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Abstract We analyze use of a quasi-likelihood ratio (QLR) statistic for a mixture model to test the null
hypothesis of one regime versus the alternative of two regimes in a Markov regime-switching context.
This test exploits mixture properties implied by the regime-switching process but ignores certain implied
serial correlation properties. When formulated in the natural way, the setting is non-standard, involving
nuisance parameters on the boundary of the parameter space, nuisance parameters identified only under
the alternative, or approximations using derivatives higher than the second order. We exploit recent
advances by Andrews (2001) and contribute to the literature by extending the scope of mixture models,
obtaining asymptotic null distributions different from those in the literature. We further provide critical
values for popular models or bounds for tail probabilities useful in constructing conservative critical values
for regime-switching tests. We compare the size and power of our statistics to other useful tests for regime
switching via Monte Carlo and find relatively good performance. We apply our methods to re-examine the

classic cartel study of Porter (1983) and reaffirm Porter’s findings.
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1. INTRODUCTION

Models of regime-switching behavior play an important role in analyzing economic data. For example,
in industrial organization, Porter (1983) in a classic paper uses a two regime model to investigate cartel
behavior. In macroeconomics, Hamilton (1989) in another classic paper uses a two regime model to
investigate the properties of postwar U.S. real GNP.

Conducting inference about such processes is often a main goal. It is critical that such inferences be
properly drawn, as these can be used to argue the innocence or guilt of firms accused of antitrust violations
or to inform key economic policy decisions. Nevertheless, as Hamilton (1996), among others, has pointed
out, conducting proper inference in regime-switching models is particularly challenging. As we discuss in
detail later, this challenge arises due to the fact that when formulated in the natural way, testing the null
hypothesis that there is a single regime (versus the alternative of, say, two regimes) can involve a nuisance
parameter identified only under the alternative, as well as a parameter on the boundary of the parameter
space. Standard likelihood ratio (LR) tests (and related Lagrange multiplier or Wald tests) cannot be
conducted in the usual manner.

A main goal of this paper is therefore to develop straightforward methods that researchers can use to
draw large sample inferences, testing the null of one regime versus the alternative of two regimes in a
regime-switching model. Recent significant advances by Andrews (1999, 2001) play an important role in
attaining this goal. A further goal of this paper is to revisit the work of Porter (1983). This serves the dual
purpose of illustrating our methods in a classical setting and, as it turns out, affirming Porter’s original
inferences.

In the prior literature, attempts to test the number of regimes have proceeded by addressing certain
aspects of the problem. For example, Hansen (1992) considers this problem using Markov regime-switching
models, and obtains a lower bound for the limiting distribution of a standardized LR statistic. As will
be clear later, however, the null parameter space can be partitioned into two mutually exclusive subsets:
one with the boundary parameter problem and one without the boundary parameter problem. Hansen’s
bound considers the behavior of the LR statistic on only one of these two subsets. Garcia (1998) reviews
Hansen’s problem. As we see below, however, both subsets are indeed relevant, and due to the boundary
parameter problem, standard arguments cannot apply to the LR statistic.

As we discuss in Section 2, applying the LR statistic to testing one vs. two Markov regimes is challenging,
because the log-likelihood for the two-regime alternative does not factor in the usual way. This leads to
geometric growth of the population variance of the log-likelihood first derivative under the null, ruling out
application of standard central limit results. Moreover, the power of such a test turns out to be weaker
than in the standard case. Instead, we proceed by applying mixture models, ignoring certain time series
dependence properties implied by the regime-switching process. This yields a quasi-log-likelihood that does
factor in the usual way and whose analysis is much more tractable. The resulting quasi-likelihood ratio
(QLR) test is thus sensitive to the mixture aspect of the regime-switching process, delivering a test with

appealing power under the alternative.



Mixture models are widely used for identically and independently distributed (i.i.d.) data. Testing
the number of mixture components also has problems similar to those encountered in testing Markov
regime switching, namely the boundary parameter problem and nuisance parameters present only under
the alternative. Much of the literature attempts to avoid these problems or must confront associated
difficulties in attempting to test the number of components. For example, Chesher (1984) and Lancaster
(1984) test for unobserved heterogeneity by testing the hypothesis of correct model specification, an indirect
method of testing the mixture hypothesis. Neyman and Scott’s (1966) C(«) statistic tests the mixture
hypothesis, motivated by the properties of the dispersion of the dependent variable of interest under the
null and alternative hypotheses relevant here, as well reviewed by Lindsay (1995). On the other hand,
Hartigan (1985), Ghosh and Sen (1985), Liu and Shao (2003), and references therein consider the LR
statistic for testing the number of components of a mixture model, and show that it converges weakly
to a functional of a continuous Gaussian process on a compact parameter space. As these authors show,
compactness plays a particularly important role in determining the null distribution of the LR statistic.
This is true here, too, and we devote particular attention to the crucial role played by the parameter space.
As we show, mixture models can give rise to variety of interesting behaviors. In particular, the model
considered by Porter (1983) doesn’t have a continuous Gaussian process as the limit of the LR statistic.

We study the mixture model in the Markov regime-switching context, and contribute to the literature
in several ways. First, we contribute not only by providing a way to exploit the associated QLR statistic
in such a way that the previously encountered difficulties can be avoided, but by doing so in a context that
explicitly allows the observable random variables to exhibit time-series dependence. To this end, we show
how the mixture model estimators behave when the data are generated by a (-mixing process that is a
Markov regime-switching process under the alternative. This yields the asymptotic null distribution for the
QLR statistic on a compact parameter space. Next, we extend the mixture literature by examining models
whose null weak limits are functionals of discontinuous Gaussian processes, as well as those models whose
limits are continuous Gaussian processes. We carefully examine these, providing examples and comparing
critical values obtained with and without account taken of the boundary parameter problem. As we show,
if boundary conditions are ignored, then critical values can be too conservative. Next, we demonstrate our
methods by using them to revisit Porter’s (1983) empirical study. Finally, we provide approximate null
distributions for popular models and a method for obtaining conservative bounds when approximations
are otherwise hard to obtain.

This paper is organized as follows. In Section 2, we assume that given data follow a Markov regime-
switching process, and we show that when a mixture model is applied to these data, we can obtain an
associated QLR statistic that can be used to test the number of regimes. Further, we discuss how to obtain
critical values or their conservative approximations. Section 3 provides results of Monte Carlo experiments
in which we compare the size and the power of our statistics with others in the literature. We revisit

Porter’s (1983) analysis in Section 4. Mathematical proofs are collected in the Appendix.



Before proceeding, we introduce some useful mathematical notation. We let “=" denote “weakly con-

verges to,” and || - || and | - ||c are the Euclidean and the uniform norms respectively.

2. MARKOV REGIME-SWITCHING PROCESSES AND MIXTURE MODELS

We consider a specific framework designed to facilitate analysis of key aspects of the problem of interest,

using the following data generating process (DGP).

Al: (i) The observable random variables {X; € R4}7_,, d € N, are generated as a sequence of strictly
stationary [-mixing random variables such that for some ¢ > 0 and p € [0,1), the S-mixing coefficient, B,
s at most cp”.

(ii) The sequence of unobserved regime indicators, {Sy € {1,2}}}_4, is generated as a first-order Markov
process such that P(Sy = j|Si—1 = i) = pj; with p; € [0,1] (i,5 = 1,2).

(ii1) The given {X} is a Markov regime-switching process (hidden Markov process). That is, for some

0* .= (05,0%,03) € Ro+2)

F(-|Xt7L08,07), if Sy =1,

Xe|Fioq ~
F(-|X11,62,63), if S, = 2,

where Fi—1 = o(X'71, S is the smallest o-algebra generated by (X'=1,S%) := (X]_|,--- X}, S, ,S1);
ro € N; and the conditional cumulative distribution function (CDF) of X|Fi—1, F(- |Xt*1;98,9;), has a
probability density function (PDF) f(-\thl;GS,H;) (j = 1,2). Further, for (pi,p5;) € [0,1) x [0,1)\
{(0,0)}, 0* is unique in R7T2,

The ([-mixing condition is suitable for the Markov regime-switching process, as discussed by Davydov
(1973), Doukhan (1994), and Vidyasagar (2003). As well reviewed by Ephraim and Merhav (2002), the
popularity of this DGP extends far beyond economics. In economics, Porter (1983) examines the cartel
stability problem, assuming pj; = p3;, as we discuss in Section 4. Hamilton (1989) considers the case in
which X;|F;_1 is a function of Si_p,--+,S; (m € NU{0}) and X!, so that the unobserved two state
process, {S;}, induces a DGP for X;|F;_1 with 27+ unobserved states. In this paper, we restrict our
attention to the case m = 0 and focus strictly on testing for regime switching. Also, note that we cannot
assume that pj; = p, = 0, because if so {S¢} becomes deterministically periodic, implying that {X;} is
unconditionally heterogeneous, thus violating the stationarity assumption.

Many models for this DGP have been proposed. We consider the following model.

A2: (i) A model for f(-|Xt_1;03,9;f) is {f(-|X¥1;09) : 07 := (6p,0;) € O}, where © := Oy x O, €
Rot1: and ©g and O, are convex and compact sets in R™ and R respectively. Further, for each 67 € O,
f(-1X"167) is a measurable PDF with CDF F(-|X!1;67) (j =1,2).

(ii) For every x € RY, f(z|Xt1; -) € CP(O) (the set of twice continuously differentiable functions on ©)

almost surely. (a.s.)



For notational simplicity, we will abbreviate F'(X;|X'~';67) and f(X;|X'~';67) as F;(67) and f;(67) respec-
tively (j = 1,2). Also, unless confusion will otherwise result, we omit the function argument placeholder,
so that as an example, f;(-) is also denoted as f;.

Suppose that the researcher wishes to test whether there is only a single regime. Formally, relevant

hypotheses are: for an unknown 6,,
Hy: piy =1 and 0] = 0,; p3y =1and 65 =6,; or 0] =05 = 0,;
Hi: (p11,p32) € [0,1) x [0,1) \ {(0,0)} and 67 # 65,

where 0, is defined in the following A3.
A3: (65, 0.) mazimizes n~ E[>7_, ;] uniquely in the interior of ©, where for each ', £;(8") := log(f:(6")).
Given the Assumptions Al and A2(i), the log-likelihood function can be represented as

where for each t and 0 € © = Oy x O, x O,, Fi(0) is a 2 x 2 diagonal matrix with j-th diagonal

Ly(p11,p22,0) :=log (ﬂ"

[TPE6)
t=1

element f;(67); P := [p;j] parameterizes the transition matrix of S; (i,j = 1,2); ® = [r, 1 — 71 with
m:= (1 —p22)/(2 —p11 —p22); and ¢ is a 2 x 1 vector of ones. Because the log-likelihood function cannot
be represented as a sum of individual log-likelihood functions, the LR statistic turns out to behave in
unappealing ways. Specifically, if pj; = 1 (or p5o = 1), then the associated null first-order derivative of the
log-likelihood function has a population variance growing geometrically as the sample size increases, and
the standard central limit theorem cannot be applied. Further, as implied in Section 2.3, the power of the
LR statistic is weaker than in the standard n'/? case when 67 = 65 = 6.. Because of these difficulties, we

take a different approach.

2.1. A QUASI-LR STATISTIC

We avoid these difficulties by focusing instead on the quasi-likelihood function for a mixture model.
As we show, this permits us to estimate key aspects of the Markov regime-switching process without
sacrificing much. Thus, consider the mixture model quasi-log-likelihood function defined as follows: for
each (m,0) € [0,1] x ©, let L (m,0) := >3, li(m,0), where £y(m,0) := log(m fe(01) + (1 — 7) f(6?)).

This model captures the mixture aspect of the conditional PDF of X;|o(X*~1) and the unconditional
PDF of S; under the alternative. More precisely, the conditional PDF of X;|o(X'™1) is f.(65,07)P(S; =
Ho(XTY) + f:(65,05)P(S; = 2|o(X'™1)), and the mixture weights, P(S; = 1|o(X*™1)) and P(S; =
2|0(X*1)), are random variables with unconditional means, 7* and 1 — 7*, respectively, where 7* :=
(1 —piy)/(2 — pi; — p3y). We replace these with an unknown parameter and estimate by maximizing the
quasi-log-likelihood function. This specification ignores the serial correlation in {S;}, whereas the serial
correlation of X; is captured by f;. Thus, we work with a model that ignores the serial correlation in the

unobserved state; Theorem 1 below shows this does not matter for testing the number of regimes.



In particular, our QLR test is potentially powerful against any regime-switching process, even if S; is
not a Markov process. Rather than testing for the specific serial correlation implied by regime switching,
we test for the mixture properties of X;|o(X?~!) generated by S;. Here we leave aside testing for this serial
correlation. (See Carrasco, Hu, and Ploberger (2004), who recently propose a test statistic of this sort.)

Despite the extensive analysis of mixture models for the case of i.i.d. data (see Hartigan (1985), Ghosh
and Sen (1985) Liu and Shao (2003) and references therein), mixture models have not often been used for
testing for regime switching. Our analysis thus not only contributes to the mixture model literature by
showing its utility for testing the number of regimes, but also contributes to both the Markov switching and
mixture model literature by demonstrating the utility of mixture models in testing the number of Markov
regimes in a (-mixing context. We also extend the scope of the mixture models by considering other
popular mixtures yielding regime-switching test statistics whose null limiting distributions are different
from those in the literature. We further contribute by providing formulae and algorithms that can be used
to calculate critical values and/or upper bounds for our test statistics that are useful in applications.

The almost sure limits of the estimators maximizing L} can be represented in terms of the coefficients of

the DGP both under the null and the alternative. For this, we assume the following regularity conditions.
A4: For all (m,0) € [0,1] x ©, n 'E[>"1, li(7,0)] exists and is finite.

Ab: (i) There exists a sequence of positive, strictly stationary, and ergodic random variables, { M}, such

that (a) E[M;] < A < o0 (b) sup(rg)efo,i)xe |V (r,0)le(m,0)]loc < M.

These assumptions are mild and enable us to apply the strong uniform law of large numbers (SULLN) to

the mixture model quasi-log-likelihood.

Nq
01,n7

THEOREM 1: (a) Given Al, A2(i, ii), A3, A4, A5(i), and Ho, (75,00 ,.01,,05,,) — {(m,05,01,02) €

[0,1]xO:7=1and 0 =0,; or ) =0y =0,; or 7 = 0and Oy = 0,} a.s., and (O},,07 ) — (65, 6+) a.s.,

0,2 ¥1,n

ég,n) is the (“unrestricted”) quasi-MLE (QMLE) of the mizture model, and (01}, 07 )

qa e
0 0O,n ¥1n

0,n>Y1,n>
is the (“restricted”) QMLE imposing Hy.*
(b) Given A1, A2(i, ii), A3, A4, A5(i), and Hy, (78,00 67

0,n° Y 1,n°

where (7L, 0

03,,) — (7*,05,05,03) a.s.

Under the null, the QMLE is the MLE, and it converges to a set in Theorem 1(a). The conclusion of
Theorem 1(b) is crucial to the goal of this paper. As pointed out by Levine (1983), a correct model
specification for the conditional mean is important for consistent estimation of the conditional mean, but
correct specification of DGP dynamics is not necessary. Theorem 1 assumes that X;|F;_; is correctly
specified, and ignores the dynamics induced by {S;}. Levine’s (1983) point applies to the current context,
and from this, it follows that (ég,n’ HA‘f’n, égn) — (65, 607,05) a.s. We show additionally that the estimator
for the parameter 7 replacing the random weights, P(S; = 1|o(X?™!)), is consistent for the unconditional

mean of the random weights. That is, 77 converges to 7* a.s. Thus, the mixture model is correctly specified

IThe superscripts ‘g’ and ‘n’ are used to denote ‘quasi-MLE’ and ‘null-imposing MLE’ respectively.



for both X;|o(X'~!) and the unconditional mean of {S;}, but misspecified in terms of the dynamics of
{St}.

