] — 1 — var(Y;)2]}1/2

E[Z,G(0)] = — (6).

This verifies that Z, has the same stochastic properties as Go.
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For any given 9,

: 1 ovk/2, | oo L ks2k _
]}Lrgovar m{var(Yt)é Y=<z _klggo k!{var(Yt)} 0" =0.

Thus, if K is sufficiently large, simulating G (0; K) can yield a useful approximation to
G LG LG, where
5 S {var(Y) Y26 2,/ V!

G(6; K) = {exp(var(Y;)82) — 1 — var(Y;)§2}1/2°

Because var(Y;) is unknown, we replace it with a sample estimator, say,

2
. 1 n , 1 n
var, (Y;) = EZYt — {EZY}} 5
t=1 t=1
and obtain critical values for QLR by simulating sup;c G (6; K)2, where

6 (50 e i (VA (V)P0 2/ VR
o0 )= {exp(VASrn(Yt)é?) — 1 — var, (;)82}1/2

Because supsc G (0; K)2 and supgea G (6; K)? depend on K and A, we empha-

size this by writing

OLR,(A; K):=sup G, (6; K)?, and
deA

QLR,(A; K):=supG(J; K)2.
seA

We examine the properties of the QLR statistic under the null for a variety of rel-
evant cases. We let X' = 150 and consider four choices for A: Ags := [—0.5,0.5],
Ay = [-1.0,1.0], Ay 5 := [—1.5,1.5], and Ay := [—2.0,2.0]. We also let (0., S,
o2) = (0,0.5,1), so that var(Y;) = 4/3. The distribution of QLR,,(A; K) is obtained
by grid search for the maximum over A. The grid distances for Ag 5, Ay, A5, and
Ay are 1/101, 2/201, 3/301, and 4/401, respectively. This avoids the zero grid point,
where OLR,(A; K) = QLR (A K) = 0.

INSERT Table 1 AROUND HERE.
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Table 1 presents the asymptotic critical values obtained for QLR (A; K). We see
immediately that these depend on A. As A gets larger, the asymptotic critical values

increase, as the definition of QLR,,(A; K') implies.
INSERT Table 2 AROUND HERE.

Table 2 presents the finite-sample properties of the QLR statistic. As Corollary 2
implies, for every A, the finite-sample distribution of the QLR statistic approaches the
asymptotic distribution of QLR (A; K) as n increases. We also see that the empir-
ical rejection rates for nominal levels 1%, 5%, and 10% approach these levels from
below. Figures[I] and [2| respectively show the empirical distribution and estimated den-
sity function of the QLR statistic for each A. The density functions are obtained by
kernel density estimation method using the standard normal density function as kernel.
As can be seen from Figures 1| and |2} the empirical distributions uniformly approach
the asymptotic null distribution as the sample size increases. We also see that the QLR
statistics have better finite sample properties when the associated parameter space A
is smaller. The nominal rejection rates are closest to the asymptotic distribution for
QLR (A; K) when A = Ags. If A = Ay, the finite sample distribution for QLR is
still quite far from that of QLR,,(As; K), even when the sample size is 5,000.

INSERT Figures 1 and 2 AROUND HERE.

Table 3 presents simulation results for the case in which var(Y}) is estimated. Simu-
lating @H(A; K) for every realized estimate of var(Y;) requires an immense amount
of computation time. Consequently, we obtain critical values by interpolating values ob-
tained from Table 2. Specifically, in Table 2, we analyze seven sample sizes (50, 100,
.-+, and 5,000), each of which is replicated 10,000 times for each choice of A. We col-
lect the minimum and maximum values of the estimates of var(Y;) from the replications
for each sample size, giving 14 estimated values that we denote var(Y;). Using these,
we put K = 150 as before and generate null distributions of @n(A; K), simulating
50,000 times to obtain precise critical values. Denote the critical values for a nominal
level o and choice of A obtained in this way by cv(var(Y;), A, a). From this simu-
lation, we observe that, for each o and A, cv(var(Y;), A, ) monotonically increases

as var(Y;) increases. Thus, if the sample QLR statistic is less than cv(var(Y;), A, «)
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and its associated variance estimate is less than var(Y;), then the null shouldn’t re-
jected. On the other hand, we reject the null if the QLR statistic is strictly greater than
cv(var(Y;), A, ) and the estimated variance is less than var(Y;). We find that for each
A and a, better than 99% of the 10,000 replications of Table 2 can be handled by this
rule. For those replications that cannot be handled in this way, we obtain the critical
values by interpolating the 14 combinations of (var(Y;), cv(var(Y;), A, a)) and apply

the standard decision rule.
INSERT Table 3 AROUND HERE.

Table 3 presents the empirical rejection rates obtained in this way; the results are
almost identical to those of Table 2. As the sample size increases, the nominal levels
are more closely matched. Also as before, the levels are better when the associated
parameter space is smaller. Thus, the findings of Table 2 are preserved, even when

var(Y;) is estimated.

3.2 Hansen’s Weighted Bootstrap

In this section, we apply Hansen’s (1996) weighted bootstrap to estimate the asymp-
totic null distribution and to examine how the weighted bootstrap behaves when our
regularity conditions are or are not met. For this, we continue to study the AR(1) DGP
of Section 3.2.1 and the choice ¥ = exp (“Model 1”°). We also consider the choice ¥ =
logistic CDF, so that () = 1/{1 +exp(0Y;_1)} (“Model 2”). Further, we let § € Ag 5
for Models 1 and 2. Note that for Model 2 we have c; = 0, violating A7.

The specific procedure for applying Hansen’s weighted bootstrap is as follows:
First, for each grid point & € A, we compute the scores Sy (8) := { Dy (6)} 2 Wi (),

where
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U, =Y, — Z) (G, Bn)’ , and (G, Bn) is the least squares estimator obtained using the
null model. Grid points with grid distance 1/101 are selected from A as before. Thus,
there are 102 grid points for Models 1 and 2.

Second, for j = 1,---,J, we generate Z;; ~ IID N(0,1),¢ = 1,2,--- ,n, and
simulate the asymptotic distribution of the QLR statistic by computing the empirical

distribution of

n 2
QLR = 232 (% ; gnt(é)th) )
We let J = 500, as the computational burden is immense. Although .J is not large
enough for highly precise estimates, Hansen (1996) suggests that simulation results
with this choice should generate solid results.

Third, we compute the proportion of simulated outcomes exceeding the QLR statis-
tic. That is, we compute the empirical level p, = J* ijl IIQLR, < QLR
where /| - | denotes the indicator function.

Finally, we repeat the entire exercise 4, 000 times, generating p,(f ), 1=1,---,4,000,

and we compute the proportion of outcomes whose pS ) is less than the specified nominal

1 4000 I

L 574000 7150 < o). Under the null, this

level (e.g., @ = 5%). That is, we compute
converges to the significance level corresponding to the specified nominal level, o.
Plotted as a function of «, this should converge to a 45-degree line on the unit interval,

if the weighted bootstrap is successful.
INSERT Table 4 AROUND HERE.