Regime-switching tests can be based on the limits of the estimators. Note that 7#* = 1 if and only if
pj; = 1 (and 7* = 0 if and only if p5, = 1), so that there are two regimes if and only if 7* € (0,1).
We exploit this fact and test these hypotheses using the QLR statistic defined as the log-likelihood ratio
computed from the QMLEs under the null and the alternative. This modifies our prior hypotheses as

follows: for an unknown 6,
H):7*=1and 0] = 0,;0] =05 =0,; or 7 = 0 and 05 = 0,;versus Hy : 7% € (0,1) and 0] # 6.

The null H, can be further partitioned: for an unknown 0., H}, : 7#* = 1 and 67 = 0.; H, : 07 = 05 = 0,;
or Hjs : 7 = 0 and 035 = 6,. In this context, several standard assumptions are violated, summarized as
follows. First, if 7% = 1 (resp. = 0), then 65 (resp. 67) is not identified, so that the Davies problem (1977,
1987) occurs: a “nuisance” parameter is present only under the alternative. At the same time, 7* is on the
boundary of [0, 1], which also violates the standard condition yielding the chi-square limiting distribution
for the QLR statistic. Second, if 6] = 65, then 7* is not identified. Hence, the nuisance parameter problem
again occurs, but the boundary parameter problem does not appear. The results of Andrews (2001) thus
play a key role in analyzing H|,; and H(s, but not Hj,. To analyze H/,, it turns out that the standard
second-order derivative-based approximation to the QLR statistic has to be improved to approximations
using higher-order derivatives. We resolve these challenges under each hypothesis and combine the ensuing

results to derive the null limiting distribution of the QLR statistic.

2.2. NULL DISTRIBUTION OF THE QLR STATISTIC UNDER H),; AND H{g

We first examine the QLR behavior under Hy, and H(; with suitable regularity conditions.

A5 (ii) There exists a sequence of positive, strictly stationary, and ergodic random variables, { M}, such
that (a) for some § > 0, E[MtHE} < A < oo; (b) SUP(r,0)€[0,1] xO IV (r,0) 0t (70, 0)V (7 9y £t (T, 0) || oo < M5 and
(¢) sup(rgyefo,1]xo Ve gyl (m, 0)lloc < M.

A6: (i) For each (7*,05,0%,0%) with 07 # 05, Anin(B(7*, 05, 05,05)) > 0 such that (a) if Amin(B(7*, 65,07,
05)) > 0, then Amax(B(7*,05,67,05)) < oo; or (b) if Amin(B(7*,05,07,605)) = 0, then 7 =1 or 0, and
for each 0y # 0, and 0 # 04, Amin(CD(09,605)) > 0 and Amax(C D (0,0%)) < oo, where for each (,8),
B(m,0) = EIV (z.0)le(7,0)V (. 9y e (70, 0)']; for each (62,05),

O (02,0)) C9(85)| | Elre(02)re(8)] — 1 —E[re(83)ri" (6,)]

C9(,04) = =
cD) —Elr(02)ri(0.)] E[r) (0.)r7 (6,

re(0) == (05, 02)/£:(05,0.), and ) (02) 1= Vg1 £(05,02)/£(05,0.); and Amax(+) and Amin(-) denote the

mazimum and the minimum eigenvalues of a given matriz, respectively.



These assumptions enable us to apply the CLT on the set of unidentified parameters. In particular, we
impose A6(i) to approximate the quasi-log-likelihood functions by quadratic functions. More precisely, al-
though n=!E[>" ¢,] is not uniquely maximized under H{,, and H/;; and therefore cannot be usefully approx-
imated by a quadratic function, A6(i) nevertheless ensures that for each 0o(# 0.), n LE[>_4,(1, -, -, 02)]
(or, for each 61(# 0.), n YE[>. £,(0, -, 01, -)]) can be locally approximated by quadratic functions under
H), (or H}s), providing the necessary degree of identification through C(®(6,,6,). By A6(i), the null
model is identified for each 2. The QLR scores have the following properties.

LEMMA 1: (a) For each element in {(1,6,0+,02) € [0,1] x © : 65 € O, \ {0.}}, define

n -1 n
Sin(02) == [n7! Zv(w, 01yt (7, )V (. o1y le(, 9)’] [n_l/Q Z Viw, oyle(m,0) | .
=1

t=1 -
Given Al, A2(i, i), A3, A4, A5(ii), A6(i), and H)y, S1, = S1 over O.(e) := {02 € O, : |0 — .| > €}
for each € > 0 such that for each 03 € ©.(¢), S1(f2) ~ N(0,C9(02,05)71), and for each 02, 0 € O, (e),
E[S1(62)51(65)] = CO) (02, 02) 71 C O (65, 05)C ) (65, 65) 1.
(b) Given the same assumptions as in Lemma 1(a), G : O.(e) — R is differentiable in the mean, where
for each 05,05, G(02) = QO (0, 05)1/251" (62) and Q) (62,04) = O\ (62,0) — C2)(62)[C5)) 15 (05).

Further, Al s a sub-vector containing the i-th through j-th elements of the vector A.2

We omit explicit analysis for Hs, as the same score as Si,, is obtained by symmetry.

The proof of Lemma 1 involves considering the joint behavior of a continuum of random variables. For
each 0y, we can use S1,,(62) to approximate the quasi-log-likelihood function by a quadratic function. Let
the associated quasi-log-likelihood function be defined as QLR ,,(62) := 2(L% (74 (62), égm(ﬁg), éin(ﬁg), 6s)—
L;(1,65,0.,6)), where (#1(65),08,,(62),01 ,(62)) := argmax g1 c/o 1156 Li(m,0). Then, for given s,
QLR ,(02) = SLn(Hg)’C'(Q) (02, 02)51,1(02) + 0p(1) under Hy,, if we ignore the boundary parameter for the
moment. Theorem 1(a) shows that égn does not converge to any particular value in ©.(¢). Thus, the limit
of S1, needs to be derived instead. For this, the finite dimensional distributions of S, are first shown to
converge weakly to those of §1, and we show further that this distribution is tight. The desired results of
Lemma 1(a) then follow by theorem 7.1 of Billingsley (1999), and this yields the specified Gaussian process
as the limiting process of S; . Tightness is proved by relying on Doukhan, Massart and Rio (1995) and
Hansen (1996, 2004), who provide sufficient conditions for tightness in the S-mixing context. Next, we
show that the covariance function of G has a generalized second-order derivative. Differentiability in the
mean follows by Grenander (1981, theorem 1, ch. 2-2). Later, this yields a conservative rejection region.

There are several interesting aspects to Lemma 1. First, because the model is correctly specified under
the null, each score is a martingale difference sequence, and the information matrix equality holds. This
ensures that we can represent the covariance of S; by C'(?) (0,0"). Note also that if 3 = 6,, then S; ,,(62)
isn’t defined, as V L,(m, 60%) = 0, so that [—n*1V%m GI)L;‘;(W, 6)]~! isn’t necessarily defined uniformly

2We call a stochastic process, {G : © — Rk € N} C L?(O©), differentiable in the mean on O, if there is a stochastic
process, {G' : © — R*} € L*(©), such that for all § € ©, limy, o E[[(G(0 + h) — G())/||R|| — G'(0)]*] = 0.



on {(1,65,6+,602) € [0,1] x © : f3 € O, \ {0.}} or in n. It could even be negative definite near 6, for
some n, so that the usual approximation using the Hessian may behave quite badly. To prevent this,
we replace the conventional score with 51 ,, exploiting the information matrix equality. Second, for each
05, 51(92)’0(9) (62,02)S1(02) can be decomposed into Gi(f2)? and other terms. As shown below, G;(f2)?
forms the weak limit of the QLR statistic under H{);, but the boundary parameter condition needs to be
adjusted. Third, the distribution of G may be stationary or non-stationary. That is, E[G(02)G(02 + T)]
can be a function of 7 only or of both 7 and 6. This property depends on the DGP as well as the model.
Finally, as 6> tends to 6., Q) (6y,65) tends to zero, because CY,(6,8) and C%,(6) converge to zero. This
raises a question about the existence of plim », .4 G(62). We investigate this after the QLR statistic is
examined under H),. Also, note that for given 6y and 6, Q) (6, 6}) is the asymptotic covariance between
nVEY (1= o080, 02)/ f1(05.,,07,)) and n= 2 3(1 — fi(0F.,.,05)/ fo(B3,,07))-
The asymptotic distribution of the QLR statistic under H{; can be derived by using Lemma 1.

THEOREM 2: Given Al, A2(i, i), A3, A4, A5(ii), A6(i), and H{;, for each € > 0, QLR,(e) =
maxg,co, (o) (RLR1,,(02) — QLRs,,) = H(e) := supg,ce, (o) (minf0, G(62)])?, where QLRs,, = 2(L;’;(1,9A6L’n,
07, 02) — Li(1,05,0.,02)), and 0y in Li(1,05,,,07

Ons 01 0> 02) ts a placeholder whose value is irrelevant.

An advantage of the QLR statistic under Hy, is that its weak convergence limit exists under mild conditions.
Theorem 2 extends Ghosh and Sen’s (1985) result for i.i.d. data to the S-mixing time series context. To
interpret the QLR statistic, we note that the first piece, maxy,ce, (¢ QLR ,(02), tests a joint hypothesis:
there is a single regime and X;|F—1 ~ F(-|X'71;(65,0.)), whereas QLRs,, tests the single hypothesis
Xi|Fioy ~ F(-| X1 (68, 04)). Thus, the QLR statistic tests only the number of regimes, as desired.

The boundary parameter condition involves only the negative part of the score under Hj;. The bound-
ary parameter associated with S, splits G into positive and negative pieces and discards the positive
piece, resulting in the appearance of the “min” operator in the conclusion of Theorem 2. Technical con-
siderations relevant to the boundary parameter problem trace from Chernoff (1954), Self and Liang (1987)
and Andrews (1999). As these results resolve the boundary parameter problem only for identified mod-
els, we can apply their conclusions only to QLR ,(02) for given 3. Andrews (2001) provides further
relevant theory for unidentified models with boundary parameter problems. We utilize his advances to
obtain Theorem 2. In particular, from the given approximations and the boundary parameter condition,
maxg,co, () QLR1,4(02) = H(e)+Z'Z under Hyy;, where Z'Z is identically the probability limit of QL Ry,
following the chi-square distribution. Thus, QLR (€¢) weakly converges to H(e) under H|,;. We emphasize
that the convergence limit of maxg,ce, () @LR1,,(02) separates into two pieces, H(e) and Z'Z (depending
on whether the boundary parameter problem arises or not), and the probability limit of QLR; ,, which
is the identical random variable Z’Z. As pointed out by one of the referees, the estimation error for pa-
rameters not on the boundary has the same limit as the estimation error obtainable when the boundary

parameters are known in advance.



The nature of the parameter space ©, fundamentally affects the probability law of H(e). As pointed
out by Hartigan (1985) and Lindsay (1995), if we allow O, to be unbounded, then even the existence of

H(e) is in question. Theorem 3 formally underscores the importance of assuming compact ©,.

THEOREM 3: Given Al, A2(i, i), A3, A4, A5(ii), A6(i), and Hyy, for all € > 0, P(supg,ce, () 1G(02)] <
o00) = 1.

We prove Theorem 3 using the fact in Lifshits (1995) that a Gaussian process is bounded with probability
one if and only if it has a finite oscillation a.s. when the given parameter space, ©,(¢), can be covered by a
finite number of open balls with radius measured by the semi-metric E[(G(62)—G(05))?] for 05 # 0, € O, (e).
If ©, is unbounded and the covariance between G(62) and G(0)) converges to 0 as |02 — 05| gets large,
then for given n € (0,1) and K € R, we can choose a set of parameters, say {GQZ}n("’ ), such that

P( nni) |G(602)] > K) > 1 —n. This implies that by letting K grow we can ensure that H(e)

SUPg, (6,
eventuallif diverges to infinity in probability. We avoid this by requiring O, to be bounded. In terms of
Hartigan (1985) and Lindsay (1995), therefore, our focus here should be understood as investigating how
to exploit the QLR statistic for a given compact parameter space. Our boundedness requirement is further
underscored by the warnings raised by Azais, Gassiat, and Mercadier (2006) against using an unbounded
parameter space. The Monte Carlo experiments for mixtures of exponentials in Mosler and Seidel (2001)
show the lack of convergence in distribution in this context.

Another interesting aspect of Theorem 3 is that the QLR statistic has a model-dependent null distri-
bution. As mentioned following Lemma 1, the null distribution of G depends on both the DGP and the
model. This situation has been recognized in the goodness-of-fit test literature by Darling (1955) and
Durbin (1973). Their insights apply here. Further, the parameter space, O, is another source of model
dependence for our QLR statistic. For example, if there are two parameter spaces, say @S}) and 9&2), such
that ©1" 6/, then P(sup, ) (o minl0, G(82)))? > K) < Plsup, g, (minf0, G(6:))* > K) and
P(sup92€®i1>(e)(min[0, G(02)))? = 0) > P(sup92€®i2>(e)(min[0, G(02)])? = 0). Thus, for different parameter
spaces, different critical values will apply, and the point mass given to 0, the effect due to the boundary

parameter problem, can eventually disappear. We investigate this in the model exercises of Section 2.5.

2.3. NULL DISTRIBUTION OF THE QLR STATISTIC UNDER H|),

2.3.1. Non-zero Second-Order Derivative Case. To examine the QLR statistic under H/,, we first in-
troduce relevant notation for our analysis. For given (m,63) € (0,1) x O,, let (58771(92),9?7”(92)) =

arg max, *(m,0), which satisfies the first-order conditions (FOCs), so that for each (7, 0s),

e@n

(1,0)  5q jdq (1,0)
o o O (82), 8, 02) + (1= ) 02),60)
Vol r B 2.0 Be). o) = L e ) B (@) + (1 )02, 82

0,

(1 —m) fO(8,,(02), 07, (62))

* nd nd _
VoL (m, 08, 02): 016 82) = D e o G o)+ (1= m) s R0 02), 00

0,



where ft(i’j )= Véovgl fi. Note that (62

0.1 qu) should have been represented as a function of 7, too, but

we omit this, as 7 will be taken as given under Hy,. Each component in the expressions above can be

appropriately exploited for our further analysis. For each (m,62), we thus simplify by letting

he(02) := £ (02,(02),02), Ku(02) := £V (0L, (62), 607 ,(62)),
ma(m,02) = wf"0(02,,(02), 00, (62)) + (1 — ) 0 (68, (62), 62),

g1(m,602) == 1/(m fo(05 ,,(02), 01 ,,(82)) + (1 = 7) fu(6F ,,(62), 62)),

and Ly (,69) := L (, égvn(eg), 01 ,(62),02). Then we can write:

MM (,62) := Voo Ln(m, 6, (02), 61 ,(02), 62) = > me(w,02)g1(, 65) = 0

KM (m,05) := Vg, Ln(m, 08 ,(02), 09 ,(02),02) = (L —7) > ke (62)ge(, 02) = 0

In the expressions immediately above, the superscript (1) denotes the first-order derivative with respect to

2. Later, we use the superscript (2) to denote the second-order derivative with respect to 6o, etc. Thus,
(1= )" (65 ,(62).62)

2 7 fi(08,,(02), 01 ,(02)) + (1 — ) f+(05 ,,(02), 92)’

E%l)(ﬂ',gz) = ngin(ﬂ',eg) =

implying that L (7, 02) = (1 — W)th(Gg)gt(w,Qg) We further let 77 .= £ (@ 0n )/ £,(08 . 07,
and fgl) =V ft(é&n, )/ [ (68 0.n>01,); and where no confusion arises, for a given functlon of (m,03), say
qt, q(m, é?n) is abbreviated as ¢;. For example, g(m, é]‘n) and ht(é{‘n) are denoted as g; and hy.

The QLR statistic can be represented using this notation under H/,. Note that for each m, we
have QLR (r) = 2(Lj (v, 60, (m),01,,(), 63, () — Li(1,68.,, 67, 62)), where (82, (m), 61 (), 6., (m)) i=
maxy Lj(w,0); this is identical to 2(Ln(m, 04, (7)) — Ln(m,07,)), because (6, (03, (w)),0%,(04,, (),
égn(w)) and (ég,n (é?n), 5’11n (é’fn)) satisfy the FOCs under the alternative and the null model assumptions
respectively, so that é&n(ﬂ) = ég,n(ég,n(ﬂ-))? é'fn(ﬂ) = é’fn(égn(ﬂ)), égn = égm(éﬁn) and é?n = é‘fn(élnn)

In addition to the identification problem, the QLR statistic exhibits another nonstandard property under
H{,. By the definitions of h; and k, hy = ht(é{‘n) =k = Fe( Afn), implying that

LD (m,07,) = (1=m)> g =(1—m)> kuge = KM (7, 07,,) =

That is, the first-order derivative is identically zero under Hy,. The score given by the first-order derivative
cannot approximate the null distribution. Neymann and Scott (1966) and Lee and Chesher (1986) consider
similar problems in the context of the C(a) statistic and recommend approximating the log-likelihood
function using higher-order derivatives. Lindsay (1995) elaborates and shows this approach extends beyond

the models of Neymann and Scott (1966). We follow these insights. A little algebra gives that for each
(m,62),

LA (m,05) = (1= 1) Y _{hi" (02)90(7, 02) + ha(02)g (7, 62)},
7T 92 Z{m , 92 gt T 92)+mt(7r 92) (1)(71',92)}:0,
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EP(r,05) = (1— 1) > {ki" (02)ge(m,02) + ke(82)g;" (7, 602)} = 0.
The last two equations hold because J\?[,Sl)(w, 02) and KV (m,02) are identically zero. Thus,
LD 01,) = L (m,01,) = KD 0,) = (1= m) (0" — ")

Note that this involves first computing 02(1) = éz(l)(@fn) (¢ =0,1), and if these are plugged back into K
and ]\%2), then another set of identities is obtained. We can also compute 1'37(13) (, éqf’n) in the same way.

Once again, 01(2) (i = 0,1) appears; we iterate this process to obtain Z7(14)(7T, é’fn) Then for each ,

L 07,) = (1= m) 3G = B)ge+ 200" — gV,

IO 07, = (1 =m) Y (™ = kg + 307 = k)3 +3(h" — ki)g™y.

The asymptotic behaviors of S (m, é?n) to [NJ,(14)(7T, é?n) are determined by each element on the right-hand
side (RHS). We now collect the regularity conditions that enable us to apply the law of large numbers
(LLN) and the central limit theorem (CLT) to each element.

A2: (iii) For every x € RY, f(z| X' 1 .) € C¥(O) a.s

Ab: (iit) There exists a sequence of positive, strictly stationary, and ergodic random variables, { M;}, such
that (a) for some § > 0, E[M}*] < A < oo; (b) suPgi g | Vi fe(01)/ f(01)|* < My; (¢) suppi g | Vi, Vio £ (64)
[F(OD? < My; (d) supgicg [V, Viy Vig fi(01) /£ (012 < My (€) supgieg [Viy Vi, Via Vi fo(01)/ f:(01)] <
My, where iy, -+ ,is € {601,602, - ,O0ry, 01}

AG6: (ii) For each (m*,05,0%,05) with 07 = 03 and 7 € (0,1), Amin(C®) > 0 such that if Amin(C?) >0
then Amax(C'?) < oo, where for k=2,3,---, rlgk)(ﬁ*) = (rgo’k)(Q*),Tﬁl)(G*)/) and

c® o

= ElrM (0.)rM (0.)) =
k [
o el |

_ | ERP00n BP0 @)
B 0. Cy

whenever they exist.

We impose A6(ii) in order to approximate the quasi-log-likelihood function by a quartic function. Specifi-
cally, A6(ii) provides a condition relating the second-order and first-order derivatives under the alternative

and the null respectively. Using these, we can obtain the following asymptotic properties.

(a) LD (m, 07,) = 152 2@(0’ . op<n1/2>;

(v) —WL@)( 07, = ()G, where GP ~ N(0,0®) and 0@ = cf} - ¢ [c§) 17 ¢f;
(¢) LY (w07, = Op(n'/?);

(d) Aﬂ%wm)— —3(11)203) 4 0,(1).

11



Lemma 2 is proved in the Appendix. The fact that L” (m, é?n) = 0,(n'/?) implies that the QLR statistic
can be non-degenerate even with the zero first-order derivative. Also, it is of interest that E%“) (m, é?n) can
estimate the asymptotic variance of n=/ 2I~L£?)(7r, é?n), as a result of the information matrix equality.

The asymptotic null distribution of the QLR statistic under H(, can now be derived using Lemma 2.
Note that for each 7 and 65 between 6y and éin,

~ ~ s 1. - - 1 1- = A
Ln(m,02) = Ln(m,07,) + 5 LD (. 07,,) (02 = 07,)* + 30 T L8 (. 02)(62 — 67,

L9, 00,)(0: = 07,)° +

by the mean value theorem. Lemma 2 and theorem 3.9 of Billingsley (1999) imply that

2
(n2LD (r,07,) n AL o, 67, LD, B,) ) = ([1 - ”] Gy,0,-3 [1‘”] 9<2>)
k) ) ) 7-(- 7-(-

for each w. Thus, given the differentiability and the moment conditions, for each m,

1

. - 1-— 1—n]?
sup 2(Ly(m,02) — Ln(m, 07 ,,)) = sup [ Tr] G[(]2)§2 - = [ W} Q@
62 I3 Y 4 T

where £ captures the asymptotic behavior of n!/ 46y — é?n) From this, we obtain the following.

(a) maxg, 2(Ly(m,02) — L (m,07,,)) = max[0, Go]?, where Go ~ N(0,1);
(b) for € € (0,1/2), QLRy(€) := maXyc|1—q maxg, 2(Ln(m,02) — Ly (m,07,,)) = max[0, Go]2.

There are a number of interesting aspects to Theorem 4. First, the proof of Theorem 4 is not too
different from the standard argument, but it involves a sign constraint. Note that the QLR statistic is
approximated mainly by the second and fourth-order derivatives, and £ is raised to even powers, which
cannot be less than zero. This gives rise to the square of the half normal distribution as the asymptotic
null distribution, even without the boundary parameter condition. Second, the nuisance parameter, m, is
present only in scaling Ef) (ﬂ,éfn) and E%“) (m, é?n), so that the QLR statistic turns out to be nuisance
parameter free by the information matrix equality. This also implies that the asymptotic null distribution
of 2(Ln(-,02) — Ln(-, A’fn)) is automatically tight, leading to Theorem 4(b). Third, n12LP (ﬂ,é’ﬁn)
doesn’t have to obey asymptotic normality for Theorem 4. It can be degenerate. What is required for
the result is that n=3/4L{) (ﬂ,é?n) = 0p(1). Fourth, the convergence rate of the estimator is different
from the standard n'/? case. In this case, the convergence rate is n'/4, which is the same as for the C ()
statistic of Neymann and Scott (1966) and Lindsay (1995). Thus, under H/,, the QLR test can have power
comparable to that of the C(«) test asymptotically. Also, in turn, the “general quadratic approximation”
of Lin and Shao (2003) cannot be applied to the likelihood ratio under H/,. Goffinet, Loisel and Laurent
(1992) report the same results as Lemma 4(a) in the case of a mixture of normals with unknown means but
known common variance. Our analysis provides a general theory that nests theirs as a special case. Fifth,
the given limiting random variable, Gy, is the probability limit of G(f3) as 62 tends to 6.. This feature
will be explained in further detail below. Sixth, the literature often reports the tendency of mixtures of

exponential family distributions to yield more stable simulation results than other distributions. This is

12



mainly because they are infinitely differentiable, so that the fourth-order differentiation condition holds
automatically. Simulation results can be unstable if the model is differentiable only up to the second-order.
Finally, many mixture models can be analyzed by the fourth-order approximation, although there are many

other popular mixtures that cannot be approximated using a fourth-order Taylor expansion.

2.3.2. Zero Second-Order Derivative Case. We often observe mixture models to have zero second-order
derivatives under the null, because the second-order derivative turns out to be a linear function of the

first-order derivatives: for each ' and for some non-zero (o/ 3)’ € RTo+1
J20Y) = o 11061 + 81D 601,

so that ) ft(0’2) = 0. The empirical example of Porter (1983) belongs to this case, so the quartic approxi-
mation of the previous section has to be improved. As will be clear later, the required approximation order

is of the eighth order.? By further elaborating the prior derivatives, we have for i = 3,--- , 8,
o . o » R R e 4
Lg) (m,07,) = (1—7) Z (hgz—l) _ kgz—l)) G + Z . (hgzﬂfl) _ k§2*371)> ngj)
j=1 J

As before, each component in the RHS contributes to the asymptotic null distribution of the QLR statistic.

We provide suitable regularity conditions as follows.
A2: () For every xz € RY, f(z| X' .) e C®)(O) a.s.

A5: (i) There exists a sequence of positive, strictly stationary, and ergodic random variables, { M}, such
that for some 6 > 0, E[Mt1+5] < A < 005 supgigg |Vi1---Vikf}(ﬁl)/ft(@l)\4 < My; supgigg |Viy -+ Vi,
FON/F(0Y? < My supgieg [V fi(01)/fe(01)] < My supgicg [V, VG, fi(01)/fu (01)] < My supgicg
|Vj1Vj2V21ft(01)/ft (0Y)| < My, where k = 1,2,3,4; £ = 5,6,7; i1,--- ,i7 € {001,002, ,00r0,01}; and

J1:J2 € {001,002, -+, bor, }-

Assumptions A5(iii and iv) are not the most efficient possible moment conditions. For expositional pur-
poses, we provide simple assumptions that are stronger than is strictly necessary. Note that the second,
third, and fourth-order derivative conditions in A5(iv) are strengthened compared to A5(iii), and also that

the highest moment-order condition is of fourth order even if the eighth-order derivative is involved. This

contrasts sharply with the previous case. Recall that in the prior case, (96637)” 9:53%) must first be computed
to obtain i#)(w, é?n) Here we don’t need to compute (5877)1, égg) to compute ® (, éqfn), only (5(()?7)1, égGr)L)

A~

~(0,2) (

p appears as a coefficient of > 7, (which is zero), and 6,

7
7n )

This is mainly because 6 ., 1s not required to

compute INL,(f) (m, é?n) Consequently, our regularity conditions do not require finite eighth-order moments
even if the eighth-order derivatives are involved.

Assumption A5(iv) and the next assumption enable us to apply the CLT.
3We are indebted to Robert Davies for guidance with this aspect of the problem.
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A6: (iii) For each (7%,05,0%,0%) with 0F = 05 and ©* € (0,1), Anin(C®) > 0 such that if Apin(C?) =0,
then Amin(C®)) > 0 and Apax(C®)) < 0o, where

o o) | | Els(692  Else(00)r(6.)]

ct) = =
i) c® E[s:(0,)r(6,)] c®)

and s4(0,) := r§0’4)(9*) — 65r§0’3)(0*) — 60/7"751’2)(0*) + 60/7"751’1)(9*)5 + 3a’r§2’0)(0*)a.

We partition CS) into [Cg(,s), C’fs)l] = [E[st(ﬂ*)rgg’o) (0.)], E[st(ﬂ*)rﬁl) (0,)]'] for future reference. As given
below, Y §; is asymptotically equivalent to the fourth-order derivative, affecting the asymptotic distribution

of the QLR statistic. Thus we require both C®) and C®) to be positive definite. We now have

LEMMA 3: Given A1, A2(i, w), A8, A4, A5(i, w), A6(iit), and Hy, for each ,

(a) L5 (m,07,,) = = 0= 57 0%,

() R ) =~ 0BG, here G ~ N10,009) and 060 1= OfY) — I8
(¢) L (m,67,) = Op(n'/?);

(d) LY (x,07,,) = Op(n'/?).

Lemma 3 holds for any 7 € (0,1). Nevertheless, care is needed. If 7 = 1/2, s (m, éin) = 0, so that the
third-order derivative also turns out to be zero, implying that we need to differentiate one more time when
m = 1/2. Goffinet, Loisel and Laurent (1992) observe the same phenomenon when considering the mixture
of normals with unknown different means and an unknown common variance. Nevertheless, their analysis
is incorrect, as they approximate the log-likelihood function only to the fourth order when 7 = 1/2. We
suppose first that 7 # 1/2. In this case, the asymptotic variance of n=1/ 2[?513) (m, é?n) can be estimated by

the sixth-order derivative.

LEMMA 4: Given A1, A2(i, i), A8, A4, A5(ii, w), A6(iit) and Hy,, if m € {z € (0,1) : = # 1/2}, then
(@) n LY (m, 07,,) = —10(U=25=20)200) 4 o, (1);
(b) maxg, 2(Ln(m,02) — Ly (m,07,)) = G2.

The proof of Lemma 4 is straightforward. Using Lemmas 3 and 4, we can approximate the likelihood

function as before. For each 7 and 63 between 6y and é?n, the mean value theorem gives

_ 3 X 1. . . 1. . R
Ln(ﬂ-v 02) - Ln(ﬂ.7 9?,n)+§L7(13) (7T7 9?,11)(02 - 9?,71) ZL( )(7[-7 0?,71)(92 - 9?,71)4
1= 5 - 1= _ .
4L 00, 02— 87,07 + L (. B0) 0 — 07,

Applying theorem 3.9 of Billingsley (1999) and Lemma 6 ensures that for each m,

2
max 2( Ly (7, 602) — Ly (7, 67,,)) = sup 1 [(1 — 7r)(21 — QW)] G(()3)£3 20 [(1 —m(l = 27T)] QB)eb,
62 ’ ¢ 3 s 6! w2

Solving for the RHS gives us [2®)]~1[G®)]2, which has the same distribution as GZ. This explains why the
standard chi-square distribution is obtained here as the limiting distribution of the QLR statistic. Note
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that the information matrix equality holds here, and that the limiting distribution is nuisance parameter
free.

If 7 =1/2, we examine derivatives up to eighth order. We have the following large sample properties.

LEMMA 5: Given A1, A2(i, i), A8, A4, A5(ii, w), A6(iii), and Hy,, if m=1/2, then
a) LY (m,07,,) = 32 8 + op(n'/2);
b n_l/zigl) (W,éin) = G((]S), where G((]S) ~ N(0,9%)) and Q) := CS) - C’fs)/[Cég)]_le);

Note the sharp difference between the behavior of Lo (m, é?n) here and that in Lemma 4(a). The O,(n)
term in Lemma 4(a) turns out to have a zero coefficient given m = 1/2. The other aspects are the same as
before. Applying theorem 3.9 of Billingsley (1999) and Lemmas 5(a to e) leads to Lemma 5(f) by the same
argument as before. The sign condition applies here also, so that the square of the half-normal distribution
is obtained as the limiting distribution of maxg, 2(Ly(1/2,62) — Ln(1/2, é?n)) The asymptotic variance
of the fourth-order derivative can be estimated by the eighth-order derivative, and the information matrix
equality follows from this.

The asymptotic distribution of the QLR statistic under H/, follows as a corollary of Lemmas 4(b) and
5(f). By the Cramér-Wold device, theorem 3.9 of Billingsley (1999), and Lemmas 3 to 5, we have

max 2(La(m, 02) = L(w.07,.)) = max[GF, max(0, G, ]
m™,02

where cov(Go, G) = Q39 /[QB)IQE1/2 and QB») .= C'?Es) - CS) [C’ég)]_lCP. In applying theorem 3.9 of
Billingsley (1999), we exploit the fact that C®) is positive definite to show the existence of the RHS.

THEOREM 5: Given A1, A2(i, w), A3, A4, A5(ii, w), A6(iii), and Hl,, for each € > 0, QLR (e) =

max[GZ, max|[0, G.]?).