We present these estimates in Table 4 and Figure 3. The first panel of Table 4 in-
dicates the obtained empirical levels for « = 1%, 5%, 10%, 30%, 50%, 80%, 90%,
and 95%, when the exponential function is used for the activation function. This model
satisfies all of our regularity conditions. We see that the empirical rejection rates con-
verge to the specified nominal levels as the sample size increases. This shows that
even if Hansen’s (1996) regularity condition Al is not met (i.e., lims_,o 7 (8,d) = 0),
his weighted bootstrap still consistently delivers the specified nominal levels. This is
mainly because the numerator and denominator of the QLR statistic converge to zero at
the same rate, so that applying L’Hospital’s rule delivers the asymptotic distribution of
the QLR statistic as d converges to zero. The same result is especially obvious from Fig-

ure 3. The first panel of Figure 3 shows the estimated value of s S0 1[5 < af
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for each a € [0, 1]. As the sample size increases, the estimated relation uniformly
approaches the 45-degree line, affirming that Hansen’s (1996) weighted bootstrap is

successful when our regularity conditions hold.
INSERT Figure 3 AROUND HERE.

The second panel of Table 4 shows what happens when the logistic CDF is used. As
mentioned above, this violates A7. Indeed, we observe that the weighted bootstrap does
not work for this case and that large sample sizes are required to achieve asymptotic
behavior. The empirical rejection rates differ substantially from the nominal levels
when n = 6,000, and this difference does not vanish with increasing sample size. In
particular, although the right-hand tail probability is relatively well approximated by
the weighted bootstrap, the difference is persistent for the left-hand tail probability:
when n = 40, 000, the empirical rejection rate for the left-hand tail probability does
not converge to the nominal size. Essentially, the quartic approximation is insufficient.
The second panel of Figure 3 also shows the value of 15 ngio I [pS ) < a] for each
a € [0,1]. This exhibits the same behavior. The relation does not converge to a 45-

degree line as the sample size increases, even for n = 40,000. Use of the weighted

bootstrap does not deliver reliable inference when A7 is violated.

4 Conclusion

This study revisits testing for neglected nonlinearity in regression using ANNs, moti-
vated by the fact that the literature so far has not accommodated the twofold identifi-
cation problem: using ANNs, the linear null can be generated in two different ways.
Previously, the possibilities under the null have only been analyzed separately, and this
is not enough to obtain the desired asymptotic null distribution of ANN-based nonlin-
earity tests.

This asymptotic behavior is therefore still an open question. Here we analyze a
convenient ANN-based quasi-likelihood ratio (QLR) statistic for testing neglected non-
linearity, paying careful attention to both components of the null. We derive the asymp-
totic null distribution under each component separately and analyze their interaction.

Somewhat remarkably, we find that the previously known asymptotic null distribution
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for the type 1 case still applies, but under somewhat stronger conditions than previ-
ously recognized. We present Monte Carlo experiments corroborating our theoretical
results, and showing that standard methods can yield misleading inference when our

new, stronger regularity conditions are violated.
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Appendix: Proofs

Proof of Lemma 1: (1) Given Conditions Al, A3, and A4, we have

625 =n" Z Ut —(nt Z UZ))(n! Z Z,Z) " (n i Z.U)
t=1

— 02 —0(E[Z,Z})) "0 =0

in probability by the ergodic theorem.

(47) We separate our proof into two parts. First in (a), we show the weak convergence
of n=/2®w(-)YMU. In (b), we show that n~'62 ,¥(-)ME(-) — J(-) uniformly
on A(e) in probability. Given these, the desired result follows from the converging-
together lemma (Billingsley (1999, p. 151)).

(a) To show the weak convergence of n~/2W¥( - )’ MU, we note that

nTPW(§)MU =n~2Y "W, (8)U, — () Wy(6 Z Z,Z,) " 'n/? Z Z.U,.
t=1 t=1
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For each & € A(e), let ¥, ;(8) be defined as
U, (8) := Wy (8)U, — (O Wi(8)Z)(D | ZeZy) ' 21,
t=1 t=1

and let U, (8) be defined as

Uy (8) := U, (8)U, — E(V,(6)Z))(E[Z,Z1]) ' Z,UL.
We show that

sup
dcAl(e)

n 2N [W,.(8) - @t(a)]' = op(1) (19)

and then show the weak convergence of {n~'/23""" ,(-)} on A(e). First, we note

that
—1/2 7 T
sup |n (9,,4(8) — B,(9))]
d€A(e) ; ' !
n n 1 n
< LN L (8)Z 1IN 772V —(E[Z,Z)7 Y — Y Z.U,
621&%)(" ; t()t){(” ;tt) ( [tt]) }\/ﬁ;tt
n 1 n
+ 1IN U(6Z)) - BV, (0Z) S (E[Z,Z) ' — Y Z.U,
52%()6) {(” tz; t( ) t) ( t( ) t)}( [ t t]) \/ﬁ; tUt

We note that {Z,U;, F;} is a martingale difference sequence (MDS) so that E[Z,U;| =
0, with E[|X,;U,|*] = E[UMNY2E[| X, [*]V? < E[MMY2E[X]Y? < oo; also, E[U}
Z,7;] is positive definite by A6, where F;_; = o(X¢, U1, X4—1,Us_2,---). This
implies that n=/23" Z,U, is asymptotically normal by, e.g., theorem 5.25 of White
(2001). Therefore, > | Z,U; = Op(n'/?). Further,

= 011:)(1),

sup
deEA

nt i Uy (8)Zy — E[V,(8)Z,]

as shown in (b), by applying Ranga Rao’s uniform law of large numbers (ULLN), where
lai;llln = (32; 3=, laij]). Therefore,

sup
dcAl(e)

= O[p(l).

{<n1 > w(0)Z) - E(ﬁft(a)z;)} (EZZ)" 7> 20,
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Also, [n~' >0 | Z,Z}, — E|Z,Z})| = op(1) and foreachi = 1,2, -+ |k, Supgea | D1y
U (0) X < >°i, My|Xy;| = Op(n) by applying A5 and the ergodic theorem. This

implies that

n

(0> wi(8)Z;) {(n—lzztzo-l - <E[th;]>—1} %ZZM

t=1

sup = op(1).

dcAl(e)

Thus, follows.

Next, we verify that the two terms on the RHS of U, (d) satisfy the sufficiency
conditions for weak convergence. First, we note that |, (6)U, — W,(8)U,| < M, - |U,] -
|6 — 5” from the differentiability and bound conditions in A2 and A5 respectively, so

that for x > 0 as in A3, it follows that

sup  |W,(8)U; — W,(8)U, > < MZHF|U Pt < Mp+2eee,
[6—4]|<n

implying that

1

E| sup [0(8)U; — Wy(8)U[*" - < E[M}*2%]7y, (20)
16—d]|<n
Likewise, by the moment condition in A3, there is some C' such that
|E(W1(8)Z;)(E[Z4Z) ™" ZUy — E(V4(8)Z;)(E[2,Z) ™" ZoUy|
= [E[{W:(8) - V4(0)}Zi] (E(Z.Z}) " Z.Ui|
< OMZ(EZZ) M - | E{W(8) — Tu(8)}Zal} 1.