Several items are noteworthy. First, there are only two limits, Gy and G, under H{,, implying that the
tightness trivially follows for the same reason as in Theorem 4. Second, as explained below, the limiting

random variable, Gy, can be inferred from G by moving 6 to 0., but G, cannot. Third, the rate of

1/8 or n1/6 depending on whether = = 1/2 or not, so that the power of

the QLR statistic under H{), is much weaker than the standard case where the rate of convergence is nt/2,

convergence of the QLR statistic is n

and also weaker than the non-zero second-order derivative case. This property is also expected even for the
standard LR statistic under the same hypothesis, because the mixture model is a special case of the HMM
specification. Finally, the analysis of Neyman and Scott’s (1966) C(«) statistic requires combining » | fgo,s)
and ) 8. For our later Monte Carlo simulations, we use the C(«) statistic asymptotically equivalent to

the LR statistic under H,.
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2.4. NULL DISTRIBUTION OF THE QLR STATISTIC UNDER H),

Given the null distribution of the QLR statistic under H{; or H{,, we can test regime switching by
restricting our attention to a particular null hypothesis. As an example, we can compute QLR y(€) or
QLR ,(¢) for a given € and apply the distribution appropriate to each test statistic. Indeed, the LR statistic
of Hartigan (1985) and Ghosh and Sen (1985) focuses on HY);, and the C(«) test in Neyman and Scott
(1966) focuses on Hy,. It is, however, of general interest to obtain the asymptotic null distribution of the
QLR statistic when the null parameter space is unrestricted. We derive this asymptotic null distribution,
and implement Monte Carlo simulations below to compare it with other statistics.

The null asymptotic distribution can be given as the distribution of the maximum value of the random
variables given under each hypothesis. We elaborate further, however, because these random variables
are not independent: there exists a regular relationship between them. This requires a further regularity

condition.

A6: (iv) For each (7*,05,07,605), Amin(B(7*,65,07,05)) > 0 such that (a) if Amin(B(7%, 605,607, 65)) >0
then Amax(B(m*,65,07,05)) < 00; or (b) if Amin(B(7%,05,07,05)) = 0, then for each 03 # 0, and 604 # 0.,
Amin (C® (02, 04)) > 0 and Amax(CW (02, 04)) < oo, where for each (62,04), 7" (82) == [1—r(62), 7" (62)],
and

cogy e | E0CTOF B0 03]

Bl )" 0] CO(6:,65)

(v) For each (1,05, 0%,05), Anin(B(1*,05,05,03)) > 0 such that (a) if Amin(B(*,05,0%, 05)) > 0, then
Amax (B(7*, 65,07, 05)) < oo; or (b) if Amin(B(7*,05,65,03)) = 0, then for each 0y # 0, and 0, # 0.,
Amin (C ) (82, 05)) > 0 and Amax(C) (09, 65)) < 0o, where for each (fa,6)),

[()ﬂ Els:(8)r"Y @] Elsi(.)r" (6))]
CW(bs,05) = | B[V (0.)50(0,)]  E[F*V(60.)2]  ElFr"V(6
Elr{” (62)5:(6.)] E[r{” (62)r>V(6.)]  C©(65,6)

A6(iv and v) ensure that the asymptotic joint distribution of the random variables obtained under HY);

and H, is well-defined and properly behaved.

LEMMA 6: (a) Given A1, A2(i, iii), A3, A4, A5(i, iii), A6 (i), and H), plim o, 4 G(02) = —Go, where
Gy is given in Theorem 4 (a).
(b) Given A1, A2(i, w), A3, A4, A5(ii, iv), A6(v), and Hy, plim 4,49 G(02) = Go and plim 4,5 G(02) =

—Go, where Gq is given in Lemma 4 (b).

The null parameter restrictions enforced through e in Theorems 2, 4, and 5 are eliminated here to let 65
approach 6,. We prove Lemma 6 by approximating the sample scores of G around .. Lemma 6(a) implies
that the Gaussian process, G, is continuous at 6, in probability (that is, with probability approaching one),

when the second-order derivative isn’t zero. Otherwise, G is discontinuous at 8, in probability. Thus, the
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limiting distribution of the QLR statistic cannot be represented by a functional of a continuous Gaussian
process. Even G(6.) is not identified appropriately.

We make several remarks. First, if the second-order derivative isn’t zero, then G contains all the
information on the QLR statistic under H. Second, however, if the second-order derivative is zero, we
cannot neglect the event that max|[0, G,]? > Supe, \ {g,} min|0, G(02))%, but must consider this separately.
Third, Lemma 6(b) implies that supg,\ (9,3 min[0, G(62)] > G2, so that the G% term in Theorem 5 can be

ignored in considering the asymptotic distribution under Hy. Thus, we have the following.

(b) Given A1, A2(i, i), A8, A4, A5(ii, w), A6(v), and H}, QLR, = max[max[0, G4]?, supe, \ {9, } min|0,
G(62)]].

By the definition of “sup,” supg_\ f¢,} min[0, G (62)]* = supg, min[0, G(62)]2. We nevertheless maintain this
notation to indicate that G is discontinuous at 6.

Theorem 6 extends the literature in several ways. Bickel and Chernoff (1993) and Lindsay (1995)
corroborate the claim in Hartigan (1985) that the (Q)LR statistics are not bounded in probability unless
the parameter space is bounded. Chernoff and Lander (1995) consider mixtures of binomials and derive
the limiting distribution of the LR statistics. Chen and Chen (2000) generalize the analysis of Chernoff
and Lander (1995) by considering general mixture models. But their generalization is restricted in the
sense that their regularity conditions do not allow for the presence of other nuisance parameters. Under
each regime, the conditional PDF has to have a single parameter. Dacunha-Castelle and Gassiat (1999)
allow for the presence of other nuisance parameters and derive the asymptotic null distribution using
the so-called “locally conic parameterizations.” Nevertheless, their locally conic parametrization does not
consider the case in which second-order derivatives are zero, so that their analysis cannot accommodate the
models considered by Theorem 6(b). In this respect, Theorem 6(b) extends the scope of mixture models by
showing that the asymptotic null distributions of (Q)LR statistics can be different from those previously
obtained. Specifically, the relevant Gaussian process can be discontinuous. We revisit the popular empirical

model considered by Porter (1983) below. His model requires Theorem 6(b) for its analysis.

2.5. MODEL EXERCISES

We consider two popular model specifications to explore the behaviors identified above. Suppose that
{X.} is generated by the AR(1) process X; = 0.5X;—1 + uy, up ~ i.i.d. N(0,1); and consider the following
mixtures of normals as alternatives: m-N(01+00X;—1,1)+(1—7)-N (02469 X;—1, 1), where 7 € [0,1], 61,62 €
©., and O, is taken in turn to be O, := [-1.0, 1.0], [-2.0,2.0], [-3.0,3.0], [—4.0,4.0], [-5.0, 5.0], [0.0, 1.0],
[0.0,2.0], [0.0,3.0], [0.0,4.0] or [0.0,5.0]. The other parameters are not restricted. These choices for ©,
are considered to illustrate how different parameter spaces or the boundary parameter can affect the QLR
statistic. The last five choices for ©, are motivated by the consideration that many econometric models have

structures similar to those considered by Porter (1983). The limiting behavior of the QLR statistics for these
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models is given as supy,ce, (min[0, G(62)])? by Theorem 6(a), where for each 6, € O, G(62) ~ N(0,1), and
for each 6z, 8 € O.., E[G(02)G(05)] = (exp(0264) — 1 — 0,04 /[(exp(63) — 1 — 63)1/2(exp(62) — 1 — 05%)1/2]
Further, consider a Gaussian process defined as G(62) := 352, 05Y;/[¢!(exp(03) — 1 — 63)]'/2 for each
09 and {Y;}3°, ~ ii.d. N(0,1); then G has the same covariance structure as G, and this implies that
their distributions are identical. Thus, simulating G yields the critical values of the QLR statistic. We
approximate G () using Zig 04V, /[0 (exp(h3) — 1 — 62)]'/? and compute the maximum by grid search
with a grid distance of 0.01. Table 1 contains results for the various parameter spaces at the 5% level,
using 10,000 replications. As explained above, the critical value gets larger, and the point mass at zero gets
smaller, as the size of ©, increases. Also, we compute the critical values when the boundary parameter

problem is neglected. That is, we compute K’ such that P(supy,ce, G(62)? > K') = 0.05 by simulation.

This is intended to examine how serious the boundary parameter problem can be. Table 1 shows that

TABLE 1. CRITICAL VALUES FOR VARIOUS PARAMETER SPACES (5% NOMINAL LEVEL)

DGP: X; =0.5X;_1 + u¢ AND uy ~ i.i.d. N(0,1)
MoODEL: 7 - N(91 + 0 X1, 1) + (1 — 7T) . N(eg + 0p X1, 1)

0. [~1.0,1.0] [-2.0,2.0] [-3.0,3.0] [-4.0,4.0] [~5.0,5.0]
Critical values 4.01 4.92 2.67 6.26 6.76
Point mass at zero (in percent) 31.66 16.37 7.61 3.12 1.48
Critical values w/o boundary condition 5.33 6.28 7.06 7.62 8.19
Critical values given by Corollary 1 4.05 5.40 6.06 6.58 7.00
O, [0.0,1.0] [0.0,2.0] [0.0,3.0] [0.0,4.0] 0.0, 5.0]
Critical values 3.49 4.09 4.76 5.17 5.65
Point mass at zero (in percent) 40.44 30.12 19.64 12.73 9.00
Critical values w/o boundary condition 4.63 5.54 6.09 6.53 6.99
Critical values given by Corollary 1 2.53 4.05 4.73 5.23 5.85
MODEL: 7 - N(01 + 00 X;_1,0%) + (1 —7) - N(02 + 0o X;_1,02)
O, [-1.0,1.0] [-2.0,2.0] [-3.0,3.0] [—4.0,4.0] [-5.0,5.0]
Critical values 5.01 5.61 6.35 6.54 7.06
Point mass at zero (in percent) 0.00 0.00 0.00 0.00 0.00
Critical values w/o boundary condition 5.30 6.23 7.16 7.59 8.15
Critical values given by Corollary 1 5.02 5.62 6.18 6.67 7.07
O, [0.0,1.0)  [0.0,2.0] [0.0,3.0] [0.0,4.0] [0.0, 5.0]
Critical values 4.21 4.51 5.28 5.51 5.84
Point mass at zero (in percent) 17.05 10.93 8.06 5.44 3.17
Critical values w/o boundary condition 4.98 5.42 6.28 6.75 7.04
Critical values given by Corollary 1 3.94 4.65 5.11 5.53 5.88
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there is a tendency for the impact of the boundary parameter to increase as the size of the parameter space
increases. That is, the distance between the critical values and K’ increases as ©, becomes larger.

As another example, we consider the case in which the variance is unknown and must be estimated,
taking the same AR(1) process and the same ©, as above. That is, the model for X;|F;_; is m- N(0; +
00 X¢-1,02) + (1 —7) - N(02 + 00X;_1,0?). Accommodating the unknown variance modifies the limiting
distributions of the QLR statistics: now QLR, = max[(max[(),G*])Q,sup92€@*\{9*}(min[0, G(62)))?] by
Theorem 6(b), where for each 6y € ©,, G(2) and G, ~ N(0,1). The processes G and G, are the weak
limits derived under H),; and Hj, respectively. In particular, G, must be derived using an eighth-order
Taylor expansion. Note that G, plim g, 109 (f2), and plim 92T0g (f2) are different. Further, for each 6,
E[G(62)G.] = 03/ (exp(h3) — 1 — 63 — 63/2)'/2 and for each 65,05, E[G(02)G(05)] = (exp(626}) — 1 — 020% —
020,%/2) /[(exp(62) — 1 — 62 — 02/2)1/2(exp(8}%) — 1 — 042 — 0% /2)1/2]. The given Gaussian process G has
the same distribution as G, which is defined as Y 52, 05Y7/[¢!(exp(62) — 1 — 02 — 64/2)]*/2 for each 65, and
if G, = Y, then E[G(62)G.] = E[G(02)G,] for each ;. Thus, we generate critical values by simulating
max|(max[Yy, 0])?, supy, e, \ o,} (min[0, G(65)])?]. Table 1 also contains the critical values for these models
with the same parameter spaces as before, and we observe similar behavior. An interesting feature of this
case is that the point mass at zero disappears when 0, is an interior point of ©,. This is mainly because

G is an odd function at zero with probability one, as implied by Lemma 6(b).

2.6. CONSERVATIVE APPROXIMATION OF THE NULL DISTRIBUTION

The properties of G are highly model-dependent and generally will not coincide with those of the above
examples. The exact behavior of G can be difficult to pin down, as pointed out by Davies (1977, 1987),
mainly because of the need to simultaneously consider a continuum of Gaussian random variables whose
covariance structures are not necessarily representable by a Markovian Gaussian probability law. For the
same reason, simulation methods based on a finite number of parameter elements can provide too rough a
lower bound for the QLR statistic, despite extensive simulation.

Our next result overcomes this difficulty by providing a large deviation inequality that gives a relatively
sharp lower bound on the tail distribution of the test statistic. These tail lower bounds are designed to yield
quick reference critical values rather than to define a precise critical region. We recommend referring to
other more precise critical values (when available) upon accepting the null hypothesis using our conservative
critical values.

First we consider the case in which the covariance of G is uniformly greater than that of another stationary

Gaussian process, say B°. Then the desired tail lower bound is obtained from B?.

and A6(v)), if for all 03,0, € {02 € O, : |02 — 05| < 3§, 6 > 0} we have E[B*(02)B°(05)] < E[G(02)G(05)],
where B® is a Gaussian process with mean 0 and cov(B*(02),B°(05)) = 1 — |02 — 657 (1 + o(1)) for some
v € R, then under H);,
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P < sup  (min[0, G(62)])? > u2> < Ty (u,0,) := Hy - A0,) - u¥7 - (1 — ®(u))(1 + o(1)),
02€0.\{0+}

as u — oo, where ®(-) is the standard normal CDF, H, := limg H.([0,05])/02, H,([0,05]) :=
E[exp(maX92€[0 9] B (09))], \ is the Lebesgue measure of the argument set, and BY is a fractional Gaussian

process with mean —|02|7, and cov(BE (62), B (05)) = |02]7 + 057 — |62 — 047 on ©.,.

A leading case occurs when = 2, in which case Hy is the Pickand constant, 1/./7. If a stationary Gaussian
process B° defined on an arbitrary set ©; is such that cov(B*(02),B°(05)) = 1 — |02 — 657 (1 + o(1)), then
it has a well-known tail distribution for its extremum on the same set, which is given as T7(u,®;). In
other words, |P(supg,ce, B*(f2) > u) — T1(u, ;)] — 0, as u — oo (see Piterbarg (1996)). Further, if
the covariance function of B?® is uniformly bounded from above on ©; by that of G, then the distribution
of the extremum for G is uniformly bounded by Ti(-,0;) from above. That is, the Slepian inequality
(cf. Dudley (1999)) can link the distributions of the extremes for G and B® in such a way that an upper
bound for the critical value of the test can be found for small values of the level of the test on ©;, because
P(supg,co, G(02) > u) = P(supg,ce, (min[0,G(62)])* > u?) for u > 0. We partition the relevant parameter
space of O, into small pieces, ©;, and gather these upper bounds using the Bonferroni inequality to deliver
the conservative tail critical values of the statistic on ©, in Theorem 7. Tighter bounds can be obtained
using improvements to Bonferroni, but we content ourselves with this straightforward approach. It also
follows from Theorem 7 that the closer the covariance function of B® is to that of G, the sharper the lower
bound is. When G is stationary, then B° directly gives the tail critical value.

Another lower bound for the test statistic is available based on the number of up-crossings for a given
level of G (cf. Rice (1944, 1945)), which is also the source of Davies’s (1977) lower bound. Heuristically,
as the state level of G increases, the number of up-crossings decreases under suitable conditions. Thus,
investigating the number of up-crossings can reveal information on the extremum of G. Using the expected

number of up-crossings, we obtain another tail critical bound for the test as follows.