Then

|E(U,(8)Z0)(E[Z4Z}]) " ZoU, — E(V,(8)Z.)(E(Z4Z)) " Z4U|
< C-M? - |{EZZ)} M- | BlZeYe(8)] — E[th’t(g)”h
<k-C- M} |{E[ZZ]} " E[M?]-||6 - 4],

where the last inequality follows from the Lipschitz continuity condition implied by
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AS. Thatis, for j = 1,2, , k41, | Z;,[W4(8) — U, (8)]| < M2||& — 8]|. Hence,

1
24k

E Has—%ﬁ) E[(V4(8) — W(&)ZDN(E[ZZi]) ™ Z,U*

< C - EIM7% - |{E[ZZ)} |1 - E[M2)-n. (1)

Given and ll it follows that that for some B < oo, E[sups5_s<y, |0, (8) — U, ()
|>+#] < Bn, implying that Ossiander’s L>** entropy is finite. Thus, {n="/2 37 T,(-)}
is tight by Theorem 1 of DMR (1995). This and lb imply that {n=1/23"" W, (-}
is tight, and the multivariate CLT gives the finite-dimensional weak convergence, which
we do not prove, as this is straightforward. These two facts ensure the weak conver-
gence of {n"Y/23" W, ,(-)} on Ae).

Finally, the given covariance structure follows by the finite moment conditions.

(b) Next, for each 4,
nT W (8)ME(S) =n"" ) y(6)?
t=1
—{n ' Y WOZY Y2z T Y (92}
t=1 —1 —

It easily follows that sups[n~' > ) | ¥,(8)* — E[¥,(d)?]| — 0 in probability and
supg [[n ™' o1, Wy(0) Zy — E[¥,(8)Z,]||; — 0 in probability given Al, A2, A3, and
AS by Ranga Rao’s (1962) ULLN. Therefore, from this and the weak law of large
numbers (WLLN) applied ton™' Y7 | Z,Z;,

Sup '@ (8)MET(8) — {E[®(0)*] — E[®()Z{ E[Z:Z]} " E[¥(8)Zi]}[—0

in probability. Therefore, Lemma 1(7) proves the desired result.

(¢17) A4(i7) immediately implies

T(8,0) := BIUAV;(8)W;(8)] = E[B[U|X,]U; ()} (8)] = o2 B[} (8)W;(d)].

Proof of Theorem I: (i) Given Lemma 1(: and 7z), the continuous mapping theorem
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completes the proof.
(71) We use Lemma 1(zi7) and the definition of p; (9, 5) to obtain the desired result.
[ |

Proof of Lemma 3: (1) By the definitions of D;; and M,

L,DijMU = Z Xt,iXt,jUt — Z Xt,iXt,jZ;(Z ZtZ:e)_l Z ZtUt.
t=1 t=1

t=1 t=1

We note that n=* > X, X, ;Z; and n=' Y Z,Z} obey the WLLN by the ergodic theo-
rem and A3* and further show that n—'/2 > XXy Uy satisfies the CLT. We already
showed that n=/2 " Z,U, obeys the asymptotic normality in the proof of Lemma 1(),
which also holds under the conditions of Lemma 3. For n=%/2 " X, ; X, ;U;, we verify
the conditions of theorem 5.25 of White (2001). First, we note that {X;; X, ;U;, F:} is
an MDS under the null, so that E[X,; X, ;U;|F;,—1] = 0. Second, E[|X;; X, ;U;*] < o0
by A3*. This follows from the fact that

B[ X, X ;U] < EUNY2E[| Xy X'
< EIMM'PE) X" B[ X, ;[5Y* < oo,

where the first two inequalities and the last inequality follow from Cauchy-Schwarz
inequality and A3*, respectively. This implies that n=1/2 3" XX ;U 1s asymptotically
normal by theorem 5.25 of White (2001). Thus, ¢'D;;MU = Op(n'/?).

(22) The proof is almost identical to (). We note that

VD MU =" Xy X X U = Y X0 Xo i X Z)(Y D ZeZ)) ™ 2,0,
t=1

t=1 t=1 t=1

and that n=' Y"1 | X, X, ; X, Z, obeys the WLLN. Also, {X; X, ;X;,U;, F;} is a
MDS, implying that E[X;;X; ; X; ;U:|Fi—1] = 0. Cauchy-Schwarz inequality yields

E| X0 Xe; X U] < El| Xea Xo g1 El| X U]
< E[| Xl TV EN X P E X1 EU P < o0
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alternatively, we have

E| X1 X1j Xe U] < BlIXeiXo Xeo T E( U2
< BlIXeiXoj ') BN Xl ] BIU
< BlIXeo TP B X e "T B[ Xo o F) P E[ U2 < 00

by A3*. Finally, E[X? X2, X2,U?] > 0. Thus, n=/2 3" | X, ; X, ; X, ,U, is asymptot-
ically normal by theorem 5.25 of White (2001). Hence, ¢'D;;;MU = Op(n'/?), so that
(D, MU = op(n®4).

(227) We have

UDijenMU = X0 X0 ;X0 o XU =Y X0 X0 i X0 XomZi (Y 2,20) 7Y 2,0,
t=1

t=1 t=1 t=1

By the ergodic theorem and A3*, n™' > X, ; X, ; X} ¢ Xy mZ; and n~ 'Y Z,U, respec-
tively converge to E'[X;; X; ; X; ¢ X ,»Z,] and 0 in probability. Also, E[X;,;X; ; X, ¢ X
U¢|Z,] = 0, so that the desired result follows by the ergodic theorem if E[|X;; X, ; X,/
Xi.mUt|] < oo. For this, we note that

EHXt,iXt,th,éXt,mUtH < EHXt,iXt,th,ZXt,m|2]1/2EHU,5|2]1/2
< E[| X P12 B X0 [*] B Bl X0 o |*] VB Xy |B] /B E]|U V2 < o0,

by A3*.

(tv) By our definitions, ¢'D;;MDy,,¢ is identical to

'D;;MDy,,,t = Z X i Xy j X o Xem — Z Xt,iXt,jZ;(Z thfg)_l Z 2y Xy 0 X
t=1 t=1 =1

t=1
We can apply the ergodic theorem to each element, so that n~'¢/ D;;MDy,t — Tijem

a.s., where

Tijom = E[C* t*,ém]

t7z.7

= B[X1:iX; ;X0 0 Xom) = E[X0: X0 52 { EZ,Z3)} 7 BZ1 X0 X1,
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which is finite by Conditions A3* and A6. This yields the desired result. [

Proof of Lemma 4: (1) First, we note that

vech(n™/?M) = n~1/? Z ClUy— (™'Y CZy)(n™" Y ZZ) (n7P Y 7).
t=1 t t=1

Second, the MDS CLT ensures that under our conditions, and, in particular, A6*,

‘WZ Z;,C N(0, V).

Third, n=' >~ C,Z, and n=1 Y Z,Z] respectively converge to E[C;Z;] and E|Z;Z,] in
probability by the WLLN. Therefore,

vech(n~'/2M) 2 N(0, E[U2[C,;—FE[C,Z)|E|Z,Z})"'Z,)[C,— E|C,Z}|E|Z,Z})*Z,]]).

Note that the typical element of the covariance matrix is E[U, QC’;ZJ Ctym)- Thus, it
follows that n=/2M = M from the symmetry of M and the fact that n~/2d'Md =
d Md = vec(dd')'vec(M) for any d € S*~! by the continuous mapping theorem.
Therefore, n=/2d'Md = b'vec(M ) by the definition of b.

(ii) The desired result trivially follows from the fact that n~'6'Wb = S | Zl?,
Ze ) Zm WDy MDyyt)d;d;dd,, and that n='¢'D;;MDy,t = Tijem a.S., as
shown in the proof of Lemma 3(iv). Thus, n " '6'Wb — b'W*b a.s.

(177) For each 4, j, {,m = 1,2,--- , k, E[]MyMn] = E[UC};Cy ] = E[E[U?
1X4]C; i Cr ) = 0ZE[CY

tig t,ig

Ct ) under A4(i7). This completes the proof. n

Proof of Theorem 2: (i) We separate the proof into three parts: (a), (b), and (c). In (a),
we prove the weak convergence of n~'/2d’Md as a function of d. In (b), we show that
b'Wb obeys the ULLN as a function of b . Finally, the covariance structure of G is
derived in (c).

(a) Given that n'/2M = M, the tightness of {n~'/2d’'Md} as a function of d

follows easily. For this, we first show that

sup n~2d'(M — M*)d = op(1),
desk-1
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where M* := [¢/D;;U—P,;;Z’'U] and P;; := (E[X,;X;;Z;])(E|Z:Z},))""; and we then
show that {n~'/2d'M*d} is tight as a function of d.
First, we note that M = [¢'D;;MU]J and

VDyMU =) "Gl = (O XX Z) (Y D ZZy) ™ = Py | Y 24U,
t=1 t=1 t=1 t=1

which is op(n'/?), because >, Z,U; = Op(n'/?), and n =1 Y"1 | X;:X;;Z, and n~!
St Z,Z, obey the WLLN, as we saw in the proof of Lemma 3(¢). Thus, n‘l/Q(M —
M) = op(1). This implies that supgege—: n~/2d’ (M — M*)d = op(1), because Sk
is bounded. Next, for any £ > 0,

1 ~~ 1 ~ €
P| sup ——=|dM*d—-dM'd|>¢c| <P| sup ——=|d'M*'d—-dM*d| > -
la—dj<s V7 a—aj<s V7 2]
+P Lamrd—dwrd s <
sup —— — —
| ||[d—d|<é vn 2_
(22)
We have
sup |[dM'd—dM'd| < sup Y > |{¢DyU—P;Z'Uldi(d; — d;)]
ld—d||<é ld—d||<§ i=1 j=1
k k
<6y > |{¢DyU-P;Z'U}|.
i=1 j=1
Therefore,
c k k
U * U *
P dSL;p<6\/_|dM d—dM*d| > 5] <P [522 —=[/DyU - P,;Z'U| > 5]
=1 j=1
k k
<;;P{ —=[¢Dy;U - P;Z'U| > 25/#]
k k
52k4
<> Z —2 i
i=1 j5=1
using Markov’s inequality, where 4, j,{,m = 1,2,--- |k, 05 j4m = [UZC;‘” t*zm]
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Thus,

k k

ey 80%k*
M*d—-dM*d| > ¢| < = Zzazjij (23)

1
limsupP | sup —=|d
n—00 |d—d]||<é vn

i=1 j=1

using the same method applied to the second component in the RHS of (22). We
can make the RHS of as small as we wish by letting 6 be small. It follows that
{n=Y/2d'M*d} is tight. Its finite-dimensional distribution also follows from the mul-
tivariate CLT, which ensures n~/ M = M. As this is straightforward, we leave the
details aside here. Therefore, n='/%d’ Md weakly converges to d' Md as a function of
d.

(b) Since Wb = vec(dd')Wvec(dd') and

k k k k

SISINTS . rmdid;didy, = vee(dd'Y Wvee(dd)),

i=1 j=1 ¢=1 m=1

it follows that

k k k k
sup |n”'vec(dd') Wvee(dd') = > Y >N " 1ijundid;dyd,,

desk—1 i=1 j=1 £=1 m=1

k k k k
< sup > Y NN (WD MDyyt) — Tijem| X |did;dedy|

deSF 1T 0 =1 m=1

We already saw that n =14/ D;;MDy,,t — Tijem a.s. in the proof of Lemma 3(iz). There-

fore,

sup. [n~'vec(dd') Wec(dd') — vec(dd') Wvec(dd')| — 0 a.s.

cshe

This implies that n='6'Wb = n~vec(dd') Wvec(dd') obeys the ULLN as a function
of d.

(¢) Further, {n~"/2d'Md, n~'vec(dd') Wvec(dd'), 620} = {d'Md, vec(dd') W*
vec(dd'), 02} as functions of d by (a), (b), and the fact that 6 ; — o7 a.s. Therefore,
as a function of d, {62,b'Wb}~/2d'Md = {62,b'Wb}~/2b'vec(M) = Gy(b) :=
{o26'W*b}~1/2b'vec(M) = {Z(b, b)} ~'/2b'vec(M) by the converging together lemma
(theorem 3.9 of Billingsley (1999, p. 37)) and the definition of Z(b, b).
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As the final step, we derive the covariance structure of G, from the asymptotic co-
variance between n~/2d'Md and n~/2d Md. We already proved in (a) that n="/2(M—
M*) = op(1). Further, we note that

k k k k
nLE[dM*dd M*d] = YN N N EURCTCr ) didydyd,,
i=1 j=1 ¢=1 m=1

= b E]vec(M)vec(M)']b.

This shows that n~' E[d'Md E/ME] — b E[vec(M)vec(M)']b in probability, which
is KC(b, b) from the fact that E[U: ?CtiCt il = E[MijMyy,). Therefore, it follows that
E[G2(b)Ga(b)] = p2(b, b). This is the desired covariance structure.
The desired result now follows from (a), (b), and (¢).
(ii) By Lemma 4(iii), K(b, b) = Z(b,b), so that py(b,b) = (b, b)~"/2I(b,b)
Z(b,b)~'/2. This completes the proof. |

Before proving Lemmas 5 and 6, we provide some supplementary lemmas.

Lemma Al: Given Al, A2, A3*, A4(1), A6*, and Hoo,
(i) for j = 0,1,2,3, and 4, U'J; = Op(n'/?);
(1) for 7 = 0,1,2,3, and 4, J{J; = Op(n);

(i) for j = 1,2, and 3, J|J; = Op(n); and
(1) J4Jo = Op(n).