THEOREM 8: Given A1, A2(i, iii), A3, A4, A5(ii, iii), AG(iw) (or AL, A2(i, i), A3, A4, A5(ii, ),
A6(v)) and H),,
P < sup  (min[0, G(62)])* > U2> < To(u, ©,) == B[NJ[8,6.)] + EIN; (8,6]] +2(1 — (w)),
9269*\{9*}

as u — oo, where § := min{O,}, 6 := max{0,} and N9[O] := #{62 € © : G(f2) = u, 35 > 0,G(6}) >
’U,,VH/Z S [92 — 4, 92]}

The expected number of up-crossings in Theorem 8 is given in Cramér and Leadbetter (1967, pp. 288-289)
as EINJ[0]] = [o [o~ ypo, (u, y)dydba, where pp, (z,y) is the probability density function of (G(62), G’ (62)),

and G'(62) is a (mean square) derivative of G(63) with respect to 63, whose existence is proved in Lemma
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1. Davies (1977) elaborates this to obtain that E[NY[0]] = (27m)~/2¢(u) Jo7(02)dbs, where ~(62) :=
var{G’(f2)} and ¢ is the PDF of a standard normal.

We can combine these lower bounds. The lower bounds provided by Theorem 7 and 8 generally differ.
In such cases, using the higher lower bound delivers preferred performance. Further, Theorems 7 and 8
are derived under H()l. If G is continuous at 0, then the lower bounds in Theorems 7 and 8 are the lower
bound under Hy by Lemma 6(a). Otherwise, this needs to be modified; a modified bound can be obtained

using the Bonferoni inequality.

COROLLARY 1: Given A1, A2(i, iii), A3, A4, A5(ii, ii), AG(iv) (or AL, A2(i, iv), A3, Af, A5(ii, w),
A6(v)) and Hp, lim, oo P(QLR,, > v?) < min[T1(u, ©.), To(u, ©,)] + (1 — ®(u)) - Licy, as u — oo, where

1{0} 18 0 or 1 whether G is continuous or not.

Corollary 1 follows because lim,, oo P(QLR,, > u*) < P(supgeg, min[0,G(0)])? > u?)+P(max0, G,]? > u?)
and P(max[0,G4]? > u?) =1 — ®(u) for u > 0.

Table 1 provides the bounds of Corollary 1 for the models in Section 2.5.* These bounds are very close
to the critical values when the size of parameter space is moderate. If the parameter space is relatively

small, then conservative bounds are ensured by choosing a small significance level.

3. MONTE CARLO SIMULATION

We compare the size and the power of the (Q)LR statistic with other statistics in this section. For the size
comparison, we use simulation environments corresponding to the examples of Section 2.5. That is, X; is
generated as an AR(1) process such that X; = 0.5X;_1+uy, where uy ~ i.i.d. N(0,1); the model for X¢|F;_1
is a mixture of normals with unknown variance, 7- N (01 +600X;_1,02) 4+ (1 —7)- N (02 + 09 X;_1,0?), where
01,05 € [—2.0,2.0]; and the restrictions for the other parameters are as before. For our power comparisons,
we consider the DGP with X; = 6. -1¢5,—1) — 04 1(5,—2) +0.5X;—1 +u¢ with P(S;=1]Si-1=1)=P(S; =
2|Si—1 = 2) = 7", where 7* € {0.1,0.3,0.5,0.7,0.9} and 6, € {0.2,0.4,0.6,0.8,1.0}. Note that these DGPs
are Markov regime-switching processes, so that the QLR statistic ignores the serial correlation of {S;}. We
also consider another group of DGPs, in which {S;} is identically and independently distributed, so that
P(S; = 1|S—1 = 1) = 1 — P(S; = 2|S;—1 = 2) = 7*, and the other conditions are the same as the first
group of DGPs. In this latter case, the QLR statistic is the LR statistic.

There are several statistics in the literature that can be used for the same purpose as the (Q)LR statistic.
The Bera and Jarque (BJ) statistic tests the normality assumption by jointly testing for skewness and
kurtosis. It can thus be used to test the number of regimes when the residuals follow the normal distribution,
as in our case. Because of its computational simplicity, the BJ statistic is widely used in applications. Its

formula is as follows:

S2 (K- 3)?

AThe program code for this bound is provided at the following URL: http://www.vuw.ac.nz/staff/js-cho/mixtures.html or

k3kk
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TABLE 2. TEST STATISTICS (LEVELS IN PERCENT)

NUMBER OF REPLICATIONS: 3,000
DGP: X; =0.5X;_1 + uy AND uy ~ i.i.d. N(0,1)
MODEL FOR X4|F;_1: m- N(01 + 00X;_1,0%) + (1 —7) - N(Os + 09 X;_1,02), 01,05 € [-2,2]

Sample Size Nominal Levels (%) 10.00 7.50 5.00 2.50
BJ, 6.06 4.83 3.66 2.56

50 Cla)n 6.03 4.40 3.06 1.40
(Q)LR, 13.53 10.56 7.90 4.20

BJ, 7.06 5.96 4.73 3.40

100 Cla), 7.60 5.46 3.86 1.90
(Q)LR, 11.60 9.16 6.73 3.20

BJ, 8.23 6.53 5.23 3.76

200 Cla)n 8.16 5.96 3.96 2.46
(Q)LR, 10.00 7.50 5.30 2.43

BJ, 8.73 6.66 4.50 2.63

500 Cla), 8.33 5.73 3.73 1.80
(Q)LR, 10.20 7.53 5.43 2.33

Standard Errors 0.0054 0.0048 0.0039 0.0028

where S, and K, stand for the sample skewness and the sample kurtosis respectively of the prediction
residuals of the null (restricted) model. This is known to have the x2 distribution under the null, asymptot-
ically. Neyman and Scott’s C(«) statistic can be also used to test regime switching. Essentially, it tests the
number of regimes by considering the dispersion of the empirical distribution; for more details, see Lindsay
(1995). The C(«) statistic hasn’t been formally examined in the literature for our model specifications, so
its limiting distribution must be obtained using third and fourth-order derivatives, following the analysis
in Section 2.3.2. We define C(«) as

s2 [ K,-3]?
C(a)p := nmax [6,m1n [O, NGT ] ] .

The C(a) statistic weakly converges to max[Z?7, min[0, Z3]?], where Z; and Z, are independent standard

normal random variables. Interestingly, the C(«) statistic uses S,, and K, just as BJ does.

Table 2 contains results for the size comparison computed for 3,000 replications. All of the statistics
have good size. Nevertheless, the QLR statistic seems to be more stable than the others. Our power
comparisons are reported in Tables 3 and 4. Table 3 contains the results for serially correlated {S;} with
P(S; =1) =0.5. It compares the powers of test statistics at the 5% level. Given that P(S; = 1) = 0.5, the
QLR statistic is most powerful for most cases. The presence of serial correlation in the Markov regime-
switching process enhances the appeal of the QLR statistic. Table 4 reports the case for i.i.d {S;} with

P(S; = 1) = 7* for the same level of test. Given the symmetry of the mixtures, we do not consider the
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TABLE 3. POWER OF TEST STATISTICS (IN PERCENT, 5% NOMINAL LEVEL)

NUMBER OF OBSERVATIONS: 500, NUMBER OF REPLICATIONS: 3,000
DGP: Xy = =0, - 15,1} + 0. - 1ig,—0y + 0.5X; 1 +uy
P(S; =1[S;_1 =1) = P(S; = 2|S;_1 = 2) = m* AND u; ~ i.i.d. N(0,1)
MODEL FOR Xy|F;—1: 7+ N (01 + 00 X;—1,0%) + (1 —71) - N(Oy + 00 X;—1,02), 61,00 € [-2,2]

0. 0.20 0.40 0.60 0.80 1.00

BJ, 4.83 3.33 2.46 3.60 7.10
7 =0.1 C(a)y 3.63 3.40 3.90 6.331 12..807

QLR, 5.76 6.63f 7.06 7.13 7.30

BJ, 4.93t 3.73 2.60 7.90 30.93

™ =0.3 C(a), 4.26 3.23 4.63 12.23 42.93
QLR, 5.60 6.067 9.507 23.931 62.167

BJ, 4.70 3.66 3.20 10.46 51.73

™ =05 C(a)y, 3.70 3.63 4.86 16.06 64.26
QLR, 6.03 6.83f 11.33f 35.20f 85.10f

BJ, 5.00 3.33 3.26 6.20 24.73

T =0.7 C(a), 3.66 3.53 4.70 10.93 35.36
QLR, 6.16 6.33f 9.467 26.80" 68.83"

BJ, 5.101 3.93 4.20 4.40 4.83

7 = 0.9 C(a)y, 3.93 3.73 4.70 4.20 4.76
QLR, 5.53 6.53f 8.13f 14.83% 29.261

T indicates the most powerful test statistic when size distortion-adjusted critical values are applied.

cases in which 7* is greater than 0.5. Here, the C(a) and BJ statistics are more powerful than the LR
statistic when 6, close to zero and 7* is close to zero. Otherwise, the LR statistic is most powerful.

We do not report the results of other experiments due to space constraints, but our general experience is
that the overall performance of the (Q)LR statistic is better than that of the other statistics. In particular,

its performance is appealing when 0, is large and P(S; = 1) is close to zero or one.

4. EMPIRICAL APPLICATION

In this section, we apply our results to the classic study by Porter (1983), who investigates cartel behavior
using the prices for railroad freight shipment of grain between Chicago and the Atlantic seaboard between
1880 and 1886. During this period, there was no Sherman act (1890) to deter firms from colluding. Porter’s
main interest was to see if prices were consistent with the theory of cartel pricing.

Porter (1983) exploits a regime-switching model. He begins with the following demand function:

log(Qa) = c1 + alog(P) + 3'Xq + U,
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TABLE 4. POWER OF TEST STATISTICS (IN PERCENT, 5% NOMINAL LEVEL)

NUMBER OF OBSERVATIONS: 500, NUMBER OF REPLICATIONS: 3,000
DGP: Xy = =0, - 15,1} + 0. - 1ig,—0y + 0.5X; 1 +uy
P(S;=1]S;-1=1)=1— P(S; =2|S;_1 = 2) = 7" AND uy ~ i.i.d. N(0,1)
MODEL FOR Xy|F;—1: 7+ N (01 + 00 X;—1,0%) + (1 —71) - N(Oy + 00 X;—1,02), 61,00 € [-2,2]

0. 0.20 0.40 0.60 0.80 1.00
BJ, 4.26 6.36 13.33 41.33 84.73
™ =0.1 C(a)y 4.007 4.70 13.467 43.16 85.93"
LR, 5.93 5.76 13.80 43.76 86.73
BJ, 4.767 4.60 8.93 26.70 73.96
™ = 0.3 Cla)n 3.80 4.33 11.13 30.50 71.06
LR, 4.93 7.53% 15.33f 49.731 93.561
BJ, 4.83 4.00 3.36 11.40 52.20
™ =05 C(a)y, 4.00 4.23 5.50 18.20 64.70
LR, 6.407 6.86 10.607 35.50f 84.861

T indicates the most powerful test statistic when size distortion-adjusted critical values are applied.

where () = Qg is the total quantity of grain shipped by rail measured in tonnage, P is the price level
of shipping measured in dollars per hundred pounds, ¢; and « are unknown parameters to be estimated,
X4 contains Porter’s demand shifters, § is the vector of corresponding parameters, and U; is a stochastic

disturbance. Next, Porter specifies a supply function of the form:

ca +v1og(Qs) + 8" X + Us, w.p. 1 —m,

log(P) =
Cc2 + c3 + 'Ylog(Qs) + 5IXS + Uz, w.p. ,

where 7 is an unknown probability, co, c3, and v are unknown parameters, X contains Porter’s supply
shifters, § contains the corresponding parameters, and Us is a stochastic disturbance such that

U, 0 o2 o
11 Y12
~ N ,

U, 0 0921 0%2
Green and Porter (1984) motivate the use of the two-regime supply function using the fact that a cartel is
not a stable organization, as each firm has an incentive to cheat on the agreement to increase its profits.
Consequently, the cartel needs a mechanism to prevent deviations. In particular, a two-regime process is
posited: if the market price is observed to be less than a reservation level for whatever reason, then all of
the firms cut their price for a given period, leading to a competitive equilibrium. After the given period,
the firms return to the cooperative equilibrium. If this strategy is adopted, then in fact no firm has any
incentive to deviate from the agreement. Nevertheless, prices and output will follow a two-regime process

as a result of demand shocks. See Green and Porter (1984) for further details.
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TABLE 5. MAXIMUM LIKELIHOOD ESTIMATION®

Porter (1983) Ellison (1994)
Coefficients Demand Curve Supply Curve Demand Curve Supply Curve
c1 0.909 7.677
(0.149) (1.882)
o -0.800 —1.802
(0.091) (1.287)
c2 —2.416 —4.764
(0.710) (1.863)
c3 0.545 0.637
(0.032) (0.104)
¥ 0.090 0.306
(0.068) (0.178)

a: standard errors in parentheses.

Table 5 contains the estimation results given by Porter (1983) for the two-regime model (the alternative).

The corresponding hypotheses are Hj : c3 = 0 versus H} : 0 < ¢3 < log( . Unfortunately, the upper

Tra)

bound for ¢z, log( is not defined for the estimated parameters, as the model specification requires

)
elastic demand, i.e., o] > 1, but in fact we estimate « = —0.8. This difficulty is avoided by Ellison (1994),

who specified the same model but with serially correlated errors:® Uy = pUys_1 + Vi, |p| < 1, and

L O 0'2 g
11 912
~ N ,

2

Thus, the model of Ellison (1994) is as follows:

log(Qay) = c1(1 — p) + plog(Qa—1) + alog(Pr) — palog(Pi—1) + ' Xaqy — pf' Xap—1 + Vi,

co +v1og(Qst) + 6" Xs i + Uay, w.p. 1 —m,

log(Pt) =
co+ 3 +71og(Qst) + 6" Xsr + Uay, w.p. 7.

Ellison reports that the estimated demand elasticity is around —1.802, so that the railroad industry indeed
faced an elastic demand function between 1880 and 1886. Ellison estimates various other Markov regime-
switching models and obtains similar results. As shown above, however, specifying a mixture for the QLR
statistic is enough for a test of regime switching. With this specification, the limiting distribution of the

QLR statistic under Hj is obtained using Theorem 6(b) as follows:

)—1—w?—0.5w

o @™ 2
Dim=3 g Ym
wel0, €] 412 ’

QLR, = K := max |max[0,Yy], sup | min |0,
(exp(w?

SCosslett and Lee (1985) also specify this model with serial correlation for the same data set.
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where Y;,, ~ i.0.d. N(0,1), w := \/E(af;lg;(fcrﬁ)l/? and & = 1Og(14%a)\/§(gf1:§;g§2)1/2' Note that this is
similar to one of the models considered in Section 2.5; the limiting distribution of the QLR statistic can be
computed by simulating /C. For this, we set £ to 5.00 to accommodate the estimation error for the upper
bound of w around 3.625 estimated using the null model. Table 1 reports the critical value at the 5% level.
The corresponding critical value at the .1% level is 14.128. The computed QLR statistic value is 152.27,
quite far from these critical values. We thus reject the null hypothesis as Porter did and affirm Porter’s
original inference. As illustrated in this example, it is essential to specify an appropriate parameter space

for @ to ensure a valid testing procedure. Otherwise, even with a statistic value as large as 152.27, the

null hypothesis could be accepted for a moderately large parameter space.

5. CONCLUSION

We consider Markov regime-switching processes, and investigate the limiting distributions of statistics
for testing the null hypothesis of one regime versus the alternative of two regimes. We obtain a useful
test by specifying the multiple regime model as a mixture of the two PDFs of a Markov regime-switching
process. This specification ignores the serial correlation of the unobserved data switching process. Despite
this neglect, the quasi-maximum likelihood estimator is consistent and yields reliable testing procedures.
Under the null, one has a non-standard situation, in which one has an identification problem and a boundary
parameter problem or a log-likelihood function that cannot be approximated using second-order derivatives.
These conditions imply that the quasi-LR statistic based on the mixture model follows a non-standard
distribution.