Proof of Lemma Al: (i) First, we note that J, := [X, cot] and that U'Z = Op(n'/?) as
shown in the proof of Lemma 4(i). This shows that U’'J, = Op(n'/?). Second, we note
that J; = ¢1[0,xx, Gt], where G := diag{Xd}, so that U'J; = ¢;1[0,«x, U'Xd].
We further note that d is bounded and U’'X = Op(n'/?), implying that U'J, =
Op(n'/?). Third, U'Jy = ¢3]0,xk, U'G?] from the fact that J, = ¢3[0,x1, G%¢]
and that U'G?*c = >0, d; Y d; >7" (XX ;U;). We now note that the proof of
Lemma 3(i) shows that for each i and j, Y X, ; X, ;U; = Op(n'/?). Therefore, U'J, =
Op(n'/?). Fourth, U'J3 = ¢3]0,.1, U'G3t] because J3 = c3[0,,xx, G3t]. The proof
of Lemma 3(ii) now shows that for each 4, j and ¢, > X;;X; i X; Uy = Op(n'/?),
and U'GA = Y, d; 0, dy X, dy Y0 (X3 X0y X, U3), s0 that U'Ty = Op(n1/?). Fi-
nally, U'Jy = ¢4]0,,xx, U'G*] using the fact that J, = ¢4[0,xx, G*]. The proof of
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Lemma 3(iii) proves that for each 4, j, £, and m, > X;;X; ; X; ( Xt.nUs = Op(n'/?)
and UG = Y. d; D>y de s din Yo (XX j X X mUy), so that U'Jy =
Op(n'/?).

(i7) First, we note that J{Jo = Hy = Op(n) by the fact that Z'Z = Op(n) as given
in the proof of Lemma 4(i). Second, J4J; = ¢1[0(k+1)xk, Z'Ge] = ¢1[0¢q1)xk, Z'Xd).
Given that d is bounded and that for each i, > X;;Z; = Op(n), we note that Z'Xd =
Soidi Y opy XiiZy, so that J0J; = Op(n). Third, J4Js = ¢[0(11)xk, Z'G?t]. Now,
for each ¢ and j, > X;,X;;Z;, = Op(n) as given in the proof of Lemma 3(i), and
Z'G* = Y diy i d;y ) XXy ;Z;. Thus, JgJy = Op(n). Fourth, we note that
J0Js = ¢3[0011)xk, Z'G3t]. Now, for each i, j, and ¢, >~ X;; X, ; X, /Z; = Op(n), as
we saw in the proof of Lemma 3(i7), and Z’'G?. = ), d; Zj did pdedp XeiXe i Xoy
Z;. Thus, J)J3 = Op(n). Finally, J)Js = ¢4[0(11)xk, Z'G*t]. Now, for each i, j, m,
and 0, Y Xy, X+ j X o XemZy = Op(n), as we saw in the proof of Lemma 3(4i7), and
ZGh =Y d Y, d S di Y, d S0y X0 X0 X10Xo o Zi. Thus, 3334 = Op(n),

(iii) First, J1J; = cf/G?e€€/, where we let & := [0(,,,1]". Given the defini-
tion of G := diag{Xd} and the fact that d is bounded, 'G*. = Op(n) because for
each ¢ and j, > X;;X,; = Op(n) and /'G* = . d; >, d; S XX ;. Thus,
J1J; = Op(n). Second, we also note that J|J = cicot’ G3L€E’, so that /G3t = Op(n)
because for each 7, j, and ¢, > X; ;. X, ;X;, = Op(n) and /'G3 = Y, d; Zj d;j >, d
Sor X1 Xy ;X 0, implying that J1Jo = Op(n). Finally, J1J5 = cic3t/G*£€, and
for each 4, j, ¢, and m, > X, ; X, ; X; Xt = Op(n). This implies that J{J3 = Op(n)
because ¢'G* = Y, d; Do di e de Y A D0y X i X i X o X e

(iv) We note that J5J5 = c2¢/G*€¢’, and we have already seen that ¢'G*. = Op(n)

in the proof of Lemma A1(ii7), so that J,J, = Op(n). This completes the proof. W

Lemma A2: Given Al and A2, when V (h; d) is defined as [Q(hd)' Q(hd)] ™1,

(1) 5 V(0;d) = —Hy "HHy ';

(i) 25V (0;d) = 2Hy "H,Hy "H, Hy ! — Hy "HHy s

(iii) 25V(0;d) = Hy'{—6H,H; 'H,H;'H, + 3H,H;'H, + 3H,H;'H, —
H3}H,"'; and
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(1v)

34
WV(O; d) = 24H;'H,H;'H,H; 'H,H; 'H, H; '

+ 6Hy '{H.H; 'H, — 2H,Hy 'H,H; 'H, — 2H,H, 'H,H; 'H, }H "'
+4H,'{-3H,H,'"H,H; 'H, + H,H,'H; + H;H,'H, }H;' — H;'H,H;".

As proving Lemma A2 is straightforward but tedious, we omit this.

Lemma A3: Given Al, A2, A3*, A4(1), A6*, and H o,
(i) for j = 0,1,2,3, and 4, 2=V (h;d) = Og(n™);

(1) JH(K + KU = op(n**) and U'(K + K')U = op(n®/*), where

K :=JsH;'J), — 3J,H; '"H,H,; 'J} + 6J,H, 'H,H,; "H,H, 'J, — 3J,H; 'H,H;'J/
3J,H,'J, — 3J0Hy 'H,Hy '"H Hy "H H ' I + 3J0Hy 'H Hy "HoHy 'G5 and

(173) J4(L + L')U = op(n) and U'(L + L')U = op(n), where

0 0 0
L.— {J4V(O; d) + 4J35-V (0:d) + 6555 V(0:d) + 431 5.5V (0; d)} I

0 0?
+ {4J3V(0; d) + 120,V (0;d) + 631V (0; d)} I, 433, V(0;d)J, and:
(iv) JoM = 0k 41)xn and MJg = 0, (111); and

(©) I'M = 0(41)xn and MJ; = 0, (o41).

Proof of Lemma A3: (i) First, we note that Hy = J{,Jo and Z'Z = Op(n) as proved in
the proof of Lemma 4(i), implying that V(0,d) = H;' = Op(n~'). Second, we note
that H; = JjJ, +J7Jo. Lemma A1(éi) shows that JjJ; = Op(n), so that H; = Op(n).
Given that Hy' = Op(n'), 2V(0,d) = —H;'H;H;' = Op(n~'). Third, note
that Hy = J,Jo + J1J1 + J(J2, so that Lemmas A1(¢i and ¢ii) imply that Hy =
Op(n). Now, Lemma A2(i:) shows that ;—;V(O,d) = Op(n™'). Fourth, we note
that Hy = J{Jo + 3J5J; + 3J)J2 + J(J3, and Lemmas Al(ii and i7i) imply that
H; = Op(n). Therefore, Lemma A2(zii) shows that g—,;V(O, d) = Op(n™'). Finally,

that Hy = Op(n), so that %V(Q d) = Op(n~") by applying Lemma A2(iv).
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(17) First, we note that K + K’ = K; + K, + K/, where K; := J %;V(O; d)J;

and

2
2V(O; d)J}.