We derive the asymptotic null distributions of the quasi-LR statistics for various mixture models not
previously examined in the mixture literature, and provide critical values of the QLR statistics for various
popular mixture models. Also, we suggest formulae to compute the tail upper critical values when the exact
critical values are difficult to compute. Although these methods do not produce precise critical values, they
may prove useful in practice. Further, we consider the size and power of several test statistics used to test
the number of regimes. Overall, the QLR statistic performs well as to size and power, and outperforms the
other standard statistics for a number of cases considered in our Monte Carlo simulations. Nevertheless,
the QLR statistic is not plausibly optimal; better performing statistics for the specific hidden Markov type
serial correlation may be found following the approach in Andrews and Ploberger (1994).

As an empirical application, we re-examine the cartel stability problem investigated by Porter (1983).
By comparing the model-specific critical value with the empirical QLR statistic value, we corroborate
Porter’s findings, as we reject the null hypothesis that there was a single equilibrium in the market for

railroad shipments between Chicago and the Atlantic seaboard between 1880 and 1886.

6. APPENDIX

First, we provide supplementary results used to prove the main claims.

LeEMMA Al: (a) Given A1, A2(i, iii), A3, and A5(i), sup(z g In=1>" (7, 0) — E[ly(m,0)]| — 0 a.s.
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(b) Given A1, A2(i, ii), A3, and A5(i), Sup(x g ™Y Viroyle(m,0) — E[V iz ) le(7,0)]]lc — 0 a.s.
(c) Given A1, A2(i, i), A3, and A5(ii), sup(rg) [In~' SV 5 le(m,0) = E[VF 5 l(7.0)][loc — 0 a.s.

PrROOF OF LEMMA A1l: (a) First, note that ¢; is differentiable a.s. by Lemma A2(b) below, and for
some positive, stationary, and ergodic random variable, M;, ||V g)li(7,0)|lc < My by A5(i), so that for
each (m,0) and (7,0), |¢,(m,0) — £y(7,0)| < My||(x,0") — (#,0')'||. This also implies that [n=1 3" ¢,(r,0) —
n~ S 0(7,0)] < n S My||(,6') — (7,0')||. Further, we can apply the ergodic theorem to {n~' 3" M},
so that for any w € F, P(F) = 1, and € > 0, there is an n*(w,e) such that if n > n*(w,e), then
In=13" M; — E[M;]| < ¢, and this implies that n=1>" M; < E[M;] + . For the same &, we may let
6 = e/(E[My] + ¢); then n= 'S My||(7,0") — (7,0")'|| < e, whenever ||(m,0) — (7,0)| < 8, because
n~ S My||(m, 0 — (7,0 < n TS Mid = nt S Mie/(e + E[M;]) < e. That is, for any w € F,
P(F) =1 and ¢ > 0, there is n*(w,¢) and & such that if n > n*(w,e) and ||(7,8) — (7,6')'|| < &, then
In=t 324y (m,0) —n~' S 4y(7,0)| < e, which means that {n~" Zﬁt}fﬁ(wf)
probability one, n=! 3" ¢; converges to E[{;] uniformly on [0,1] x © by Rudin (1976, p.168).

is equicontinuous. Thus, with

(b and ¢) We can apply Ranga Rao (1962) to each case. To save space, for each (m,0) € [0,1] x O, let
@t = Vrole(m,0) (of (b)) or V%mg)ﬁt(w, 0) (of (c)) respectively. Then, sup, g |q:(m,0)] < M; by A5(i or
ii), and as M; has a finite first moment, E[g] is continuous on [0, 1] x ©, and sup, g =1 qi(m,0) —
Elq:(m,0)]|lcc — 0 a.s., as n — oo by Ranga Rao (1962). O

LEMMA A2: (a) Suppose that (7?,50,51,52) s a boundary element with 7 = 0 and (50,51,52) an interior
element of © with 6; # 0. Then, under A2(1) and A3, for each 01 € O, the domain of ¢(-, -,01, )
includes a set P x ©) x O3, where for some ¢ > 0, P := [0,¢], and ©f and O3, are open cubes centered
at Oy and Oy respectively.

(b) Under A2(ii), £ € C?)([0,1] x ©) a.s.

(c) Under A1, A2(i, ii), A3, A4, A5(ii), and A6(i), /u[(0%,, 0" ) — (6% .6,)) ~ N[0, [CSD]71].

n,00 Yn,1

PROOF OF LEMMA A2: (a) Since (6, 05) is an interior element of ©, there are open balls, B(fp, ) C O
and B(f,e1) C ©,. Now, let € := min[eo/v/2,1/v/2]. Then the desired result follows by letting O :=
C(6p, ) and 03, = C(0y,¢), where C9) (6, ¢) is an open cube centered at 6 with length 2e.

(b) By the definition of f;, its composition with the log-function must be in C?)([0,1] x ©) a.s.

(¢) By the mean value theorem, the interiority of (65,6.), and the FOC for (85,,,07,,), (6%, 0% ) —
(0 ,60.)] = (V2. L5 (1,05,0.02)] [V Ly (1,65, 0., 02)] + 0p(1). The desired result follows by the LLN, the
CLT, the information matrix equality, and the definition of Cég). O

Remarks: 1. Assumption 2%* of Andrews (2001) for the mixture is satisfied by Lemma A2.
2. In considering the open cubes of Lemma A2(a), we consider the locations of (7*, 6§, 07, 05) generated

by the null hypotheses, so that Lemma A2(a) treats the null parameter space generated by HY;.

PROOF OF THEOREM 1: (a) The given claim follows directly by the SULLN of Lemma Al(a).
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(b) To show the result, we prove that the unconditional population means of the FOCs are zeros at (7*, 6*).
Then this implies that (#%,0%) — (7*,6*) a.s. by Lemma Al(a) (cf. White (1994, theorem 4.6)).

For this, we first prove that E[1/(7* f;(65,67) + (1 — ©*) f(65,65))] = 1, which is the common element
in the FOCs. For each (r,0), E[1/(rfu(6") + (1 = m) fi(6?)] = S4_; E[1/(mfu(0") + (1 — m) f1(6%)|S: =
KIP(S; = k), P(Sy = 1) = * and f(X1, -, X|S; = 1) = 7w Fy(0%)[[[-2) P*F-(0")[P*Fy(6%)[1 0],
where P* is P evaluated at p}; and pj,. Note that E[[r f;(01)+ (1 —7) f:(6%)]71Se = 1] = [ f(z1, -, 24| Se
= 1)/[n fo(01)+(1—7) £1(6?)]dzt, and also [ f(zy, -+ 2| Sy = 1)dat~" = 71w [F1(0%)da; [[[L, P* [ F,
(0)da, JPFL(0%)[1,0) = 7L Iy P IJP*F4(0°)[1,0/ = £i(05,07), implying that B[1/(xf,(6") +
(1 —m)fi(0*)|Se = 1] = [ f(65,607)/(x fi(0') + (1 — 7) f:(6%))dzy. In the same way, it follows that
B/ (xfo(6Y) + (1= m) fi(62))1S0 = 2] = [ F(65, 03)/(x Fi(6") + (1 — ) fu(%))d, 50 that E[1/(x fi(6") + (1
) @) = J (88, 07)+ (1) £i(65, 05))/ ( fu(6")-+(1—7) fo(6%) . This shows that E[1/(r f,(6")+
(1= m)f:(6%))] = 1 when (m,0) = (z*,0").

Second, we consider the expected value of each FOC. For 6y, E[Vg t:(m,0)] = E[(mVg, f:(0) + (1 —
)V 00 (67)/ (£ (0 (L= m) f6)] = (550, Fi(67)+ (L= )V, (62)) (£ (05, 05)+ (1 =) (65, 65))
(7 f1 (1) +(1—7) £, (62))dzy, where the last equality follows by the same reasoning as above. Thus, if (7, 0) =
(7*,0%), then E[Vg li(m,0)] = 7* [ Vo, [:(05,07)dxy + (1 — 7*) [ Vo, f:(65,05)day = 7V, [ f:(65,07)dx +
(1=7*)Va, [ fe(65,0%5)dz, = 0, where the second last equality holds by the Lebesgue dominated convergence
theorem (LDCT) and A5(ii); and the last equality follows by that [ f;(01)dx; = [ fi(6?)dzy = 1 for each
01,62, Next, for 6y, if (7,0) = (7*,0%), E[Vg, l(r,0)] = 7* [ Vo, (05,07 )dxy = 7V, [ f1(05,07)dzy = 0
by the same argument as above. Similarly, E[Vg,l:(m,0)] = 0, if (7,0) = (7*,0*). Finally, E[V{(7,0)] =
JUAOY) — Fu6%)) (5* 103, 05) + (1 — ) £u(08, 05))/ (= Fo(0") + (1 — ) fs(0°))daze. Thus, if (, 0) = (x*, 6°),
then B[V ly(m,0)] = [(fi(6') — f:(6*))dzy = 1 — 1 = 0, implying the desired result by Lemma Al. O

PROOF OF LEMMA 1: (a) We show Lemma 1(a) in two steps. First, we show that {n™! >V g1)(1, 65,
Os, - )V (1) 0t(1, 05,0, -)'} satisfies the SULLN. Second, we prove that {n*1/2Zv(mgl)&(l,ﬁg,e*, 9}
weakly converges to S;. Then we can apply theorem 7.1 of Billingsley (1999) to obtain the desired result.

First, from the assumption that {X;} is a geometric -mixing process, for each 0y € O, {V (; g1)¢:(1, 65,
Ox,02)V (. 011 0e (1,05, 04, 02)'} is a strictly stationary S-mixing process with a mixing coefficient less than cp”
and a finite 1+ moment by A1 and A5(ii). Thus, for each §; € ©,, n= 1Y V(o1 le (1,05, 04, 02)V o1y £e(1,
05,0+, 02) — C(6,6,) a.s. by the ergodic theorem. Further, this holds uniformly on ©,(e) by Lemma A1.
Second, for each 03 € O, (e), {n_l/ZV(ﬂ.’gl)L;:(l, 05, 0, 02) } obeys the CLT given that {V  g1)0:(1, 05, 0, 02) }
has a (-mixing coefficient less than cp”™ and a finite 2+ ¢ moment by A1l and A5(ii) respectively (Doukhan,
Massart, and Rio (DMR) (1995, theorem 1)). Thus, for each 62 € ©.(e), n_1/2V(ﬂ791)L;§(1,03,9*,92) 2
N(0,C®)(6y,05)), where var(n~ Y2V g1y L5 (1,05,0.,02)) = C®(6,0). Further, applying the Cramér-
Wold device establishes the finite dimensional distributional convergence. Next, we apply DMR (1995,
theorem 1) to prove the tightness of {n~1/2 Vimoy Ly (1,05, 0, - ) 1 Oule) — R2*+70}. First of all, from the
definition of V g1y L7, (1,05, 0, - ), Vo1 Ly, (1,05, 0, - ) = > r4(6), which is not a function of 62; thus, we can
ignore it in proving tightness, and pay attention to only {n=Y2V,L* (1,05, 0., -) = n~/23(1 —r4(-))}.
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We proceed in three steps. (i) Given A5(ii), let ¢(z) = z'*9/2 (z > 0); then for any s € (0,00),
Elsupg,ce, () #(s(1 — r4(62))*] = 81+5/2E[sup92€@*(6)(1 — 14(02))*19] < s'9/2A < oco. Further, if we let
¢*(y) = sup,>o(zy — ¢(z)), then ¢*(y) = &*y'**/°, where * := 2% - (2%)(2-%5)/5. From this and
the geometric S-mixing condition, it follows that &* fol(ﬁ_l(u))““?/‘sdu < 5 (|1og(p)|)~*2/9{]log(c)| x
(|log(c)|)™ + T'(m4)} < oo by some algebra, where 3~!(u) := inf{t : B(¢) < u}, I is the gamma function
and my = min{2; : ¢ € N,4 > 1+ 2/6}. This implies that fol B (u)Q*(u)?du < oo by lemma 2 of
DMR (1995), where @ is the quantile function of supy,ce, () |1 — r(62)[. (ii) It is trivial to show that
S B < S0 epf = ep/(1 — p) < oo. (iii) Finally, from A5(ii) and given that f; € C*(0,) as. in
A2(ii), Lipschitz continuity holds a.s., thus E[|ry(62) — r¢(63)|] < E[supg,co, (o) |Va,7(62)[*7]|0; — 05T,
implying that Ossiander’s L?*9 entropy is finite by Andrews (1994, theorem 5). From these facts and
theorem 1 of DMR. (1995), {n=%23 (1 — r4(-)) : ©.(e) — R} must have a tight distribution, and so the
convergence limit of 571, must be a Gaussian process with covariance structure the same as that of Sj.

(b) To show this, we prove that the covariance function of S; has a generalized second-order deriva-
tive. That is, for each 62 € ©.(€), Vg, Vg, K(02,05) := limp, o (hR) (K (62 + her, 05 + h'e,) — K (62 +
hir,05) — K(02,05 + h'i,) + K(602,05)) exists at 02 = 605, where ¢, is an r x 1 vector of ones, and
K (0,05) = C9(By,0,)71C0 (0,,05)C O (0,05)~" for each 0y,60, € O.(e). The claim then follows as a
corollary of Grenander (1981, theorem 1 of Chapter 2-2). Note that for each 6y € O, (), C@(8y,05) is
positive definite by A6(i); thus, if C¥)(y,6}) has a generalized second-order derivative, then K (6, 6%)
must have a generalized second-order derivative. Further, Cg) is not a function of 6. Thus, we can
restrict our attention only to the generalized second-order derivative of C’ﬁ) (02,6), and prove its exis-
tence. Vg, Vo C1 (B, 04) = limy, py—o E[(WR) " (re(B2 + hey, 6y + 1'ey) — 1102+ her, 0) — re(02, 05+ H'ey) +
11(02,04))] = Ellimp pr—o(hh) " (re(02 + hep, 04 + Wep) — 1402 + hey, 05) — 1(02, 05 + h'ey) + ri(62,05))] =
Ellimy_0 h_l(V%rt(Gg +hey) = Vg 1i(02,05))] = E[Ve, Vi, r4(02, 05)], where the second equality follows by
the LDCT, A5(ii) and the second-order differentiability of A2(ii). The final term is well defined by the

moment condition in A5(ii). This completes the proof. [J

Remarks: 1. Hansen (1996, 2004) considers various other econometric models applying DMR (1995) in a
time series context.
2. In Lemma 1(a), we estimate E[V%mel)ﬁt(l,ﬁg,ﬁ*, )] using 03T Vi oy le(1,05, 04, - ) - Vip g1y le(1,

05,0+, - )" to ensure a positive definite estimator.

PROOF OF THEOREM 2: Note that QLR,,(¢) = SUPg,co. (¢) QLR ,(02) —QLR;,,. We examine the limiting
behavior of each element of the RHS.

First, note that QLRy, = 2(L5(1,05,,,07,,02)) — Li(1,65,0+,02)) and Li(1,00,601,02) = > 4,(6%).
Thus, by the mean value theorem, the interiority of (6g,0.), and the FOC for (égn,é’fn), QLRy, =
(Vs L (1,05, 0s,02))/ [V L (1,65, 0.62)] " [Vgr L (1, 65, 01, 02)] + 0,(1).