QV(O d)+ 33— 0 5

=_V(0; d)} 3+ 37,

Second, we prove that J5(K + K')U = Op(n'/?). For this, note that J;)K, U =
330 25V (0; d)IyU, JpJg = Op(n), 25V (0;d) = Op(n~'), and J;U = Op(n'/?),
implying that JJ)K, U = Op(n'/?). Also, UK, U = U/Jgath(O'd)J’U = Op(1).
Further, the main components constituting JoK,U are J{J5_; (,WV(O d)J,U (j
0,1,2) and J{J>-2-V(0;d)J,U. By Lemmas A1(i ~ 4ii), it follows that JyJ;_; =
Op(n), ah]V(O d) = Op(n™'), and both J,U and J}U are Op(n'/?). These imply
that J,K,U = Op(n'/?). We can apply the same arguments for J,K/,U to obtain that
JIK,U = Op(n'/?). This implies that J)(K; + K, + K5,)U = J{(K + KU =
Op(n'/?) = op(n?/*) as desired.

Finally, we prove that U'(K + K')U = Og(1). For this, note that UK, U =

U302V (0,d)T)U, 2V(0;d) = Op(n?), and J)U = Os(n"/?), implying that
UK,U = Op(n'/?). Also, UK,U = U’J08h3V(O' d)J,U = Op(1). Further,

we note that the main components constituting U'K,U are U'J;_; ahJV(O d)J,U
(j =0,1,2) and U'J»:2-V(0; d)J|U. By Lemmas A1(i and i), U'J5_; = Op(n'/?),
ahg 2 V(0;d) = Op(n~"). These imply that U'K,U = Op(1). We can apply the same
arguments to U’'K/, U to obtain that U'K,U = Op(1), so that U'(K; + K, + K,)U =
U'(K + K)U = Op(1) = op(n’/*).

(v3¢) First, the main components constituting J)L'U are J{J,_; 8}13 V(O d)J U (j =
0,1,2,3), JyJs_; 2V (0;d)I;U ( = 0,1,2), and JyJ,V(0; d)I,U. Lemma Al1(i)
shows that J;U = Op(n'/?); Lemma A1(ii) shows that J;J; = Op(n); and Lemma
A3(i) shows that 22V (0;d) = Op(n~"). These facts imply that JyLU = Op(n'/?) =
op(n), and it can be easily proved that J)L'U = op(n) in a similar way, so that Jj,(L +
L)U = op(n).

Next, we note that the main components constituting U'LU are U'J,_; 5 8hJ "V (0; d)
JoU (G =0,1,2,3),U'J;5_ jahJV(O d)J|U(j =0,1,2),and U'J2V(0; d)J,U. Lemma
A1(i) shows that J;U = Op(n'/?); and Lemma A3(i) shows that aa}; V(0;d) = Op(n™t).
These facts imply that U'LU = Op(1) = op(n). We can also prove in the same way
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that U'L'U = Op(1) = op(n), implying that U’(L + L")U = Op(1) = op(n).

(iv) We note that Ml := 1—Z(Z'Z)'Z' = 1—J,(JyJo) T}, implying that MJ, =
Jo —Jo = 0, (r+1)- This also implies that JGM = 04 11)xn-

(v) We note that J; = [0, G¢], so that MJ; = [0, MG¢| = [0, MXd] = 0,5 (k41)-
This also implies that J| M = O(k+1)xn and completes the proof. |

Proof of Lemma 5: (i) When P (h; d) := Q(hd)V (h; d)Q(hd)’, we note that -5 P (0; d)
= J,H,'J, - JoH, '"H,H, '3, + JoH, ' J} by Lemma A2(i). Given that H; = J)J; +
JJo, if we plug this into 2-P(0; d), then it follows that :5-P(0;d) = 0. Finally, the
consequence follows from the fact that - L, (0;d) = (Y — aw)' 2P (0; d)(Y — au) =
(v'C' + U")ZP(0;d)(Cy* + U) = 0.

(71) Tedious algebra using Lemma A2(i7) shows that o° P(0;d) = JoH,;'J,M +

onZ
MJ,H;'J). Thus, 25 L, (0;d) = (v*'J)+U")(JoHy ' T)M+MI,Hy ' J0) (Jov*+U).
We now note that (a) Jgaa—;P(O; d)Jy, = 0; (b) Jgaa—;P(O; d)U = 4J,MU; and (c)

U’;—;P(O; d)U = 2U'JH;'J,MU after using Lemma A3(v) and the facts that H; =

J1Jo+J4J1 and Hy = J5Jo 4 2J1J1 + J(J2. The desired result now follows from (a),
(b), and (c).

(7i7) Tedious algebra using Lemma A2(7i) shows that ;—;P(O; d) = K+K/', and we

obtain that 25 L,,(0; d) = (v*'J} + U")(K + K')(Jpy* + U) = v Ty (K + K')Jov* +

29*J0(K + K')U + 2U’KU. Given this, Lemma A3(i7) implies that 2v*'J} (K +

K')U + 2U'KU = op(n®*). Thus, 25 L, (0;d) = v*'J5(K + K')Jov* + op(n’/4).

(iv) First, by some algebra, it follows that %P(O; d=L+L+ JO((?—};V(O; d)Jj.

Second, we note that 68—};[/”(0; d) = (v"'J, + U’)aa—,;P(O; d)(Jov* +U) = 7*’J683_};

P(0;d)Jgv* + 2U" 2. P(0;d)Joy* + U’ 2P (0; d)U. Third, further tedious algebra

shows that J) 2P (0;d)Jy = —6J,MJ, using the fact that 2. P(0;d) = L + L' +

Joaa—;V(O; d)J; and Lemma A2(iv). Finally, using Lemmas A3(iii), Al1(i), A3(3),

and A1(ii) shows that U'[L + L/ + Jo-25V(0;d)J)]Jy = Op(n*/?) = op(n); and

ant
using Lemmas A3(iii), A1(7), and A3(z) shows that U'[L + L/ + Joaa—;V(O; d)J,|U =
Op(1) = op(n). Therefore, g—;Ln(O; d) = =64 J,MJov* + op(n). This completes
the proof. ]

Proof of Lemma 6: (i) To show the given result, we examine each component in Lemma

5(i7) separately. First, if we let G, := diag{X,}, then Z?:l d;G; = Zle diag{X;d;}

48



= diag{Xd} = G, so that

k k
VGPMU =1/ diag{X;d;} > _ diag{X;d;}MU
i=1 j=1
k k k k _
=Y ) did;diag{X;}diag{X;}MU = Y~ "d;d;s'D;;MU = d'Md
i=1 j=1 i=1 j=1

by noting that M = [¢'D;;MU]. Therefore, 'G*MU = d'Md. Next, we note that
Lemmas Al(i ~ 4ii) imply that U'JoH,'J,MU = U'JH,'J,U — U'J,H;'J,J,
H,'J,U = Op(1), because U'Jy = Op(n'/?), JL,U = Op(n'/?) by Lemma A1(i);
H,' = V(0;d) = Op(n~!) by Lemma Al1(iii); and J,Jo = Op(1) by Lemma A1(i5).
From this, it trivially follows that U'JoH,'J,MU = op(n'/?). These two facts now
show that 25 LY (0; ) = 2(a* — a)(ca/co)d' Md + op(n'/?).