Second, to prove the remaining claim, we verify the conditions (assumptions 2-5, 7 and 8) given in

theorem 2(b) of Andrews (2001). Now Lemma A2(a-b) verifies assumption 2; Lemma 1 and its proof
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verify assumption 3; Theorem 1, Lemma A2(a-b) and Lemma 1 verify assumption 4; assumption 5 is
satisfied given that 1 is a boundary element of [0,1], thus {m — 1 : © € [0,1]} is locally equal to R;
and assumption 7 and 8 trivially hold by A2(i). In particular, assumption 7(a) does not apply to our
problem, and assumptions 7(b) and 8 hold by the assumption on © given in A2(i). From these, under H{,
SUDg, co. (o) QLR n (02) = supg,co, (o minf0, Q) (62, 02)1/2 511 (02)]2 + [~ /2 g Ly (0, 0)) [0~ 32 Vb,
0)Vily(m,0) n= Y2V g LE (, ) (x.01)=(1,6, 6.) T 0p(1) using theorem 2(b) of Andrews (2001). Next, note
that for any 6y € O.(e), [0~ Y2V LE (m,0)] [n 1 32 Vb (m, )V g1 by (1, 0)'] [~ /2V g1 LY (7, )] evaluated
at (1,05, 04, 02) is identical to [n=/2Vg L (m,0)]'[n" 3 Vil (m, 0) Vg1 by (m,0) ] [n= 2V LE (7, 0)] at
(7,05, 0+, 0.) for any 7 € [0,1]. Therefore, it follows that [n=2/2V g Lz (m,0)) [n~1 3. Vi by (1, 0) Vg1 £y (, 6)'
|~ n= Y2V L (, ) (x.01)=(1.05, 0.) = QLR2.5 + 0p(1) by the information matrix equality.

Thus, by these two facts we have that QLR,(€) = supp,ce, () min[0, Q) (8, 02)1/25[1 1](92)]2 +o0,(1) =
SUPg,co, (¢) min[0, G(A2)]? under H),, where the weak convergence follows by Lemma 1(a) and the contin-

uous mapping theorem. [
Remark: It’s straightforward that QLRs, = Z'Z by the standard argument, where Z ~ N0, I;,41].
PrROOF OF THEOREM 3: To show the result, we use the following definition and fact.

Definition: A semi-metric space, (©y,d(62,05)), is precompact if for all e > 0, N(O,,d;e) < oo, where

N(O,,d;¢e) is the smallest number of open balls with radius € measured by d.

Fact (Lifshits, 1995, p. 65): Let {G : ©, — R} be a set of separable Gaussian random functions and
suppose that (O,d(02,05)) is precompact for some d. Then P(supy,ce, |G(02)| < o0) = 1 if and only if
a(G(02),0.) < 00 a.s., where a(G(02), ©+) 1= lims_.o SuPg, o co. (0,04 <5 |9 (02) — G(05)]-

By Lemma 1(b), G is continuous in probability on ©L := [0, 0,) and ©2 := (., 0] so that a(G, ©,) equals 0
in probability. Further, Ossiander’s L?*9 entropy is finite as shown in the proof of Lemma 1(a). That is,
fol log(N | (F, |+ ll2+ss €))]'/2de < oo, where N (F |l - ll2+s5€) is the bracketing number of functions on
©! with respect to || - [|24s (i = 1,2). From the relationship that for any ¢ > 0, N(O%, day5;¢) < N (F, || -
ll2+s;€), we have fol [log(N (0%, dog5;¢))]/?de < oo, where dy,s is the metric corresponding to || - ||lo4s.
Thus, if for some g1 > 0, N(©%,do 5;61) = 00, then for any ¢ < &1, N(O%,dy 4;€) = oo, implying that
fol [log(N (O, dyy4;€))]/?de = oo. This is a contradiction to the fact that fol [log(N (0%, dys;€))]"/2de <
oo. Therefore, for any € > 0, N(0%, dyys;¢) < 0o (i = 1,2). That is, (O.,da;s) is precompact. Hence, the

desired result follows by the above fact. [J

We use the following supplementary lemmas to show the given main claims.

(a) Zvilvizft(ég,n’ )/ft( On? ) = Op(nl/Q);
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(b) Vi, Viy Vi fo(08,,, 07, £:(08 ., 07,) = Op(n'/?), where iy, iz, i3 € {001, - , 0op, 01}

PrROOF OoF LEMMA B1: (a and b) For notational simplicity, let qt(ég’n,éfn) be the functions in (a) and
(b). By the mean value theorem, th(QOn, ) = 2 aq(65,0.) + vaqt(éo,él)[(eﬁo,@zl) (0,60.)]
for some (fp,0;). Given A5(iii), we can apply the CLT in DMR (1995) to n= 23" ¢;(65,6.), because
E[qi(05,0.)] = 0. Also, > Vgiqt(0p,01) = Op(n) by the ergodic theorem and A5(iii). Lemma A2(c)
completes the proof. [J

(a) (7 On 0+ (1= ) = Opta~),
(b) (6 on, iy =~z 0 + a0

() (0520 705) = Op(1);

(d) further, for a sequence of random variables, {G;} say, if thrtl) = Op(n), then thftgt(l) = 0p(n'/?);
(

)
)
)
) —1/22 2(0.2) A N(0 ’9(2)).

e

PRrROOF OF LEMMA B2: (a to ¢) First, for notational simplicity, for each 7 let

s R( )+R<10><10> _R(l 1>+R(10>(01>

which converges to C’ég) a.s. by the SULLN, A5(iii), and Lemma A2(c), where R = *127@?’]‘)
and RUHIED .— -1 T () kl . Given this, we can solve for (0(()171,9(1)) from M(2)(7r o ) = 0 and

f(7(12) (7T7 é?,n) =

0] _ [ men - agoon)

From this, Lemma B2(a) follows by Lemma B1.
In a similar way, we can derive (0~<2), égzr)b) from MY (m, é? ) =0 and K(S)(ﬂ' 9” ) = 0. Then

O,n

ooy |
n\ T y = S
00| [~ 6r@

+0,(85) + Op(ab)) + (1~ m)),

(w012 + 1 m) (R — REOO)
D)2 4201 =m0l 41— RCDOD 4 ()R

(
1

where O (0(() 7)1) and Op(ﬂég}% + (1 — 7)) are Op(1) terms given in A5(iii), whose coefficients are 5(()17)1 or
7795,% + (1 — 7). We have simplified our presentation for brevity. The RHS converges to —(I_—W)Cg) in

probability by Lemma B2(a), implying Lemma B2(b).
Finally, (5(3)/ 9(3)) can be derived from MY (, é{‘n) =0 and KV (m, é’fn) = 0 in the same way. Then,

OnY1n

RC( ) ~§)?r);, B i;ﬁ)(l—ﬂ?w)(_R( )_|_ £L )(03))
n n(3 —7\3 p(0, —7 0,2)(0,2 —27\ »(0,1)(0,3
o, <T>3R% D3P RO + (5 (5 ROV



where O)(1) is a finite collection of O, (1) terms given by A5(iii) and Lemmas B2(a and b). Applying the
SULLN leads to the desired result.

(d) Note that f;g, M) = (1’0)5(1) A(O’l)(wé(l) + (1 —=m)), so that the conclusion follows from Lemma B2(a).
(¢) By the mean value theorem, n= /2 S #%%) = n=1/2 57102 (g5 0.y 1n=1/2 52 V1% (B, 01) (61, 01, ) —
(65',0,)] for some (Ag,0;). Given this, n~! ZVQYFEOQ) (6o, 01) converges to —Cg) a.s. by A5(iii), Lemma
Al(a), and the SULLN. Lemma A2(c), the CLT in DMR (1995), and A6(ii) complete the proof. [J

PROOF OF LEMMA 2: (a) The result follows by Lemma B2(a) and the fact that L(2)(7r 0" n) =(1—-m)(1-

ZEOD M
(b) We can apply Lemmas B2(a, e) to n_li(z) (, é" n)-
(¢) Note that LS (7,07,) = (1 - m){3(h* B2 + 23500 — i, Fust, Y002 — g, =

205 (1 -6y S+ (1 (61))2) 1 0 — 58,{ 5 #9?) by the definition of iy and &, so that Y (A —
)5 = 0,(n'/?) by Lemmas B1 and B2(a, b). Second, S>(A{" — kMgt = (1 — o)) 5270250,

implying that Z(}Azgl) — l%gl))gfl) = Op(n 1/2) by Lemma B2(d). Thus, S (, én ) = Op(n'/?).
(d) Note that l~}7(14)(7r, QA? )= (1-m) Z{( )gt+3(h( ) k(2)) 5! )+3(h( ) l%gl))A(Q)} We examine each

element on the RHS. First, note that Z( k( ))Q (1- (9;1)) )Z 7 (04) +3(1— 9( ))6’( T)L Zf’t(2’2)5(()2 +
31— (@1))050 A" — 30200 SV + 300 07) - 600 01 — 1) S — 6 2% Given
this, it easily follows that Z(ié k(g))gt = 0p(n) by A5(iii) and Lemmas B2(a to c). Second, Z(ﬂ?) —

Do = 280) = 80 S Pa + (1= @) £V - 07 %P5 after some algebra.

Thus, (A — /%(2))@,51) = 0,(n*/?) by Lemma B2(d). Third, note that S>(h{" — &")g® = —(1 —
00 S O {(w(61))2 + 1= m)r0D 4 63 50 4 62 ODY 1 0,(nd) + Op(n(x6") +1 — 7)), s0 that

S~ g = —(1 - w)w*? SO O S0P 2 S0P () by Lemma
B2(a), implying that n~1 z(ﬁgl) - /%ﬁ”)gf) = —(1 —m)72Q® +0,(1) by Lemma B2(b) and the definition
of Q). Finally, n1LY (m, é?n) = —3(1_7”)2(2(2) + 0p(1) by combing all these, as claimed. O

2
sup 2( n(m,02) — (7r (91 n)) = sup (1 _ 7T> [9(2)]1/2G0§2 1 (1 — 7T> 9(2)54'
3 ™ 4 T

02

As €2 cannot be less than zero, the optimal solution for ¢ has to depend on the value of Gjy. Suppose that
Go > 0. Then the maximum is attained when &2 = 2(177”)[9(2)}_1/2G0, so that maxg, 2(Ly (7, 02) —
ﬂn(ﬂ,é?n)) = G?. If Gy < 0, the maximum is attained when & = 0, so that maxg, 2(L,(r,602) —
Ln(m,07,)) = 0. Thus, maxg, 23 (Ln (7, 02) — L (,07,,)) = max|[0, Go?, as claimed.

(b) The conclusion follows from the proof of Theorem 4(a), and the fact that the limiting distribution does

not depend on 7, as this coefficient function of [Q2(2]/2Gy and Q) vanishes in the FOC. [

LeMMA C1: Given A1, A2(i, w), A3, A4, A5(ii, iv), A6(iii), and H},,
((I) Zvilvizvigvuft/ft = Op(nl/Q);
(b) Zvi1vi2vi3Vi4vZ‘5ft/ft = Op(n1/2);
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(C) Z Vilvi2vi3vi4vi5vi6ft/ft = Op(n1/2);
() Zvjlvglﬁ/ﬁ = O0p(n'/?) and ZVglft/ﬁ = 0,(n'/?), where iy,--- ,ig € {Oo1,--- ,00r,61} and
jl € {9017' c 700T}~

Proors oF LEMMA C1: (a to d) Let qt(é&n,éﬁn) be the functions of interests. By the mean value

theorem, th(90n7 n) > qt(05,0+) + nglqt(AZfO, Aan)[( Zov nl) (90 ,0,)] for some (égfméml)-
Given A5(ii, iv), we can apply the CLT in DMR (1995) to n~ /23" g( 65, 0.), because E[q(65,0.)] = 0.
Also, > V91qt(égfo, A;’fl) = Op(n) by the SULLN and A5(iv). This completes the proof. O

LEMMA C2: Given A1, A2(i, w), A3, A4, A5(ii, w), A6(iii), and Hy, for each m,

(a )0(()7)1—0 and (7r9()+1—7r) 0;

(b) (052 705 = —(15)(@, B) + Opln™'12);

(c) (0 b me“)) Op(1);

(d) g —Oandmg):O

(e) for a sequence of random variables, {q;} say, if thrt b _ Op(n), then thftgt(z) = Op(n1/2);
(f) g = 0p(n"/?) and Y keg® = Op(n'/?);

(9) i gé ) = 0,(n'/?) and Y kigt? = Op(n'/?).

(h) n —-1/2 S 5(0,3) A N(0, Q(3)).

PROOF OF LEMMA C2: (a and b) Let 7%0,2) = A(l 04 ﬂr(o 1) and iterate the proof of Lemma B2(a and

b respectively).
(¢) If we rearrange M) (W,é?n) — 0 and K (, éi‘n) =0, RS(n )(0(4)/ é( )) equals

0,n 1n
(1—7T)(1—37r+37r2)(R(1,4) B R(l,O)(OA)) _ (J)QR 0,2)(1,2)
) T 0 i 6] o + 0, (1),
(1,7,,)4]%7(10,5) 2(1— Tr) (Tr5) R03)(0.2) _ (1—71')(1;337r+37r2)R7(10,1)(0,4) (%)QRTLO,I)(OQ)(O,Q) P
using Lemma C2(a), where R;k’l)(i’j Jma) - Zr (kd) ( ‘D and the remainder is the collection of

O,(1) terms given in A5(iv). The given terms are those havmg the highest moment or the highest-order
derivatives. Given this, it’s straightforward to obtain the desired result by A5(ii, iv) and the SULLN.

(d) This is obvious from the facts that g(l) = (7 — 1)(hy — ke)(90)% m,ﬁ” = (wéﬁ +1- 7r)ft(0’2), he = ky
and Lemma C2(a).

(e) From r( 2 = o r(l 0 +ﬁfr(0 V) and Lemma C2(a), ft§§2) = —(1_7”04—1—92(()?7)1)’?3?’0) (=28 4+ 0 2)) P01,
The given result follows by Lemma C2(b).

(f) From Lemma C2(d), VAs) (W,é?n) =0 and KV (Tr,é?n) =0, thf]t(3) =— Zm“’”@ and Z/%tgt(?’) =
-> l%t(3)§t -3> l;‘t(l)gt@) are obtained. Given these, me’)gt, ZIA{} gt, and Y k: (2) are O,(n'/?) by
Lemmas B2(c) and C2(a, b and e), implying the given conclusion.

() Lemma C2(d), M“)(w fr,,) =0, and K (w,07,) = 0 imply that zmtgt = —Z{m D+ 6?57}
and Zl%tgt(“) Z{k gt —|—6k‘(2) 5 )+4k: (3)} Further, th Gt Zm gy ) Zk gt and Zm(2>gt )
are Op(n'/?) by Lemmas B2(c) and C2(a to ¢ and e). Finally, k‘t(l gy 3 = 0512 Z(a’ftl’o + ﬂfto 2 )gt
0 S (@ringg® + Bheg™). Thus, ¥ kg = 0,(n'/2) by Lemma C2(f).
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(h) We iterate the proof of Lemma B2(e). O

PROOF OF LEMMA 3: (a) By Lemma C2(d), L% (m,67,) = (1 — m) S — k)30 = (1 — m){260") (1 -
5%17)1) > f§1’2) +(1—- (6(1%) ) f§0’3)} where the last equality holds by the fact that go 2 = 0. The given
result follows by Lemma C2(a).

(b) Apply Lemma C2(h) to > 7*,5(0’3).