(i) We note that Hy'J}Jo = JoJoHy ' = I, and H; = J/Jg + J}J;. Using these

facts, we have that

JKJy = —3[J,H,H, ' 303, — J,J . Hy 'H H ' Iy J,
+J JoHy ' H Hy ' Hy — I J0Hy ' H,, + 37T,

so that exploiting the fact that H; = J{Jo + J(J1 and Hy = J5Jo + J{J1 + J(J yields
that

I (K +K)Jy = 6J,J0Hy "I MJ; + J'MJ,H;'J,J, — 33, MJ, — 3J,MJ,.

Finally, we now note that JYM = MJ; = 0 by Lemma A3(iv), implying that Jj,(K +
K’)Jo = 0. The desired result follows from this.

(i7) We now note that v*'J,MJyv* = (a* — a)?(ca/co)*t' G®MG?e. Thus, if
UG*MG?* = d' (I, @ d)W (I ® d)d, then the desired result follows. We derive this.

First, we note that
k k
dI, @ d)W(Lodd=> > d(dW;d)d;,
i=1 j=1

and that d W;,d = S0 S /GG Mdyd,, GGt = /G,G,M Y F_ diGySF
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dm Gt = V' G;G;MG?¢. Next, we also note that

k k k k
DY di(dWyd)d; =) di/ GG MG d,
i=1 j=1 i=1 j=1
k k
=Y diG; Y d;GMG’t = /G° MG’
i=1 j=1
Thatis, d' (I ® d)W (I}, ® d)d = ' G*MG?¢. This completes the proof. |

Proof of Lemma 7: (i1) For given n, we obtain

NW(h,d) = SU'M{(d/0h)® (h,d)}U'M{(9?/0n*)® (h,d)}
+6 {UM(6?/0n>)® (h, d)}* + 2U'M® (b, d)U'M {(8* /oh*)® (h,d)} .

We also note that lim;, o UMWY (h,d) = ¢¢U'M¢ = 0 a.s., and limy, ;o U'M(9/0h)
¥(h,d) = c;UMXd = 0 a.s., so that

1 / 2 2 2
lim N (h,d) = 1]5186{U M(9?/0n*)® (h, d)}

h10
kook 2
= 6 {Z > L/DijMUdidj} a.s.

i=1 j=1

(727) Similarly, for given d and n, we obtain that

DW(h,d) = 6 {(8*/0h*)® (h,d)} M {(9*/0h*)®(h,d)}
+8{(0/0n)® (h,d)} M {(0*/0h*)¥(h,d)}
+ 2% (h, d)M {(0*/Oh*)¥(h,d)} .

Also, we note that limy, o ¥ (h,d)'M = cot/'M = 0 a.s., and limy o {(0/0h)® (h,d)}

M = ¢;d’X’M = 0 a.s., as we saw in the proof of Lemma 7(i7). Therefore,

%D )(h, d) = lim 6 {(&%/0h*) ¥ (h, d) )} M {(6?/0n*)® (h,d)}

k

k k
=633 Y > Y VDyMDy,e did;ded,, a.s.

i=1 j=1 (=1 m=1
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This completes the proof. |

Before proving Lemma 8, we simplify our notation by suppressing all function
arguments but & and h. That is, we let 7 (k) and T(h,}z) denote J(h,d, h,d) and
T (h, d,ﬁ, Zl) respectively. We first provide the following supplementary lemmas. As
these results hold by the Lebesgue dominated convergence theorem and tedious algebra,

we omit the proofs for brevity.

Lemma B1: Given Al, A2, A3**, A4, A5, A6™*, A7, A8, and H,
(@) for ¢ = 0, 1, and each h > 0, limyg ’T(Z’O)(h,ﬁ) = 0, where ’T(f’m)(hﬁ)
= (0™ /OhmOhY) T (h, h);
(i) for £ = 0,1,2, and 3, limy, ;o TO(h) = 0, where T (h) := (8°/0h") T (h);
(ii)) T@0(0, h) = cyH(b, h, b); and
(iv) TP (0) = 6c¢2Z(b, b).

Lemma B2: Given Al, A2, A3**, A4, A5, A6**, A7, A8, and H,,
(i) limg o limy,yo T (h, ) = 0;
(id) for ¢ = 0 and 1, limy, , limy o T4 (h, ) = 0;
(iii) for £ = 0 and 1, limg, , limy, TZ9(h, h) = 0;
(iv) for £ = 0 and 1, limg;  limp, TGO(h, h) = 0;
(v) limg  limyyo 74O (h, h) = 0; and
(vi) limy, o im0 T2 (B, h) = SK(b, b).

Proof of Lemma 8: (1) Given the definition of pq,

T(h,h)
{T (W) YWHT (h)}/2

pl(h7%> =

Lemma B1(i and 4) implies that limy, o 7 (A, 1) = 0 and lim, 10 J (h) = 0. Therefore,
we apply L’Hospital’s rule. We note that

T(h,h) = T(O,ﬁ)+T(1’°)(O,E)th%T(Z’O)(O,ﬁ)2h2+o(h2) = %cm(b,%,a)huo(h?)
(24)
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by Lemma B1(7 and 77¢) and also that

T(h) = T(0) + TVOh -+ 5TDOR + ZTO O + TR+ ol

= 2—14j<4>(0)h4 +o(ht) = ich(b, b)h* + o(h?) (25)

by Lemma B1(7: and iv). Hence,

T<h‘7ﬁ) _ C2%<b7ﬁ7g7 ) _ Sgl’l[CﬂH(b,%,&)

W GOy 1Tl b I BB (Zb, b)) T (h B

(77) We apply Taylor’s expansion to T (h, E) Lemma B2 then implies that

W~

7

1
T(h, k) = T(0,0) B Z, =39(0,0)h 7RI + o((h? + h?)?)
=1 7=0

1 -~ ~
= LK bR + o((h” + 7)),

where the first and second equalities hold by Lemmas B2(7) and B2(::~v), respectively.
Also,
1 1
J(h) = ﬂj(‘*) (0)h* + o(h*) = ZCQI(b b)h* + o(h*)

by 25). Thus,

. T(h,h) 3K (b.b)

lim lim = = ——

fo MO LT (h) T (W)}? - {ST(b, b)}/2{3T(b,b)}!/?