(c¢) Note that L (x, é’f ) (1—-m) E{( k(3 )t + 3(h(1) k(l)) 2} by applying Lemma C2(d). We
already showed that Z( e — k§3))gt = Op(nl/Q) in the proof of Lemma 2(d). Further, Z(hgl) — k§1))g§2) =
O,(n'/?) by Lemma C2(e). Thus, I~J(4)(7T é” ) = Op( 172y,

(d) Note that L (w,07,) = (1 — =) S{(A{Y — £ + 6(h> — k)3 + 4(hf” — kD)gP} by Lemma
C2(d). We examine each element in the RHS. First, some algebra gives that > (h; @ _ k( ))g =141 -
2m)(1-27m4272) 09 —67~2(1-m)260) 3 #4126 71 (1-0.5771) T 70 — (3(612)2+460) (w1
1)) S0 — 2713702012 — 268y 3 #. Thus, Z(h( ) k:( >) = 0,(n/?) by Lemmas B1(b) and
C2(a, b and c). Second, it’s trivial that Z(BF) ) @4 Z( ) 5 = = Op(n'/?) by Lemma C2(e
and f). Therefore, i (W,éin) = 0,(n'/?), as desired. O

PROOF OF LEMMA 4: (a) Note that Li (m,07,,) = (1—7) S{(AY = k) g +10(h — k)3 +10(h(>) —
k( )) 5 + 5(h( ) l%,ﬁl))gt(“)} by Lemma C2(d). We examine each element in the RHS. First, using Lemma
C2(a), Z(hgm - k,@)gt =1-5m(1l-m)(1 -7 —m2))7 > fEO’G) + Op(n'/?), where the remainder is the
collection of O (n'/?) terms in Lemma C1(a to d) multiplied by the O, (1) terms in Lemmas B2(c) and C2(a,
b and d). Thus, Z(ﬁim - l%§5>)gt = Op(n'/?) by Lemma Cl(c). Second, Z(ﬁgg) - /%t(?’))gt(?) = 0p(n'/?)
by Lemma C2(e). Third, E(ﬁﬁ” - ]%(1))44) = 713 (/1 + ﬁl%t)gtw = Op(n'/?) by Lemma CZ( )
Finally, (" — k)3 = (~1+2m)/(x%) T {*95% =00 ¥ £°95%) = (~1+2m)/(x )Z 74

op(n), where the last equality follows from the fact that ) f; (02 (3) = > (a/my + ﬁk‘t)gt = Op(nl/Q)
by Lemma C2(f). Thus, we pay attention only to n=1 > ft0 ) gt(g). Note that n=1 > ft(o’g)f]lg?’) = (3(1 —
m)ab?) — 6y RIOOD L 301 — 1802 — 2P ROVOD 4 (1 - 7)(1 — 27)/(x) ROV from the fact
that f‘tgt(“” = (3(1—w)aéf}l—éég))’fgl’o)+(3(1—w)ﬂéf%—wé(g’))fgo’l)+(17—“)(ﬂ)f§0’3). Further, note that

N 1n
n 1n T T

S kg = op(n) and 3 1igg® = o,(n) by Lemma C2(f), so that (3(1 — m)ab%) — o5y RO 4 (301 -
)67 5& MRLVEO 4 (1 —m)(1 - 2m) /()RS = 0,(1) and (B(1 — m)ady’) — OV BRIV 4
(3(1—%)501 0(3)) R{O-DO. )—i—(l —m)(1— 277)/( DRy ROAOL) op(1). Using these two equations, we can
solve for (3(1 —77)0405?7)1 —0(()?7)1) and (3(1— W)ﬂ@ (2) —779( )) and plug these back into n=1 3" ft(o’?))gt(?’). Then,
n LY 008 — (1) (22RO LR&? AW MW RMON) Lo (1), Thus, n L (x,07,) =
—10(1=m0=2120B) 1 6,(1) by the SUULN, A5(iv), and the definition of Q(3).

(b) We can iterate the proof of Theorem 4(a) using Ly (m,02) and I~/7(16)(7T, 02) instead of s (m,02) and

l~L7(14) (m,62). The absence of the sign condition leads to the desired conclusion. [J

LEMMA C3: Given A1, A2(i, i), A3, A4, A5(ii, v), A6(iii), and Hly, if ® =1/2, then
(a) (9(()21 ,7T9( )) =1.5(c/,8) + Op(n_l/Q);
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(b) (B 76y = 0,(1);
(c) (B wb1) = 0,(1);

(d) for a sequence of random variables, {¢} say, if ZQtTtl) = O,(n), then Z@tftﬁ,fg) _ Op(n1/2);
(6) thgt - O ( 1/2) Clnd Zktgt = Op(n1/2);

(f)

A 15 ED6 £ 57506 = 0,(n12) and 15 mP gl + S meg® = 0,(nl/2).

PROOF OF LEMMA C3: (a and d) By Lemma C2(a), it follows that ftg,ﬁ?’) =3B(1l-m)a-— 9(3)) (1 )+(3(1—
)3 — Wé&ii)f’t(o’l) + (1_7”)(%)?,50’3); and the last term vanishes if 7 = 1/2. Further, applying Lemma
C2(f) leads to thg?) = 0,(n'/?) and 3 /%tg§3) = 0,(n'/?), so that (1.5ﬂ—0.55§2) Z(f§°’1>)2 = 0,(n'/?)
and (1.5a — 5(3)) T #(10): (1 0 = 0,(n'/?). Given these, 2(7@%0,1))2 = Op(n) and Zf,ﬁl’o)ft(l’o), = Op(n)
by A5(iv), implying that (0(() 7)1/, W@%iz)/ =1.5(c/, B)' + O,(n~"/2). Lemma C3(d) follows.

(b and ¢) Rearranging ML )(7r, 917n) =0 and K9 (m, é?n) = 0; and M,"” (m, é?n) =0 and K" (m, é?n) =
lead to

i) o

Wégz;)j - |:R%0,6) 15R(0 2)(0,4) 4 30R(0 2)(0,2)(0,2)

and to R;(w)[éé?)l’, ﬂ'éi?z]/ equaling

R () + Op(1),

0R1LO0204) | 95 212)(02)02) _ 9010020202 | 1.6 _ 1LOOE _ 15p014)02) _1550.2)04)

n

0RODO20) | 90 202(02)03) _ g0 5OHOD0(0.2) | p(14)02) (1.2)(0.4)

— 15Ry,

(k) (4,5) (m,q) (,y)

plus an Op(1) term, where R, = n"! Zf‘ﬁk’l)ff’j)fﬁm’q)fﬁx’y)

, and the remainders are the

collections of Op(1) terms in A5(iv) multiplied by other O,(1) terms in Lemmas C2(a, b, d) and C3(a).

It’s now straightforward to obtain the given result by applying the SULLN and A5(iv).

(e) Given Lemma C3(d), this is identical to the proof of Lemma C2(f).

(f) From the facts that f(m(ﬂ é” ») = 0 and M(7)(7T é” ») = 0, it follows that 2{15%2)@?) + }Aztg,@} =
{5+ 15H05) + 20h0 50 + 66050y and Y {155+ meg®} = — (g + 15m5 1

QOmg gt?’)}. Expanding all the elements on each RHS shows that each RHS is a sum of O,(n'/?) terms,

verified by Lemmas B2(c and d), C2(a, b and d) and C3(a to e). O

PROOF OF LEMMA 5: (a) Note that Ly (r, 87,,) = (1 —m) S {(h* — £¥)g, +3(h{" — 1%“))*2)} by Lemma

C2(d). Some algebra reveals that L (m, é{‘n) => f§0’4) + 3(0.502&271 B8)> T(O 3 4 3( 0 n a)’ Z T (1,2)
3(0. 5a9 —|— 690 n) > 7%1,1) - 35(()?7); > ng’O)a if m = 1/2. Thus, the desired result follows by Lemma C2(b)

and the deﬁmtlon of 5.

(b) We iterate the proof of Lemma B2(e).

¢) Let m = 1/2 in the proof of Lemma 4(a )

d) Note that LY (m,07,) = (1 —m) LR — kg, + 15(h( ) Mg 1 o0hlP — k) +15(hP —

)3t +6(hM — k7)g>} by Lemma C2(d). First, Y (h® — k¥)ge, Y (Y ~ k‘“) 17 and 3 (b —
3’)g§3) are Op(n'/?) by Lemmas C2(a to ¢ and e) and C3(a to d). Also, (A At(l))gt(f’ O,(n'/?)

by Lemma C3(e), as (h(}) — 12:51)) = n (/i + Bky). Further, if 7 = 1/2, (ﬁ 2) 12:( )) —0(2)ft02 =
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—58%#_1(0/7?% + Bky), so that Z(ﬁ?) - l;:§2))§§4) = 0,(n'/?) by Lemma C2(g). All the elements in the
RHS are O,(n!/?), leading to the given claim

(¢) Note that L\ (m,07.,,) = (1 — m) LAY = B7)ge + 21 (A — k)8 + 35(AY — HV)at™ + 35(h) -

g 121(h® — P 17 )—k (5000 by Lemma C2(d). Given this, S2(A\"” — &) = op(n) and
Z(ﬁg‘r)) - l%§5>)g§2), Z(ﬁ§4) - 12:(4 ) an d Z( )gﬁ"” are Op(n 1/2) by the same reasoning as in the
proof of Lemma 5(c). Further, 3 (A ) 59 = Z 2(a’mt +ﬂkt)gt =-30 Z(a’m?) +ﬂ/§:§2))§t(4) +op(n)
by Lemma C3(f), implying that n- I}% )(7r 9” ) = 35071 5°{(0.5[hy ® l;:t( )|-3[a/n (2)+512:(2)])Qt(4)}+0p(1).
By some algebra, (0.5[3(3) ] 3/ m +ﬂk(2)])/ft 04) + (1.5 01 —3p0)7, 03) 4 3(9( ) a)’f,gl’z) -

(59 40. 5a9( )) A(1,1) (6ﬂ2 059( )yl 202) g rn (270)9(2) and gt4)ft: _ ( 4) 39() (03) 606722,72,?1’2)—
361 )0(,1 (L) 36( /20 — (1.5(95)) — 207" 55%,1’&17@ —0.5é§f‘7{r,§° 1) +1.5(0§2f§0’” 270 4
29( ) (1 0)) By the definition of §;, it follows that n 1Lg)(ﬂ, é?n) = -35(n"1Y &2 —@;Rﬁf)(”@n) +o0,(1),
where 0], := (9(()47)1 ,0. 59(4)) (1.5(9~§7271)2—20~§2)(04’, B). Finally, from ) mtg§4> = op(n) and ) l%t§§4) = op(n)

which are given in Lemma C2(g)) we have v, = —[R “InTt > 57 40,(1). The desired result follows

hich L 2 h RYW=15-157 5,70 40, (1). The desired result foll
by plugging this into n—1L® (m, 9?n) =-35(n"1> 8 -0l Rn na )Un) + 0p(1). This completes the proof.
(f) We can iterate the proof of Theorem 4(a) by approximating the QLR statistic using qu(;l) (m,02) and
i® (m,02) instead of @ (m,02) and Lty (m,02). O

PROOF OF LEMMA 6: (a) To show this, we approximate n~ %23V 4(1, Qon, Loy ') = n~123°(1 —
ft(éan, )/ ft(é&n, A’f,n)) around 91771, which forms the main argument of Lemma 1. It then follows that
D2 (= fu(09,0,02)/ £1(08 07)) = =5k S 710D (02 — 0.) + 0 (|6 — 0.%), because 37V = 0 by
the FOC and (Ain —0,) = Op(n~"/2). Further, the asymptotic variance is %Q(Q)(Hg —0.)* +o(|02 — 0,]Y),
implying that the standardized score is —n~1/2 th(o’2)/[(2(2)]1/2 + 0p(|02 — 0|). The negative value of
the first component is asymptotically identical to the score used to derive Theorem 4. Hence, G(03) =
—Go + 0p(|02 — 04|), as desired.

(b) As ngog) = 0, we approximate the function of interest using the next order derivative, so that
02— fil(8,,02)) Fe(080,07,)) = — 5k S0P (82 — 6.)3 + 0,(|62 — 6.]?). This has asymptotic
variance 3—169(3) (62 — 0,)% 4+ o(|02 — 09*|6)7 and its standardized score is —n~ /2 f£0’3)(92 —6,)3/[Q®) (6 —
0,)51Y/2 + 0,(2 — 6,]). Note that this equals —n~1/23#"3 Q@2 4 6,(105 — 6,]) if 6 > 6, or
n~1/2 Zf§°’3)/[9(0 3)]Y2 4 0,(|02 — 0.]) otherwise. As before, n= /23 7, 03)/[ /2 is asymptotically

equivalent to the score used for Lemma 4(b), but its sign depends whether 6, approaches 6, from above

or below. This completes the proof. []

PROOF OF THEOREM 6 (a and b): By the continuous mapping theorem, QLR,, = max[max[0, Go]?, supg_
min[0, G(#2)])?] if (a) is considered; and QLR,, = max[sup@*\{g*}min[O,g(Qg)]Q,GQ,max[O,G*]Q] if (b) is
considered. By Lemma 6, max|[0, Go]? < Supe, \ {9, } min|0, G(69)]? in (a); and G§ < supe, \ {g,} min[0, G(69))?

in (b). The conclusions follow. [J
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PROOF OF THEOREM 7: We use the following facts to prove the result.’

Fact 1: If B(-) is a stationary stochastic process on [0,0] such that E[B*(62)B%(05)] = 1 — |02 — 057 (1 +
o(1)), then P(supy, o5 B%(02) > u) = H,(0 — 0)u*7(1 — ®(u))(1 + o(1)) as u — oo, where H, :=
limg _ H(0)/6 and H-(0) := E[exp(max%e[oﬁ] B (69))].

Fact 2 (Slepian inequality): Let U(-) and V(-) be separable Gaussian stochastic processes on O. If
E[U(6:)%] = E[V(02)2], ElU(02)] = E[V(62)] and E[U02)U(85)] < E[V(02)V(05)] for all 02,0, € O, then
for all x € R, P(supg, U(2) < z) < P(supg, V(02) < x).

Given our assumptions, it easily follows that E[G(02)G(05)] > 1 — |02 — 05]7(1 + o(1)), as |2 — 65| — 0,
and from this, P(supyg G(f2) > u) < S, P(supg,ee, G(02) > u) < Y2, P(supg,ce, B*(62) > u) =
HL (S (8 — 05 )u (1 — B(w)(1+ 0(1)) = Hy (B — 8)a27 (1 — B(w)(1 + o(1)), as u — oo, where u’
is the number of sets, ©;, partitioning [0 = 69,0.) U (6.,0 = 64"] such that E[B*(02)B*(05)] = 1 — |6 —
057(1 + o(1)) for all By, 6 in ©; whose closure is [05 ', 05]. From the fact that § and 6 are bounded, u*
must be finite. The first and the second inequalities are from the Bonferoni and the Slepian inequalities
respectively, and the first equality follows from Fact 1. Finally, for any u > 0, P(supg,\ 9,3 G(62) > u) =
P(supg,\ (5.} max[0,G(62)] > u) = P(supg,\ (9.} (max[0,G(62)])* > u*) = P(supg,\ (.} (min[0, G(62)])* >

u?), where the last equality follows by the symmetry of the Gaussian process distribution, as desired. [J

PROOF OF THEOREM 8: Note that P(supg,ce,\ (9.} 9(02) > u) = P(|Go| > u) + P(|Go| < u, supg,ce,\{0.}
G(02) > u). We can decompose the second element on the RHS as follows: P(|Go| < u, supg,ce,\{9,} 9(02) >
u) = P(|Gol < u, N7 ((0:,0]) + N7 ([0,0.)) > 1) = P(NJ((6s,0]) + N7 ([0, 6:)) = 1) + P(NJ((6x,6]) +
NY([0,6.)) > 2)— P(|Go| > u, N9((6,0])+NZ([0,6.)) > 1). First, note that P(NY((0,0])+N9([0,6)) =
1) = B[N ((0+,02]) + N ([0, 60.))] = 32720 k- pr(u), where p(u) = P(NF (05, 0] ) + N7 (10, 0,)) = k). Next,
it follows trivially that P(NY((6s,6]) + NZ([0,6.)) > 2) — P(|Go| > u, NJ((0.,0]) + NJ([6,6.)) > 1) <

neo k - pr(u). Thus, combining these gives P(sup926@*\{9*}g(92) > u) = P(|Go| > u) + P(|Go| <
u, Supg,ce.\(0.} 9(02) = u) < E[NJ((0«,02]) + NJ([6,0.))]. Finally, P(supg,ce,\(o,}(min [0,G(62)])? >
u?) = P(supg,\ 0.1 G(02) > u), as in the proof of Theorem 7, and P(|Go| > u) = 2(1 — ®(u)), yielding the
desired result. [
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