_ K(b.b)
{Z(6,0)}{Z(B, )}/

Note that this is ps(b, 5) and this completes the proof. |
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Table 1: Critical Values
Number of Replications: 50,000
DGP: Y; = 0.5Y;_1 + Uyand U; ~ IID N(0, 1)
Model: Y; = a + Y1 + Aexp(6Y;_1) + Uy
A0.5 = [—05, 05], AI.O = [—1, 1], A1A5 = [—15, 15], AZO = [—2, 2], and K = 150

Nominal Level \ A Nos Ao Als As o
1.00 % 7.7974 8.4051 9.1206 9.7248
5.00 % 4.7399 5.4245 6.0594 6.6222
10.0 % 3.4747 4.1282 4.6833 5.2558

Table 2: Empirical Rejection Rates (in Percent)
Number of Replications: 10,000
DGP: Y; = 0.5Y;_1 + Uyand U; ~ 1ID N (0, 1)
Model: Y; = a + Y1 + Aexp(dYi—1) + Uy
A0.5 = [—057 05], AI.O = [—]_, 1], A1.5 = [—15, 15], AQ_O = [—2, 2], and K = 150

Asymptotic Distribution QLR (Ags; K)
Nominal Level \ Sample Size | 50 100 200 500 1,000 2,000 5,000
1.00 % 026 036 0.60 064 0.83 090 097
5.00 % 238 3.00 353 457 480 470 5.05
10.0 % 6.00 6.87 820 9.13 949 925 9.79
Asymptotic Distribution QLR(A10; K)
Nominal Level \ Sample Size | 50 100 200 500 1,000 2,000 5,000
1.00 % 0.37 044 0.61 0.72 084 079 0.92
5.00 % 245 282 331 3.66 412 401 449
10.0 % 568 6.11 7.12 8.06 832 841 898
Asymptotic Distribution QLR(A:5; K)
Nominal Level \ Sample Size 50 100 200 500 1,000 2,000 5,000
1.00 % 0.19 028 037 049 080 065 0.82
5.00 % 1.64 219 259 3.08 382 378 4.09
10.0 % 423 512 574 681 7.73 8.06  8.53
Asymptotic Distribution QLR (Ag; K)
Nominal Level \ Sample Size 50 100 200 500 1,000 2,000 5,000
1.00 % 0.02 036 047 050 049 050 0.71
5.00 % 148 1.64 221 267 250 279 3.56
10.0 % 335 378 450 547 558 598 7.27
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Table 3: Empirical Rejection Rates (in Percent)

Number of Replications: 10,000

DGP: Y; = 0.5Y;_1 + Uyand U; ~ 1ID N (0, 1)

Model: Y; = a + BY;_1 + Aexp(dY;—1) + U,

A0‘5 = [—05, 05], AI.O = [—1, 1], A1.5 = [—15, 15], AQ.O = [—2, 2], and K = 150

Asymptotic Distribution

@n(Aﬂﬁ; K)

Nominal Level \ Sample Size | 50 100 200 500 1,000 2,000 5,000
1.00 % 0.71 039 060 0.71 089 0.93 1.01
5.00 % 243 294 348 439 464 454 488
10.0 % 6.06 690 8.17 9.04 933 893 949
Asymptotic Distribution @H(ALO; K)
Nominal Level \ Sample Size | 50 100 200 500 1,000 2,000 5,000
1.00 % 030 050 074 071 067 080 0.99
5.00 % 244 256 320 391 402 415 513
10.0 % 539 6.00 6.71 797 834 888 10.30
Asymptotic Distribution ﬁn(Am; K)
Nominal Level \ Sample Size | 50 100 200 500 1,000 2,000 5,000
1.00 % 0.12 0.18 023 037 054 048 0.59
5.00 % 1.33 165 187 224 296 292 3.5
10.0 % 313 389 411 505 59 6.11 643
Asymptotic Distribution ﬁn(Agho; K)
Nominal Level \ Sample Size 50 100 200 500 1,000 2,000 5,000
1.00 % 0.15 024 040 039 039 037 054
5.00 % 126 134 184 222 203 221 292
10.0 % 273 295 347 431 447 474 568
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Table 4: Empirical Rejection Rates (in Percent)
Number of Replications: 4,000
DGP: Y; = 0.5Y; 1 + Uyand U; ~ 1ID N(0, 1)

Model: }/t = o+ BY;S—l + )\eXp(én_l) + Ut, A0.5 = [—0.5, 05]

Nominal Level \ Sample Size 50 100 200 500 1,000 2,000

1.00 % 0.35 045 0.75 0.85 1.15 0.90
5.00 % 255 3.62 4.10 4.67 5.20 5.27
10.0 % 6.57  8.30 8.57 8.97 9.50 10.25
30.0 % 25.77 26.67 28.05 28.85 30.20 30.75
50.0 % 46.77 4695 4747 4990 4890  50.82
80.0 % 77.55 7835 7877 7922 79.67  79.85
90.0 % 86.75 88.22 89.10 89.35  88.80  90.02
95.0 % 91.60 93.62 9432 9492 9395 9495

Model: V; = a + 8Y;_1 + M1+ exp(6Y;_1)} ' + Up, Ags = [—0.5,0.5]

Nominal Level \ Sample Size | 6,000 8,000 10,000 20,000 30,000 40,000

1.00 % 1.60  1.85 1.50 1.32 1.85 1.67

5.00 % 3.10  3.80 3.32 5.30 5.87 5.77

10.0 % 570  7.27 7.25 10.50  10.47 10.45
30.0 % 2652 2727 2780 29.05 27.87  28.55
50.0 % 48.42 47.37 4750  49.02  46.72  48.00
80.0 % 7635 76.37 77.72 7792  76.60  76.82
90.0 % 87.47 8637 8697 8755 87.37 87.17
95.0 % 92.02 9240 9230 9267 92775  93.20
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Figure 1: Empirical Null Distributions of the QLR Statistics
Number of Replications: 10,000
DGP: Y, = 0.5Y;_; + U; and U; ~TID N (0, 1)
Model: Y; = a + 8Y;_1 + Aexp(0Yi—1) + Uy
Ags =[—0.5,0.5], Ao = [—1,1], Ay 5 = [-1.5,1.5], Ay g = [—2,2],and K = 150
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Figure 2: Empirical Density Functions of the QLR Statistics
Number of Replications: 10,000
DGP: Y, = 0.5Y;_; + U; and U; ~TID N (0, 1)
Model: Y; = a + 8Y;_1 + Aexp(0Yi—1) + Uy
Ags =[—0.5,0.5], Ao = [—1,1], Ay 5 = [-1.5,1.5], Ay g = [—2,2],and K = 150
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Figure 3: Empirical Distribution of Bootstrapped QLR Statistics
Number of Replications: 4,000
DGP: Y, = 0.5Y;, 1 + Uyand U; ~ IID N(0, 1)
Model: Y; = a + 8Y;_1 + A\U(d) + Uy and Ay 5 = [—0.5,0.5]
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